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Abstract. We have defined the Neutrosophic Over- 
/Under-/Off-Set and -Logic for the first time in 1995 and 
published in 2007. During 1995-2016 we presented them 
to various national and international conferences and 
seminars ([16]-[37]) and did more publishing during 
2007-2016 ({1]-[15]). These new notions are totally dif- 
ferent from other sets/logics/probabilities. 

We extended the neutrosophic set respectively to Neutro- 


sophic Overset {when some neutrosophic component is > 
1}, to Neutrosophic Underset {when some neutrosophic 
component is < 0}, and to Neutrosophic Offset {when 
some neutrosophic components are off the interval [0, 1], 
i.e. Some neutrosophic component > | and other neutro- 
sophic component < 0}. This is no surprise since our re- 
al-world has numerous examples and applications of 
over-/under-/off-neutrosophic components. 


Keywords: Neutrosophic overset, neutrosophic underset, neutrosophic offset, neutrosophic overlogic, neutrosophic underlogic, 
neutrosophic offlogic, neutrosophic overprobability, neutrosophic underprobability, neutrosophic offprobability, overmembership 
(membership degree > 1), undermembership (membership degree < 0), offmembership (membership degree off the interval [0, 1]). 


1. Introduction 


In the classical set and logic theories, in the fuzzy set and 
logic, and in intuitionistic fuzzy set and logic, the degree of 
membership and degree of nonmembership have to belong 
to, or be included in, the interval [0, 1]. Similarly, in the 
classical probability and in imprecise probability the 
probability of an event has to belong to, or respectively be 
included in, the interval [0, 1]. 
Yet, we have observed and presented to many conferences 
and seminars around the globe {see [16]-[37]} and 
published {see [1]-[15]} that in our real world there are 
many cases when the degree of membership is greater than 
1. The set, which has elements whose membership is over 
1, we called it Overset. 
Even worst, we observed elements whose membership 
with respect to a set is under 0, and we called it Underset. 
In general, a set that has elements whose membership 1s 
above | and elements whose membership is below 0, we 
called it Offset (i.e. there are elements whose memberships 
are off (over and under) the interval [0, 1]). 

“Neutrosophic” means based on three components T 


(truth-membership), I (indeterminacy), and F (falsehood- 
nonmembership). And “over” means above 1, “under” 
means below 0, while “offset” means behind/beside the set 
on both sides of the interval [0, 1], over and under, more 
and less, supra and below, out of, off the set. Similarly, for 


“offlogic’, “offmeasure’’, “offprobability”, “offstatistics” 
etc. 

It is like a pot with boiling liquid, on a gas stove, when 
the liquid swells up and leaks out of pot. The pot (the 
interval [0, 1]) can no longer contain all liquid (1.e., all 
neutrosophic truth / indeterminate / falsehood values), and 
therefore some of them fall out of the pot (1.e., one gets 
neutrosophic truth / indeterminate / falsehood values which 
are > 1), or the pot cracks on the bottom and the liquid 
pours down (ie., one gets neutrosophic truth / 
indeterminate / falsehood values which are < 0). 

Mathematically, they mean getting values off the 
interval [0, 1]. 

The American aphorism “think outside the box” has a 
perfect resonance to the neutrosophic offset, where the box 
is the interval [0, 1], yet values outside of this interval are 


permitted. 


2. Example of Overmembership and Undermember- 
ship. 


In a given company a full-time employer works 40 
hours per week. Let’s consider the last week period. 
Helen worked part-time, only 30 hours, and the other 
10 hours she was absent without payment; hence, her 
membership degree was 30/40 = 0.75 < 1. 
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John worked full-time, 40 hours, so he had the 
membership degree 40/40 = 1, with respect to this 
company. 

But George worked overtime 5 hours, so his mem- 
bership degree was (40+5)/40 = 45/40 = 1.125 > 1. 
Thus, we need to make distinction between employ- 
ees who work overtime, and those who work full- 
time or part-time. That’s why we need to associate a 
degree of membership strictly greater than 1 to the 
overtime workers. 

Now, another employee, Jane, was absent without 
pay for the whole week, so her degree of membership 
was 0/40 = 0. 

Yet, Richard, who was also hired as a full-time, not 
only didn’t come to work last week at all (0 worked 
hours), but he produced, by accidentally starting a 
devastating fire, much damage to the company, 
which was estimated at a value half of his salary (i.e. 
as he would have gotten for working 20 hours that 
week). Therefore, his membership degree has to be 
less that Jane’s (since Jane produced no damage). 
Whence, Richard’s degree of membership, with re- 
spect to this company, was - 20/40 = - 0.50 < 0. 

Consequently, we need to make distinction be- 
tween employees who produce damage, and those 
who produce profit, or produce neither damage no 
profit to the company. 


Therefore, the membership degrees > | and < 0 are real 
in our world, so we have to take them into consideration. 

Then, similarly, the Neutrosophic Log- 
ic/Measure/Probability/Statistics etc. were extended to re- 
spectively Neutrosophic Over-/Under-/Off-Logic, — - 
Measure, -Probability, -Statistics etc. [Smarandache, 
2007]. 


Another Example of Membership Above 1 and 
Membership Below 0. 

Let’s consider a spy agency S = {S), So, ..., Syooo$ 
of a country Atara against its enemy country Batara. Each 
agent S;,j € {1, 2, ..., 1000}, was required last week to 
accomplish 5 missions, which represent the full-time 
contribution/membership. 

Last agent So successfully 
accomplished his 5 missions, so his membership was 
T(Ao7) = 5/5 = 1 = 100% (full-time membership). 

Agent S32 has accomplished only 3 missions, so 
his membership is T(S32) = 3/5 = 0.6 = 60% (part-time 
membership). 


week has 


Agent S4; was absent, without pay, due to his 
health problems; thus T(S4,) = 0/5 = 0 = 0% (null- 
membership). 


Agent Ss3 has successfully accomplished his 5 
required missions, plus an extra mission of another agent 
that was absent due to sickness, therefore T(Ss53) = (5+1)/5 
= 6/5 = 1.2 > 1 (therefore, he has membership above 1, 
called over-membership). 

Yet, agent S75 is a double-agent, and he leaks 
highly confidential information about country Atara to the 
enemy country Batara, while simultaneously providing 
misleading information to the country Atara about the 
enemy country Batara. Therefore S75 1s a negative agent 
with respect to his country Atara, since he produces 
damage to Atara, he was estimated to having intentionally 
all his 
compromising a mission of another agent of country Atara, 
thus his membership T(S75) = - (5+1)/5 = - 6/5 = -1.2 < 0 
(therefore, he has a membership below 0, called under- 


done wrongly 5 missions, in addition of 


membership). 


3. Definitions and the main work 


1. Definition 
Overset. 

Let U be a universe of discourse and the neutrosophic set 
A, CU. 
Let T(x), I(x), F(x) be the functions that describe the 
degrees of membership, indeterminate-membership, and 
nonmembership respectively, of a generic element x € U, 
with respect to the neutrosophic set A): 
T(x), I(x), F(x): U > [0,Q] 
where 0 <1 < 2, and@2 is called overlimit, 
T(x), I(x), F(x) € [0,Q] . 
A Single-Valued Neutrosophic Overset A, is defined as: 
Ay = {(x, <T(x), I(x), F(x)>), x € US, 
such that there exists at least one element in A, that has at 
least one neutrosophic component that is > 1, and no 
element has neutrosophic components that are < 0. 
For example: A; = {(x;, <1.3, 0.5, 0.1>), (x, <0.2, 1.1, 
0.2>)}, since T(x,;) = 1.3 > 1, I(k.) = 1.1 > 1, and no 
neutrosophic component is < 0. 
Also O, = {(a, <0.3, -0.1, 1.1>)}, since I(a) = - 0.1 < 0 and 
F(a) =1.1> 1. 


of Single-Valued Neutrosophic 


2. Definition 
Underset. 

Let U be a universe of discourse and the neutrosophic set 
A, Cc U. 
Let T(x), I(x), F(x) be the functions that describe the 
degrees of membership, indeterminate-membership, and 
nonmembership respectively, of a generic element x € U, 
with respect to the neutrosophic set Ao: 
T(x), I(x), F(x): U > [¥,1] 
where ‘Y <0 <1, and Y is called underlimit, 


T(x), I(x), F(x) € [W,1] . 


of Single-Valued Neutrosophic 
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A Single-Valued Neutrosophic Underset A, is defined as: 
Ao = {(x, <T(x), I(x), F(x)>), X€ UF 

such that there exists at least one element in A, that has at 
least one neutrosophic component that is < 0, and no 
element has neutrosophic components that are > 1. 

For example: A> = {(x), <-0.4, 0.5, 0.3>), (x2, <0.2, 0.5, - 
0.2>)}, since T(x) = -0.4 < 0, F(x2) = -0.2 < 0, and no 
neutrosophic component is > 1. 


3. Definition 
Offset. 

Let U be a universe of discourse and the neutrosophic set 
A3 C U. 
Let T(x), I(x), F(x) be the functions that describe the 
degrees of membership, indeterminate-membership, and 
nonmembership respectively, of a generic element x € U, 
with respect to the set A3: 
T(x), I(x), F(x): U > [YQ] 
where ¥ <0 <1 < Q, and is called underlimit, 
while {2 is called overlimit, 
T(x), I(x), Fx) € [YQ] . 
A Single-Valued Neutrosophic Offset A; is defined as: 
A3 = {(x, <T(x), I(x), F(x)>), X€ US, 
such that there exist some elements in A; that have at least 
one neutrosophic component that is > 1, and at least 
another neutrosophic component that is < 0. 
For examples: A3 = {(x, <1.2, 0.4, 0.1>), (x2, <0.2, 0.3, - 
0.7>)}, since T(x;) = 1.2 > 1 and F(x2) = -0.7 < 0. 
Also B3 = {(a, <0.3, -0.1, 1.1>)}, since I(a) = - 0.1 < 0 and 
F(a) =1.1> 1. 


of Single-Valued Neutrosophic 


4. Single Valued Neutrosophic Overset / Underset 
/ Offset Operators. 

Let U be a universe of discourse and A = {(x, <T,(x), I(x), 
Fa(x)>), x € U} and 
and B = {(x, <Tp(x), Ip(x), Fpa(x)>), x € U} be two single- 
valued neutrosophic oversets / undersets / offsets. 
T(x), [a(x), Fa(x), Ta(x), In(x), Fa(x): U > [YQ] 
where ¥ <0 <1 <Q, and YW is called underlimit, 
while 2 is called overlimit, 
T(x), T(x), Fa(x), Tp(x), Ip(x), F(x) E Eee 2] : 
We take the inequality sign < instead of < on both 
extremes above, in order to comprise all three cases: 
overset {when Y = 0, and 1 < {2}, underset {when ‘¥ <0, 
and 1 = 2 }, and offset {when Y <0, and 1 < QQ}. 


4.1. Single Valued Neutrosophic Overset / Underset / 
Offset Union. 

Then AUB = {(x, <max{T,(x), Tp(x)}, min{I,(x), Ip(x)}, 
min{F,(x), Fp(x)}>), xe U} 


4.2. Single Valued Neutrosophic Overset / Underset / 
Offset Intersection. 

Then ANB = {(x, <min{T,(x), Tp(x)}, max {I,(x), Ip(x)}, 
max {Fa(x), Fa(x)}>), x€ U} 


4.3. Single Valued Neutrosophic Overset / Underset / 
Offset Complement. 

The neutrosophic complement of the neutrosophic set A is 
C(A) = {(x, <Fa(x), V+ © - I(x), Ta(x)>), x € U}. 


5. Definition of Interval-Valued Neutrosophic 
Overset. 

Let U be a universe of discourse and the neutrosophic set 
A, CU. 
Let T(x), I(x), F(x) be the functions that describe the 
degrees of membership, indeterminate-membership, and 
nonmembership respectively, of a generic element x € U, 
with respect to the neutrosophic set A): 
T(x), I(x), F(X): U > PC [0,Q] ), 
where 0 <1< 2, andQ2 is called overlimit, 
T(x), I(x), F(x) G0, Q2] , and P( [0,62] ) is the set of all 
subsets of [0,02] . 
An Interval-Valued Neutrosophic Overset A, is defined as: 
Ai = {(x, <T(x), 1x), F(x)>), x € UF, 
such that there exists at least one element in A, that has at 
least one neutrosophic component that 1s partially or totally 
above 1, and no element has neutrosophic components that 
is partially or totally below 0. 
For example: A; = {(x;, <(1, 1.4], 0.1, 0.2>), (x2, <0.2, 
[0.9, 1.1], 0.2>)}, since T(x,) = (1, 1.4] 1s totally above 1, 
I(x2) = [0.9, 1.1] 1s partially above 1, and no neutrosophic 
component is partially or totally below 0. 


6. Definition of Interval-Valued Neutrosophic 
Underset. 

Let U be a universe of discourse and the neutrosophic set 
A, Cc U. 
Let T(x), I(x), F(x) be the functions that describe the 
degrees of membership, indeterminate-membership, and 
nonmembership respectively, of a generic element x € U, 
with respect to the neutrosophic set A»: 
T(x), I(x), F(x): U > [1] , 
where ¥ <0 <1, and is called underlimit, 
T(x), I(x), F(x) €[‘V,1] , and P([‘VY, 1] ) is the set of all 
subsets of [‘V,1] . 
An Interval-Valued Neutrosophic Underset A, 1s defined 
as: 
Az = {(x, <T(x), I(x), F(x)>), x € UF, 
such that there exists at least one element in A, that has at 
least one neutrosophic component that 1s partially or totally 
below 0, and no element has neutrosophic components that 
are partially or totally above 1. 
For example: A, = {(x,, <(-0.5,-0.4), 0.6, 0.3>), (x2, <0.2, 
0.5, [-0.2, 0.2|>)}, since T(x,) = (-0.5, -0.4) is totally 
below 0, F(x2) = [-0.2, 0.2] 1s partially below 0, and no 
neutrosophic component is partially or totally above 1. 

7. Definition of Interval-Valued Neutrosophic 

Offset. 

Let U be a universe of discourse and the neutrosophic set 
A3 C U. 
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Let T(x), I(x), F(x) be the functions that describe the 
degrees of membership, indeterminate-membership, and 
nonmembership respectively, of a generic element x € U, 
with respect to the set A3: 
T(x), I(x), FX): U > PC [YQ] ), 
where VP <0 <1 < QQ, and Y is called underlimit, 
while (2 is called overlimit, 
T(x), I(x), F(x) [VQ] , and Pc [W, Q2] ) is the set of 
all subsets of [Y,Q] . 
An Interval-Valued Neutrosophic Offset A; is defined as: 
A3 = {(x, <T(x), I(x), F(x)>), x € US, 
such that there exist some elements in A; that have at least 
one neutrosophic component that is partially or totally 
above 1, and at least another neutrosophic component that 
is partially or totally below 0. 
For examples: A3 = {(x;, <[1.1, 1.2], 0.4, 0.1>), (x2, <0.2, 
0.3, (-0.7, -0.3)>)}, since T(x,) = [1.1, 1.2] that is totally 
above 1, and F(x) = (-0.7, -0.3) that is totally below 0. 
Also B;3 = {(a, <0.3, [-0.1, 0.1], [1.05, 1.10]>)}, since I(a) 
= [- 0.1, 0.1] that is partially below 0, and F(a) = [1.05, 
1.10] that is totally above 1. 

8. Interval-Valued Neutrosophic Overset / 

Underset / Offset Operators. 

Let U be a universe of discourse and A = {(x, <T,(x), I(x), 
Fa(x)>), x € US 
and B = {(x, <Tp(x), Ip(x), Fe(x)>), x € U} be two 
interval-valued neutrosophic oversets / undersets / offsets. 
T(x), I(x), F(x), T(x), Ip(x), F(x): U PP( ee Cd] )s 
where P( [‘¥,02] ) means the set of all subsets of 
[P,Q], 
and T(x), Ia(x), Fa(x), Tp(x), Ip(x), Fa(x) S [YQ] , 
with P <0 <1< QQ, and Y is called underlimit, while 
(2 is called overlimit. 
We take the inequality sign < instead of < on both 
extremes above, in order to comprise all three cases: 
overset {when Y = 0, and 1 < {2}, underset {when Y¥ <0, 
and 1 = (2 }, and offset {when Y <0, and 1 < QQ}. 


8.1. Interval-Valued Neutrosophic Overset / Underset / 
Offset Union. 


Then AUB = 
{(x, <[max{inf(Ta(x)), inf(Ta(x))}, max {sup(Ta(x)), 
sup(Tp(x)} J, 

[min {inf(la(x)), inf(Ip(x))},  min{sup(Ia(x)), 
sup(Ip(x) § ], 

[min{inf(Fa(x)), inf(Fp(x))}, min{sup(Fa(x)), 


sup(Fp(x)}]>, x € U}. 


8.2. Interval-Valued Neutrosophic Overset / Underset / 
Offset Intersection. 


Then ANB = 
{(x, <[min{inf(T,a(x)),  inf(Tp(x))},  muin{sup(T,(x)), 
sup(Tp(x)} ], 

[max{inf([a(x)),  inf(Ip(x))},  -- max{sup(Ia(x)), 
sup(Ip(x) $I, 


[max {inf(F4(x)), 
sup(Fp(x)}]>, x € U}. 


inf(F_(x))}, max {sup(Fa(x)), 


8.3. Interval-Valued Neutrosophic Overset / Underset / 
Offset Complement. 

The complement of the neutrosophic set A is 

C(A) = {(x, <Fa(x), [WY + Q - supfla(xy}, B+ Q - 
inf {Ia(x)}], Ta(x)>), x € Uf. 


Conclusion 


The membership degrees over 1 (overmembership), or 
below 0 (undermembership) are part of our real world, so 
they deserve more study in the future. 

The neutrosophic overset / underset / offset together 
with neutrosophic overlogic / underlogic / offlogic and es- 
pecially neutrosophic overprobability / underprobability / 
and offprobability have many applications in technology, 
social science, economics and so on that the readers may 
be interested in exploring. 

After designing the neutrosophic operators for single- 
valued neutrosophic overset/underset/offset, we extended 
them to interval-valued neutrosophic over- 
set/underset/offset operators. We also presented another 
example of membership above | and membership below 0. 

Of course, in many real world problems the neutro- 
sophic union, neutrosophic intersection, and neutrosophic 
complement for interval-valued neutrosophic — over- 
set/underset/offset can be used. Future research will be fo- 
cused on practical applications. 
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Abstract. IT projects hold a huge importance to econom- 
ic growth. Today, half of the capital investments are in IT 
technology. IT systems and projects are extensive and 
time consuming; thus implying that its failure is not af- 
fordable, so proper feasibility study of assessing project 
success factors is required. A current methodology like 
Fuzzy Cognitive Maps has been experimented for identi- 
fying and evaluating the success factors in IT projects, 


but this technique has certain limitations. This paper dis- 
cusses two new approaches to evaluate IT project suc- 
cess: Extended Fuzzy Cognitive Maps (E-FCM) & Neu- 
trosophic Cognitive Maps (NCM).The limitations of 
FCM like non consideration for non-linear, conditional, 
time delay weights and indeterminate relations are target- 
ed using E-FCM and NCM in this paper. 


Keywords: IT project success factors, Fuzzy Cognitive Maps, Extended FCM, Neutrosophic Cognitive Maps. 


1 Introduction 


IT projects have become so essential that its applica- 
tions can be seen in every domain of life [1] [2] [3]. The 
various success factors are time, budget, quality, owner 
satisfaction, cooperation, etc., among which the most ac- 
cepted assessment criteria 1n measuring the IT projects 
success are: meeting the specification, delivery on time and 
within budget [4]. 

A project can be completed on time, within cost and 
satisfy the given specifications, but if it is not liked and 
used by the customers then IT project will be a failure[5]. 
The various causes of failure are poor methodology, over- 
optimism, complexity, weak ownership etc. [6].Therefore, 
there is a need to identify the important factors contrib- 
uting to the success rate of IT projects. In 1986, Pinto and 
Slevin considered both the internal factors 1.e. cost, time 
and technical specifications and external factors 1.e. use, 
satisfaction and effectiveness, to be the success factors of 
IT projects [7]. 

Many researchers [8] [9] have used different tech- 
niques to evaluate IT project success factors. Soft compu- 
ting techniques are equipped to handle uncertainties which 
are frequent in IT projects, so the authors have experi- 
mented with the newly proposed methodology by Vasantha 
and Smarandache (2003), 1.e. Neutrosophic Cognitive 
Maps for evaluating IT projects success in this paper. A 
comparative study is conducted where it is shown that 
NCM methodology is preferred over Fuzzy Cognitive 
Maps (FCM) mainly because NCM facilitates the compu- 


tation of indeterminate cause-effect relationships that FCM 
does not permit. 


The NCM based technique of evaluating IT project 
success has been tested on a small case study: Mobile 
Payment System Project [10]. The same case study was 
discussed by Rodriguez-Repiso et al. [10] where they used 
FCM methodology to evaluate IT project success factors. 

FCM methodology has certain drawbacks which are 
highlighted by researcher Hagiwara [11] .It is proposed in 
his research that the limitations can be overcome by Ex- 
tended FCM. The authors used two techniques Extended 
FCM and NCM and compare their results with the work 
done by Rodriguez- Repiso et. al. 

The remaining of the paper is organised as follows. 
Section 2 gives the literature review of project success and 
cognitive maps. Section 3 describes the case study of MPS 
(Mobile payment system). Section 4, 5 and 6 discusses the 
FCM, E-FCM and NCM methodology with its implemen- 
tation on MPS project. Section 7 presents discussion of re- 
sults. Section 8 outlines the conclusion & future work. 


2 Literature Review 


2.1 Project Success 


There are various factors that determine the success of 
a project but a project is said to be successful if it meets the 
basic three criteria 1.e. delivery on time, within budget and 
meeting the specification [12] [13]. 
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Table 1 gives the compilation of the various prominent 
factors listed by different researchers that contribute to- 
wards the success of project [14] [15] [16] [17]. 


Success factor 
Time 


Description 

Some respondents noted that the measure 
of estimated time should include exten- 
sions and/or reductions due to variations 
in the original scope of the works, rather 
than measuring against the original base- 
line. 

Some respondents noted comparison 
should be made between agreed project 
costs, not necessarily the contracted 
price. 


Budget 


Quality/Specification | Respondents noted that success could be 
measured by determining “was the pro- 
ject completed to specifications” or 
whether the project demonstrated “fitness 
for purpose”. 

Some respondents stated that owner sat- 
isfaction is ultimately all that matters and 
that all other success criteria are subordi- 
nate to this measure. 

Cooperation includes smooth project 
team coordination, an efficient and har- 
monious project team, good relations 
with the owner, no unresolved disputes, 
and cooperation between stakeholders, 
authorities, vendors and purchasers. 


Owner Satisfac- 
tion/Meeting Own- 
er’s Needs. 


Cooperation 


Risks Managed Respondents specifically looked for clear 
risk identification, allocation & manage- 
ment; risk mitigation; along with only 
identified risks occurring i.e. no unpleas- 
ant surprises or crises occurring. 

Safety criteria included safety targets 
were met or exceeded, a safe project, no 
accidents, excellent safety 

record, no accidents or injuries during 
delivery, and achieving satisfactory safe- 


ty. 


Table 1: Factors for success of project 


Safety 


2.2 Cognitive Maps 


The concept of Cognitive Maps was introduced and 
applied by a political scientist Axelrod in 1976 to rectify 
those desired states which are unclear [18].These states are 
called as ill-structured problems. He developed signed di- 
graphs design to extract the casual assertions of person 
with respect to certain area and then used them in order to 
find out the facts of alternative. 

It has only two basic types of elements. First are the 
concepts and second are casual beliefs. In simple term they 


10 


are known as nodes & arcs. Nodes describe the behavior of 
system and can be represented as variables. On the other 
side arcs are the relationships among the concepts which 
are either positive or negative. The positive relation means 
that the effect variable undergoes change in the same direc- 
tion and negative relation means that the effect variable 
undergoes change in the opposite direction with respect to 
the change in cause variable [19]. 


2.3 Fuzzy Cognitive Maps 

Kosko introduced the concept of fuzzy cognitive maps 
(FCM) [20]. It is an extension of cognitive maps consisting 
of elements (concepts / nodes) which represent the 1m- 
portant attributes of the mapped system. FCM is a very 
simple and effective tool that is used in lots of applications 
like business [21] [22], banking [23], medical field [24] 
[25] , sports [26] , robotics [27], expert systems [28], deci- 
sion making [29] [30], risk assessment [31]. 

Fuzzy cognitive maps (FCMs) are more applicable 
when the data in the first place is an unsupervised one. The 
FCMs work on the opinion of experts. FCMs model the 
world as a collection of classes and causal relation between 
classes. 

2.3.1 Basics of FCM 

e Assume C, and C, denote two nodes of the 
FCM. The directed ‘edge from C, to C, denote 
the causality of C, on C, called connections. 
Each edge in the FCM is weighted with a number 
{-1, 0, 1}. Assume a, is the weight of the di- 
rected edgeC, C,, a,, € {-1,0, 1}. 

a, = 0 if C, does not have any effect on 
a, = | if increase (or decrease) in C, 
causes increase (or decrease) in C, 
a, = -1 if increase (or decrease) in C, 
causes decrease (orincrease) in C, 

e Let CC, ,C,C,,-°: CC, , be a cycle when C, 
is switched on and if the causality flows through 
the edges of a cycle and if it again causes C, , We 
say that the dynamical system goes round and 
round. This is true for any node C, , for 
i =1,2,---,n. The equilibrium state for this dy- 
namical system is called the hidden pattern. 

e Ifthe equilibrium state of a dynamical system is a 
unique state vector, then it is called a fixed point. 
Consider a FCM withC,, C, ,...., C, as nodes. 
For example let us start the dynamical system by 
switching on C,. 

e Let us assume that the FCM settles down with C, 
and C. on, 1.e. the state vector remains as (1, 0, 
0,..., 0, 1) this state vector (1, 0, 0, ..., 0, 1) is 
called the fixed point. 

e If the FCM settles down with a state vector re- 
peating in the form A, > A, >::-A, 5A. 
Then this equilibrium is called limit cycle. 
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3 Case study on Mobile Payment system 

Nowadays people need to make dozens of payments 
every day. This requires the availability of cash or plastic 
cards any time and everywhere. Though it 1s not always 
easy to have cash available and if the price of the purchase 
does not exceed a certain minimum value, the plastic cards 
are not accepted. 


The basic idea behind the MPS project is to allow 
mobile phone users to make small and medium pay- 
ments using their mobile phones. The user will send SMS 
to the mobile phone number of the payment recipient. The 
SMS sent will contain the code given to the user by the 
system provider of Mobile Payment System; followed by 
the amount to be paid. This amount of money will be di- 
rectly debited from the bank account of the user and 
credited to the bank account associated with the mobile 
phone number that receives the SMS[10]. 

Rodriguez-Repiso et.al [10] considered the MPS pro- 
ject and FCM methodology was used to check its feasibil- 
ity. The authors conducted a survey from 40 individuals 
belonging to different continents to identify various factors 
and their degree of importance to MPS project success. 

The authors identified following factors that contribute 
to the success of MPS project [10]: 

Cl. Ability to store money in your mobile 

C2. Avoid using coins (you won’t need coins in your 
pocket as you will use your mobile to 

pay) 

C3. Less to carry with you 

C4. Independence of time and place (subject to the area 
covered by the network operator) 

C5. Getting rid of plastic cards 

C6. Convenience 

C7. Security 

C8. Comfort 

C9. Able to make small payments (up to 40 GBP) 

C10. Able to make medium sized payments (up to 300 
GBP) 

C11. Interface easy to use 

C12. Direct debiting from account 

C13. Ability to pay using a mobile phone in store 

C14. Avoid using cash 

C15. Possibility of multiple mobile cash accounts to 
divide own and company purse 

C16. Flexibility 

C17. Efficiency 

C18. Economy 

C19. Your phone 1s always with you 

C20. Remote control for everyday things 

C21. The cost of the payment for the user 1s the cost of 
1 SMS. 

C22. The user does not pay credit/debit card mainte- 
nance costs to the bank 

C23. The cost of the payment for the shop is the cost of 
1 SMS 


1] 


C24. The bank receives a commission from the net- 
work operator processing each payment transaction. 

The following steps were broadly executed by Rodri- 
guez-Repiso et.al [10] to check the feasibility of MPS us- 
ing FCM:- 

1) The results of the survey is recorded in Initial matrix 
of success (IMS).The dimension of the IMS matrix is 
24x40, where 24 is the number of success factors and 
40 corresponds to the number of experts. 

2) The values in the IMS matrix are fuzzified in the in- 
terval [0,1] which is recorded in Fuzzified matrix of suc- 
cess (FZMS). 

3) The strength of relationship matrix of success 
(SRMS) was constructed which is a 24x 24 matrix. The 
rows and columns of the matrix are the success factors and 
each element S., in the matrix indicates the relationship 
between factor “i” and factor “ J”. Si can accept values 
in the interval [-1, 1]. 

4) Once the SRMS matrix is completed, some of the 
data contained in it could be misleading data. Not all suc- 
cess factors represented in the matrix are related, and not 
always there is a relationship of causality between them. 
An expert opinion is required to analyse the data and con- 
vert the SRMS matrix into the FMS (Final matrix of suc- 
cess) matrix, which contains only those numerical fuzzy 
components representing relationships of causality be- 
tween the success factors. 

Thus, the model developed in the paper [10] 1s easy to 
understand and can be used to evaluate, and test the effect 
of factors and predict the performance of the MPS system. 


4 Working of FCM methodology in MPS 


4.1 Computation of hidden pattern using FCM 

The authors determine the hidden pattern for the FCM 
methodology used in the MPS project [10] and is described 
as: 

Let Ai be the initial state vector where Ci and C19 
are in ON state. 

Ai= (100000000000000000100000) 

D=FCM matrix shown in Table 2 [10]. 





Success 
factors 1} 2) 3) 4 5) 6} 7 68) 69 610) 11} 12) 13) 14) 15) 16) 17) 18) 19} 20; 21) 22} 23) 24 
0.66 0.65 0.7} 0.73 0.63 
0.66 0.72 
0.72 0.7| 0.79 0.74 
0.79 0.87 0.83) 0.74 
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0.79 0.85 0.78 
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11 0.76 0.85 0.89 
12 0.66 0.62} 0.74 0.7 
13 0.78 0.82 














15 0.62 0.65} 0.61 
16 0.87 0.65 0.88 0.78 
17 0.89} 0.74} 0.82 0.61} 0.88 
18 0.72} 0.83} 0.65] -0.6 
19 0.83 0.78 0.71 
20 0.74 0.76 0.71 
21 0.72 
22 0.83 
23 0.65 

























































































Table 2. FCM Matrix 
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AiD = (0 0.68 0 0.83 0.65 0 0 0 0.70 0.73 00 0 0.63 
00.780000.710000)>4 (110110001100010 
100110000)= A 

A, D = (3.39 0.68 2.16 2.44 0.65 3 0.0 0.70 0.73 000 
0.63 0.65 1.65 0.88 0 2.32 1.450000) >(11111100 
1100011110110000)= A, 

A,D = (3.39 1.4 2.95 3.23 1.35 3.79 0 0.79 1.40 1.48 
1.65 1.36 0.82 1.37 1.26 3.18 1.49 0 2.32 2.210000) > 
(11111011111111110110000)=A, 

A,D = (3.39 1.4 2.95 3.23 1.35 5.34 0.66 2.42 1.40 
1.48 2.5 1.36 1.6 1.37 1.88 3.18 3.94 0 2.32 2.21000 
bee 


5 
A,;D = (3.39 1.4 2.95 3.23 1.35 5.34 0.66 2.42 1.40 
1.48 2.5 2.72 1.6 1.37 1.88 3.18 3.94 0 2.32 2.21 0 0 0 
0.70) DB ALTIIIIIIIITIIVIITVITIOLLOOOILS= 


As As = As, so this is a fixed point. 

This implies that the concepts Ci and C19 does not 
have any effect on concepts Cis ,C21,C22 and C23. This 
is a saturation point. By making further iterations, there 1s 
no change in the results. 


4.2 Limitations of FCM 


There are three important drawbacks in the conven- 
tional FCMs [11]: 

1) Connections in FCMs are just numeric ones: rela- 
tionship of two events should be linear. 

In MPS [10], the relation C,, —> C, is considered as 
linear. 

2) Lack of a concept of time; practically each causal 
has different time delay. 


In MPS [10], the relation Cs; — Cc. tends to have 
some time delay, but is not considered. 

3) They cannot deal with co-occurrence of multiple 
causes such as expressed by “and" conditions. 

In MPS [10], the concepts C, and Gs can be com- 
bined to create an overall effect on Gs ,but this idea is not 
considered and implemented in the system. 

The drawbacks of FCM can be overcome by the pro- 
posed methodology E-FCM and NCM. 


5 EXTENDED FUZZY COGNITIVE MAPS (E-FCM) 


E-FCM has certain features [11]: 

1) Weights have nonlinear membership functions. 

2) Conditional weights 

3) Time delay weights. 
Authors have considered features of E-FCM: one non- 
linear weight, conditional weight and time delay weight for 
evaluating the success of MPS [10]. 


12 


5.1 Non-linear membership functions 


The relationship between the concepts is not always 
linear stating that change in concept Ci will not always 
lead to the change in Cj even if there exists a relation be- 
tween them. The change occurs till certain limit and after 
that there will be no/inverse effect. 

Consider the relation, C,, (Your phone is always with 
you) —> C;, (Independence of time and place) 

This relationship used in MPS [10] always considered 
linear relationship. Consider a situation, if there is no prop- 
er network or the phone is switched off due to low battery, 
so FCM will not give realistic results. So this relation holds 
a non-linear relationship which can be represented in E- 
FCM. 

Non-linear activation function 1.e. sinusoidal function 
is used to show non linear relationship. In non linear rela- 
tion, eq. (1) is used to get the saturation point [32]. 


ven’ = Flav + pw v) A) 


where 


(kK) _7,,(4),, (©) ...,, OP 
” Ly v, | is the state vector 
n = number of concepts 


k= kth state vector used to derive the succeeding states. 


. W=lW. <j J< 
Weight matrix | i din l<i,j<n, 


fv) =Lf Ce ey Oe ie (2) 
Sinusoidal function is given as, 
f (x) = 0.5(sin( Bx) +1) (3) 


where, 


7 1.5708 
(2, T+ Py || W [nM (4) 
f is calculated using P, =1, 9, =1,M =1,n=24 


(number of concepts).The domain of sinusoidal function is 
restricted within the range [—Bz/ 2, B2/ 2] so the val- 
ue of 2 / 2=1.5708 is used in calculation of f . Since 
classification or logistic regression aims to have | and 0 
extremities, both sigmoid and sinusoidal functions achieve 
that. Instead sinusoidal does a better job in that its extremi- 
ties are absolute instead of being asymptotic. 
|| w ||=max Eigen value ofw w. 
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P is calculated as 0.03. 
Using eq. (3) in eq. (1) the saturation state is reached. 


Initially, the state of the concepts is taken as the average 1.e. 


k 
on ea 
A (5) 


k =number of experts which is taken as 40 in the paper 
[10]. C. is the value given to the concept C.by i’ " expert. 
(In the paper, the FZMS matrix gives the Gale of the con- 
cepts given by different experts). 


Initially, all the values given to the concepts using eq. 
(5) are taken at time instant 0. In further iterations eq. (1) is 
used until saturation state is not reached (saturation means 
that the concept state vectors at time instant a , matching 
with the subsequent concept state vectors 1.e. from time 1n- 
stant @+1,... ). The saturation state using the non linear 
relation is found at instant 4 which is shown in Table 3. 
Linear membership function is used for all concepts except 
C,. As GC, + C, holds a non-linear relationship so, 
non-linear membership is used to determine the saturation 
state of C,. 


| cil cz] ca] cal cs} co] c7| ca] co|crofcrijci2 
of 0.7| 07] 07] 08] 0.5] 0.7] 0.7| 08] 0.8] 06] 0.9] 06 
pf af af af sara} a} af at at af aa 
| if asses} if at af if ay af aft 
| if asso] if at af af ay af aft 
|i osse7| if a} 1 


1 


if osse7} ay af a} af a} a} ft 


po 
oe) 


C14/C15 
0.5 
i 
pt 
po 
1 
1 


6 |C17 |C18 |C19 |C20|C21 |C22 1C23 |C24 


| 08} 0.8| 0.6] 0.6] 0.9] 0.6] 05 
pf at af at a} 
Ho a a 


= |e |wT 


| cis 
| 08 
pt 
as 
po 


—_— 


=) 
ee ee ee 
LL 


— 


| 2 
ze 
Ee 
EE: 
E: 
| of 0.7] 0. 
pif 
| 2] 
| 3] 
pat 
Ei 


5} I) 1 I} 1 


Table 3. Results using non-linear relation (@ ) 


Hence, for handling non-linear relations (like 
Ci) > C, ), FCM would not suffice; rather E-FCM 
should be used. 


5.2 Conditional weights 


Sometimes, different concepts can affect a single con- 
cept, so the concepts can be combined to show the com- 
bined effect on the concept which is considered in E-FCM. 

In this case AND function is used to represent the 
combined effect on the concepts, where two or more con- 
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cepts can together create an overall effect on a particular 
concept. 

In MPS [10], there is a direct connection between Cc. 
and C, (consider W,, ) and C, 19 Is not having a direct 
spnecinn to C,, so authors wanted to show the com- 
bined effect of C, and Cis on C, , 


C C 
f ~' (Ability to store money in your mobile) AND —!” 


C 
? (Able to make 
small payments) means that if you have mobile with you 


(Your phone is always with you ) then 


and you have money too in your mobile then only you will 
be able to make payments. If any of the conditions in the 
antecedent part is not true then you will not be able to 
make payments. 

So, 


C\,C,, >C, with a proportion w,, =0.70/3 


Ability to store money in your mobile ( C, ) in the con- 
ventional FCM (Table 4) is saturated from time 3, that 1s 
why 3 is taken as a denominator. 





Table 4. Conventional FCM 


Now the weight W,, is updated to 0.233 in the weight 
matrix 1.e. FCM Matrix. A change in the weight of the 
connection between the concepts C and C, can be ob- 
served when two concepts are combined. The updated 
weight is shown in Figure | and rest of the weights are 
same as FCM. Authors have combined the results of condi- 
tional and non-linear relations which is shown in Table 5 

Using eq.(1),saturation point is calculated, where w is 
the newly constructed matrix after updating W,, to 
0.233.The saturation point is found at instant 4 shown in 
Table 5, by taking initially the concept states using eq. (5). 
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oo 


aa 


P| | | | ot tT | tT 


| of 07] 0.7] 05| 08] 09] 08] 08| 0.6| 0.6] 0.9] 0.6] 0.5 
a 
a 
Table 5. Results using non-linear relation (@ ) and conditional weight 


(B) 


Normally in real world problems both non-linear rela- 
tionship and conditional weights are observed, so for such 
cases E-FCM 1s a better choice to find the hidden patterns 
as shown in Table 5. 

5.3 Time delay weights 

In E-FCMs, total input to node C, at time t can be ex- 

pressed as, 


net, 


k 
= >: w, (C; (t — delay, ))C, (t — delay, ) 
i=l 


where, C’,(f) is a causal concept at time t, W,,(.) is a 
weight function from concept C;(t) to concept C, (1 ), and 
delay, is a time delay from causal concept C. (t) to 
concept C. j (t) and k =number of concepts [11]. 

The relation between C; 54 and Cys has been dis- 
cussed in MPS [10], but it is quite evident that this relation 
will incur some time delay, which was not considered in 
MPS [10]. 

The relation Cy (The bank receives a commission 
from the network operator processing each payment trans- 
action) —> Cot Direct debiting from account) has some 
time delay, i.e. by the time the bank receives a commission 
from the operator, debiting takes place but the debiting and 
its changes to the account takes place after a certain 
amount of delay . 

By using eq. (6) the state of concept Ci (since the 
time delay effect is on C,, and delay taken is 1 min) is 
calculated and the rest of the concept values are calculated 
using eq.(1) which is same as the values in Table 5. The 
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Table 6 shows the saturation state using non-linear, condi- 
tional and time delay weights. 


of 07] 07/07] 08] 05] 07] 0.7[ 08] 08| a6] 09] 06 


S| i} if if osso7| a} if af i} oseeo] if af o 
of iy tf a} osse7]_ i] a) aff seo] i} i] 
pt} | | | ot tT ET 


of 07/07/05] 08] 09] o8| 08! 06| 06] 09] 06] 05 
ft 
Table 6. Results using non-linear relation (@ ) , conditional weight ( B ) 
and time delay weight ('V ) 





So, for handling relationships in which a time delay 1s 
observed between antecedent and consequent, again E- 
FCM emerges as a better option for modelling. 


5.4 Computation of fixed point in E-FCM 
Let, E be the E-FCM Matrix which is formulated using 
three factors: non-linear, conditional and time delay 


(@vights. (6) 

This E matrix is different from D, with respect to the 
change recorded in conditional weight, as shown in Table 
7. 


Success 
factors 1] 2} 3] 4] 5{__6f 7 8] __9|_10| 41] 12) 13{ 14] 15] 16] 17] 18| 19} 20) 21] 22| 23] 24 
0.66 0.65 a 0.73 0.63 
0.66 0.72 
0.72 0.7 0.79 0.74 
0.79 0.87 0.83] 0.74 

















0.65 0.7 
0.79} 0.79 0.79} 0.7| 0.75] 0.76 0.76 








SIA nA[_ ne lLwlr[e 


0.79 0.85 0.78 
9 0.7 0.7 
10} 0.73 0.75 
11 0.76 0.85 0.89 
12 0.66 0.62} 0.74 0.7, 

















13 0.78 0.82 
14| 0.63 0.74 
15 0.62 0.65} 0.61 
16 0.87 0.65 0.88 0.78 
17 0.89} 0.74] 0.82 0.61} 0.88 
18 0.72} 0.83] 0.65] -0.6 
19 0.83 0.78 0.71 
20 0.74 0.76 0.71 
21 0.72 
22 0.83 
23 0.65 











































































































Table 7. E-FCM Matrix 

Now the hidden pattern using E-FCM can be calculat- 
ed as, 

If A,=(1 00000000000000000100000) 
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A, E = (0 0.68 0 0.83 0.65 0 0 0 0.233 0.73 0 0 0 
0.63 00.78 0000.710000)4(1 101100011000 
10100110000)=A, 

A, E = (3.39 0.68 2.16 2.44 0.65 3 0 0 0.23 0.73 00 
0 0.63 0.65 1.65 0.88 0 2.32 1.450000) >(1111110 
01100011110110000)= A, 

A, E = (3.39 1.4 2.95 3.23 1.35 3.79 0 0.79 0.93 1.48 
1.65 1.36 0.82 1.37 1.26 3.18 1.49 0 2.32 2.210000) > 
(111111011111111110110000)=A, 

A, E = (3.39 1.4 2.95 3.23 1.35 5.34 0.66 2.42 0.93 
1.48 2.5 1.36 1.6 1.37 1.88 3.18 3.94 0 2.32 2.21000 
Ue TPL E LEE ee ST LOP OU 


A, FE =(3.39 1.4 2.95 3.23 1.35 5.34 0.66 2.42 0.93 
1.48 2.5 2.72 1.6 1.37 1.88 3.18 3.94 0 2.32 2.21 000 
0.70) DA LTIIIITIITIITIIVIITI1IOLIOOOIN= 

Heice. Ao = As we got a fixed point. 

This implies that the concepts Ci and C19 does not 
have any effect on the concepts Cis,C21,C22 and C23. 
Thus, this is a saturation point. By making further itera- 
tions, there is no change in the results. The results obtained 
by E-FCM are same as observed when FCM was used. But 
the discussion in this section indicates the suitability of de- 
ploying E-FCM when non-linearity, conditional and time 
delay is observed. 


5.5 Limitations of E-FCM 


The drawbacks of FCM are overcome by E-FCM con- 
sidering non-linear weights, conditional and time delay 
weights. Though these three aspects are quite frequent and 
important in the relationships, but indeterminacy is also 
one of the prominent attribute of any relationship; Exam- 
ple: Consider unemployment and crime rate to be the two 
main causes of corruption, there may or may not be a pos- 
sibility that due to unemployment the crime rate will in- 
crease, so this relation holds indeterminacy. 

Capturing of indeterminacy is not done by FCM and E- 
FCM. This aspect of indeterminacy in the relationship is 
tackled using Neutrosophic Cognitive Maps (NCM), which 
is discussed next. 


6 NEUTROSOPHIC COGNITIVE MAPS (NCM) 


NCM is an extension of FCM where indeterminacy is 
included. The concept of fuzzy cognitive maps deal with 
the relationship between two nodes but it fails to deal with 
the indeterminate relation. Neutrosophic logic is the only 
tool, which deals with the notions of indeterminacy. NCM 
will certainly give a more appropriate result when we deal 
with unsupervised data, and no relation can be determined 
between two nodes. NCM applications can be found in 
medical field [33] [34], social issue [35] and other areas 
[36] [37]. 


6.1 Basics of NCM [35] 
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e LetC,,C, ....,C, be n nodes, and we assume 
every node is a neutrosophic vector from neutro- 
sophic vector spaceV . A node C, will be repre- 
sented by (X,,°**,x,) where x, is zero or one or 
I (J is the indeterminate). The concept’s state x, = 
1 means the node Cx is in on state; X, = 0 means 
the node is in off state and x, = / means the 
node state is indeterminate at that time or in that 
situation. 

e Assume C, and C; denote two nodes of the NCM. 
The directed edge from C;, to C j denote the cau- 
sality of C, on C.. called connections. Each 
edge in the NCM is weighted with a number {-1, 
0, 1, / }. Assume d,, is the weight of the di- 
rected edgeC, C,, a, € {-1, 0, 1, [, 

a, = 0 if C, does not have any effect on 
a = | if increase (or decrease) in C, 
causes increase (or decrease) in C, 

a, = -1 if increase (or decrease) in C, 
causes decrease (or increase) in C, 

a, = lif the relation or effect of C, on C j 
is an indeterminate. 

e LetC,C, ,C,C, ,--- CC, be the edges of NCM 
and the edges form a directed cycle. An NCM is 
said to be cyclic if it has a directed cycle and acy- 
clic if 1t does not have any directed cycle. 

e If the NCM settles down with a unique neutro- 
sophic state vector, then it is known as fixed point. 
Assume the NCM withC,, C, ,..... C, as nodes. 
For example let us start by switching on C1. Let 
us consider that the NCM settles down with C, 
and C.. on, 1.e. The state vector remain as (1, 0, 
---, 1) this neutrosophic state vector (1,0,--- , 0, 
1) is known as the fixed point. 

e Ifthe NCM settles down with a neutrosophic state 
vector repeating in the form of 
A, > A, >:::-A, >A, , then this equilibrium 
is called as limit cycle of the NCM. 


6.2 NCM Methodology 
The MPS is based only on FCM where no indetermi- 
nacy relations are considered. 


In the paper [10] following indeterminate relations are 
highlighted: 


C,(Ability to store money in your mobile) 
— > C;(Getting rid of plastic cards) 


If the user has money in his/her mobile then there may 
be a possibility that he carries credit card with him/her for 
making large payments since MPS is designed for small 
and medium payments. 


C79(Your phone is always with you) 
— > (C)3(Ability to pay from mobile in store) 
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If the user has phone with him/her, still he/she may or 
may not be able to pay from the mobile because there can 
be a network problem or may be they don’t have enough 
balance with them, preventing them in making payments. 


C).(Direct debiting from account) 
— > C7Security) 


The direct debiting from the account may or may not 
affect security since the information related to risks analy- 
sis and management are missing which can lead to inde- 
terminacy. 


C2(User does not pay credit/debit card maintenance 
costs to the bank ) ——> Cs3(Economy) 


User does not need credit/debit card for small and me- 
dium payments so no maintenance cost for the cards. If the 
range of payment exceeds medium payment then the user 
can pay through the card and there will be some mainte- 
nance cost to be paid by the user to the bank for card 
maintenance, hence this relationship is also indeterminate. 


6.3 Working of NCM 


The '/' factor was introduced in the FCM matrix which is 
now relabelled as NCM matrix as shown in Table 8.The 
hidden pattern using NCM was calculated as, 

N(E) = NCM Matrix shown in Table 8. 


Success 
factors 1} 2 3)d6 64): 5) 78} sf Ys) 13), 14) 15) 16) «17)-«:18) 19) 20) 21) 22) 23) 24 
0.66 0.73 0.63 
0.66 0.72 
0.72 0.7] 0.79 0.74 
0.79 0.87 0.83) 0.74 








0.65 0.7 
0.79] 0.79 0.79] 0.7} 0.75] 0.76 0.76 
0.66 
0.79 0.85 0.78 
0.7 0.7 
10} 0.73 0.75 
11 0.76 0.85 0.89 
12 0.62} 0.74 0.7 
13 0.78 0.82 
14] 0.63 0.74 
15 0.62 0.65} 0.61 
16 0.87 0.65 0.88 0.78 
17 0.89} 0.74] 0.82 0.61} 0.88 
18 0.72} 0.83] 0.65} -0.6 
19 0.83 0.78 0.71 
20 0.74 0.76 0.71 
21 0.72 
22 
23 0.65 
24 0.7 -0.6 
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Table 8. NCM Matrix 


! = Indeterminacy 
The NCM for the MPS project is shown in Figure 1. 
and its related FCM is shown in paper [10]. 


16 











Avoid coins 
Avoid cash 
7 Less to carry 
a ee ——— - > Get rid of plastic cards _ with you 
mobile nF 
Small payments / 
‘ / 40.79 
Medium payments / 
Conditional — 
weight Remote control of — \ 
07 wasn dali 0.76 _ Convenience aie 
+0.71 K 07 \ Comfort 
0.79 ae _ 
_ Independence og rfa ia = f 
Your phone — of time & place nvertace easy | +0.78 
is alwa ——— : to use 
ys | 
Cg, aoa aos 
/ 40.87 40.89 pay from 
+078 y a mobile in 
Flexibility — 5 Efficiency store 
\o 65 “ae \ +0.74 
+0.61 
Multiple mobile Direct debitin ee : 
Cost for user 1 SMS aa from pai [ © Security 
es 
0.6 +0.70 oe 
Cost for shop 1 SMS re—> Economy a Bank commission Indeterminate 
+0.65 
si from network . 
7 operator for each relation 
‘4 transaction 


No card maintainence cost 


Figure 1. NCM for the MPS project 


The hidden pattern for NCM 1s calculated as follows: 

Initially C1 and C19 are taken in ON state i.e. 

If Ai= (100000000000000000100000), 

AiN(E) = (0 0.68 0 0.83 I 000 0.233 0.73 00 I 
0.63 00.780000.710000) —~9(11101/7 0001100 
/ 10100110000) =A2 

A2N(E) = (2.74+0.65/ 0.68 1.46+0.70/ 2.44 I 3 
0 0.787 0.233 0.73 00 I 0.63 0.65 1.65 0.88+0.82 7 0 
2321450000) 50 0111/7107 11007 1111 
0110000) =A: 

A3N(E) = (2.74+0.65 17 1.4 2.25+0.707 3.23 0.70+ 
I 3.79+0.79 IT 0 0.79+0.78 I 0.933 1.48 1.65+0.85 / 
1.36 0.82+1.78/7 1.37 1.26 3.18 1.49+0.82/7 0 2.32 2.21 
0000)3011111011111111110110000) 
= A4 

A4N(E) = (3.39 1.4 2.95 3.23 0.70+1 5.34 I 2.42 
0.933 1.48 2.5 1.36 1.6+/ 1.37 1.88 3.18 3.94 0 2.32 2.21 
0000.70) 53> 111117 1111111111011000 
1) = As 

AsN(E) = (3.39 1.4 2.95 3.23 0.70+1 5.34 I 2.42 
0.933 1.48 2.5 2.06+0.66/ 1.6+/ 1.37 1.88 3.18 3.94 - 
0.56 2.322.210000.70) 50 111117 11111111 
110110001) =Ao= As 

Here in state Ao concept 7 is showing indeterminacy, 
i.e. by making the concepts C1 and C19 on, concepts with 
state as 1 shows that they are affected by the factors C1 
and C19 , but C7 is J that indicates that even if user has 
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his phone with him and has money in mobile, security fac- 
tor may or may not be affected, also 1t can have positive or 
negative impact. 

With the availability of internet facility on mobile 
phones, there is a chance of some virus attack which may 
affect the performance of MPS software by making user’s 
device slow or hang. Considering such situation if the user 
executes a transaction and does not get the confirmation, it 
may lead to another transaction. Since the previous one 
was under processing, of which the user was not aware; 
can make user pay for the same transaction twice. Thus, 
giving negative influence between C1 andCi9. 

Contrary to this the positive influence between C1 and 
Cio can be recorded if the user joins MPS system, he is 
given a secret code, which he knows it personally and can 
use it for payments in a secure way. 

So the relationship between C1 and C19 can be either 
positive or negative; thus reflecting indeterminacy 1n it. 


7 DISCUSSION OF RESULTS 

To record the effect of factors 
Ci(Ability to store money in your mobile) and 
Ci9(Your phone is always with you) initially the 
vector is taken as (10000000000000000100000). The re- 
sults for different methodologies FCM, E-FCM and NCM 
and their comparison is shown in Table 9. 


Methodolo Reeni S 
gy Used esults ummary 


FCMs measure the existence 
of causal relation between 
two concepts and ifno 
relation exists it is denoted by 
0. It does not consider non- 
linear weights, conditional 
and time delay weights which 
are the drawbacks of FCM. 


The hidden pattern calculated 
was 
(111111111111111110110001) 
which shows that there will 
always be effect on concept 7 
1.e. security by the concepts Cl 
and C19 


The hidden pattern calculated 
was 
(111111111111111110110001) 
which is same as FCM showing 


E-FCM is an extension of 
FCM that provides option for 
capturing non-linear, 
conditional, time delay 
weights. Though it 
overcomes the drawbacks of 
FCM but does not represents 
indeterminate relations. 


that there will always be effect 
on security when we hold Cl 
and C19. Though considering 
the conditional weight, change 
in weight [wl,9] is observed. 


The hidden pattern calculated |NCMs measure not only the 


was existence or non-existence of 
(111111/11111111110110001). 


Results obtained clearly 


causal relation between 
concepts but also allows the 
indicates that the effect on representation of 
concept 7 1.e. security is indeterminacy in the relations. 
indetermmate, means that ifthe ]Hence, NCM model to map 
user always has phone with the indeterminate relationship 
him/her and even has money in Jwhich are frequent in real 


his mobile, this may or may not | world, thus more realistic 





lead to secure payments. results are expected. 
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Table 9. Comparison of Results 


CONCLUSION & FUTURE WORK 

Compared to the results of FCM and E-FCM in the 
MPS project, the hidden pattern showed that security will 
always be affected as FCM and E-FCM can represent posi- 
tive, negative or no effect. But, in NCM, security concept 
is ‘I’ depicting that this factor may or may not be affected. 
NCM provided the option of handling the indeterminate re- 
lationship. 

Neutrosophic Cognitive Map is an innovative research 
approach. The concept of NCM can be used in modelling 
of system success, since the concept of indeterminacy 
plays role while evaluating project success. This was au- 
thors’ main aim to use NCMs in place of FCMs. When an 
indeterminate causality is present in an FCM we term it as 
an NCM. 

As an extension of the presented work, authors project 
to study the following: 

a) More number of parameters can be used to predict 
the results. Increment in sample size will also lead to give 
more accurate results. 

b) Opinion of different experts can be combined & im- 
plemented using Linked FCM & Linked NCM. 
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Abstract. This paper is devoted to propose triangular 
fuzzy number neutrosophic sets by combining triangular 
fuzzy numbers with single valued neutrosophic set and 
define some of its operational rules. Then, triangular 
fuzzy number neutrosophic weighted arithmetic averag- 
ing operator and triangular fuzzy number neutrosophic 
weighted geometric averaging operator are defined to ag- 
gregate triangular fuzzy number neutrosophic sets. We 
have also established some of their properties of the pro- 


posed operators. The operators have been employed to 
multi attribute decision making problem to aggregate the 
triangular fuzzy neutrosophic numbers based rating val- 
ues of each alternative over the attributes. The collective 
rating values of each alternative have been ordered with 
the help of score and accuracy values to find out the best 
alternative. Finally, an illustrative example has been pro- 
vided to validate the proposed approach for multi attrib- 
ute decision making problem. 


Keywords: Triangular fuzzy number neutrosophic set, Score and accuracy function, Triangular fuzzy number neutrosophic 
weighted arithmetic averaging operator, Triangular fuzzy number neutrosophic weighted geometric averaging operator, Multi-attribute 


decision making problem. 


1 Introduction 


Zadeh [1] has been credited with having pioneered the 
development of the concept of fuzzy set in 1965. It is gen- 
erally agreed that a major breakthrough in the evolution of 
the modern concept of uncertainty was achieved in defin- 
ing fuzzy set, even though some ideas presented in the pa- 
per were envisioned in 1937 by Black [2]. In order to de- 
fine fuzzy set, Zadeh [1] introduced the concept of mem- 
bership function with a range covering the interval [0, 1] 
operating on the domain of all possible values. It should be 
noted that the concept of membership in a fuzzy set is not a 
matter of affirmation or denial, rather a matter of a degree. 
Zadeh’s original ideas blossomed into a comprehensive 
corpus of methods and tools for dealing with gradual 
membership and non-probabilistic uncertainty. In essence, 
the basic concept of fuzzy set is a generalization of classi- 
cal set or crisp set [3, 4]. The field has experienced an 
enormous development, and Zadeh’s seminal concept of 
fuzzy set [1] has naturally evolved in different directions. 


Different sets have been derived in the literature such as L- 
fuzzy sets [5], flou sets [6], interval-valued fuzzy sets [7- 
10], intuitionistic fuzzy sets [11-13], two fold fuzzy sets 
[14], interval valued intuitionistic fuzzy set [15], intuition- 
istic L-fuzzy sets [16], etc. Interval-valued fuzzy sets are a 
special case of L-fuzzy sets in the sense of Goguen [5] and 
a special case of type 2 fuzzy set. Mathematical equiva- 
lence of intuitionistic fuzzy set (IFS) with interval-valued 
fuzzy sets was noticed by Atanassov [17], Atanassov and 
Gargov [15]. Wang and He [18] proved that the concepts 
of IFS [11-13] and intuitionistic L-fuzzy sets [5] and the 
concept of L-fuzzy sets [5] are equivalent. Kerre [19] pro- 
vided a summary of the links that exist between fuzzy sets 
[1] and other mathematical models such as flou sets [6], 
two-fold fuzzy sets [14] and L-fuzzy sets [5]. Deschrijver 
and Kerre [20] established the relationships between IFS 
[11], L-fuzzy sets [5], interval-valued fuzzy sets [7], inter- 
val-valued IFS [15]. Dubois et al. [21] criticized the term 
IFSs in the sense of [11-13], and termed it “to be unjusti- 
fied, misleading, and possibly offensive to people in intui- 
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tionistic mathematics and logic” as it clashes with the cor- 
rect usage of intuitionistic fuzzy set proposed by Takeuti 
and Titani [22]. Dubois et al. [21] suggested changing the 
name of IFS as I-fuzzy set. Smarandache incorporated the 
degree of indeterminacy as independent component in IFS 
and defined neutrosophic set [23-24] as the generalization 
of IFSs. Georgiev [25] explored some properties of the 
neutrosophic logic and defined simplified neutrosophic set. 
A neutrosophic set is simplified [25] if its elements are 
comprised of singleton subsets of the real unit interval. 
Georgiev [25] concluded that the neutrosophic logic 1s not 
capable of maintaining modal operators, since there 1s no 
normalization rule for the components T, I and F. The au- 
thor [25] claimed that the IFSs have the chance to become 
a consistent model of the modal logic, adopting all the nec- 
essary properties [26].However certain type of uncertain 
information such as indeterminate, incomplete and incon- 
sistent information cannot be dealt with fuzzy sets as well 
as IFSs. Smarandache [27-28] re-established neutrosophic 
set as the generalization of IFS, which plays a key role to 
handle uncertain, inconsistent and indeterminacy infor- 
mation existing in real world. In this set [27-28] each ele- 
ment of the universe is characterized by the truth degree, 
indeterminacy degree and falsity degree lying in the non- 
standard unit interval. The neutrosophic set [27-28] 
emerged as one of the research focus in many branches 
such as image processing [29-31], artificial intelligence 
[32], applied physics [33-34], topology [35] and social sci- 
ence [36]. Furthermore, single valued neutrosophic set[37], 
interval neutrosophic  set[38],neutrosophic soft set[39], 
neutrosophic soft expert set [40], rough neutrosophic set 
[41], interval neutrosophic rough set, interval valued neu- 
trosophic soft rough set [42], complex neutrosophic set[43], 
bipolar neutrosophic sets [44] and neutrosophic cube 
set[45] have been studied in the literature which are con- 
nected with neutrosophic set. However, in this study, we 
have applied single valued neutrosophic set [37] (SVNS), a 
subclass of NS, in which each element of universe is char- 
acterized by truth membership, indeterminacy membership 
and falsity membership degrees lying in the real unit inter- 
val. Recently, SVNS has caught attention to the researcher 
on various topics such as similarity measure [46-50], med- 
ical diagnosis [51] and multi criteria/ attribute decision 
making [52-58], etc 


Aggregation of SVNS information becomes an im- 
portant research topic for multi attribute decision making 
in which the rating values of alternatives are expressed in 
terms of SVNSs. Aggregation operators of SVNSs, usually 
taking the forms of mathematical functions, are common 
techniques to fuse all the input individual data that are typ- 
ically interpreted as the truth, indeterminacy and the falsity 
membership degree in SVNS into a single one. Ye [59] 
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proposed weighted arithmetic average operator and 
weighted geometric average operator for simplified neutro- 
sophic sets. Peng et al.[60] developed some aggregation 
Operators to aggregate single valued neutrosophic infor- 
mation, such as simplified neutrosophic number weighted 
averaging (SNNWA), simplified neutrosophic number 
weighted geometric (SNNWG), simplified neutrosophic 
number ordered weighted averaging (SNNOWA), simpli- 
fied neutrosophic number ordered weighted geometric av- 
eraging (SNNOWG), simplified neutrosophic number hy- 
brid ordered weighted averaging operator((SNNHOWA), 
simplified neutrosophic number hybrid ordered weighted 
geometric operator (SNNHOWG), generalised simplified 
neutrosophic number weighted averaging  opera- 
tor(GSNNWA) and generalised simplified neutrosophic 
number weighted geometric operator(GSNNGA) operators. 
Peng et al. [60] applied these aggregation operators in mul- 
ti criteria group decision making problem to get an overall 
evaluation value for selecting the best alternative. Liu et al. 
[61] defined some generalized neutrosophic Hamacher ag- 
gregation operators and applied them to multi attribute 
group decision making problem. Liu and Wang [62] pro- 
posed a single valued neutrosophic normalized weighted 
Bonferroni mean operator for multi attribute decision mak- 
ing problem. 


Application of SVNS has been extensively studied in 
multi-attribute decision making problem. However, in un- 
certain and complex situations, the truth membership, inde- 
terminacy membership, and falsity membership degree of 
SVNS cannot be represented with exact real numbers or in- 
terval numbers. Moreover, triangular fuzzy number can 
handle effectively fuzzy data rather than interval number. 
Therefore, combination of triangular fuzzy number with 
SVNS can be used as an effective tool for handling incom- 
plete, indeterminacy, and uncertain information existing in 
decision making problems. Recently, Ye [63] defined trap- 
ezoidal fuzzy neutrosophic set and developed trapezoidal 
fuzzy neutrosophic number weighted arithmetic averaging 
and trapezoidal fuzzy neutrosophic number weighted geo- 
metric averaging operators to solve multi attribute decision 
making problem. 


Zhang and Liu [64] presented method for aggregating 
triangular fuzzy intuitionistic fuzzy information and its ap- 
plication to decision making. However, their approach 
cannot deal the decision making problems which involve 
indeterminacy. So new approach is essentially needed 
which can deal indeterminacy. Literature review reflects 
that this is the first time that aggregation operator of trian- 
gular fuzzy number neutrosophic values has been studied 
although this number can be used as an effective tool to 
deal with uncertain information. In this paper, we have first 
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presented triangular fuzzy number neutrosophic sets 
(TFNNS), score function and accuracy function of TFNNS. 
Then we have extended the aggregation method of triangu- 
lar fuzzy intuitionistic fuzzy information [64] to triangular 
fuzzy number neutrosophic weighted arithmetic averaging 
(TFNNWA) operator and triangular fuzzy number neutro- 
sophic weighted geometric averaging (TFNNWG) operator 
to aggregate TFNNSs. The proposed TFNNWA and 
TFNNWG operators are more flexible and powerful than 
their fuzzy and intuitionistic fuzzy counterpart as they are 
capable of dealing with uncertainty and indeterminacy. 


The objectives of the study include to: 

e propose triangular fuzzy number neutrosophic sets 
(TFNNS), score function and accuracy function of 
TFNNS. 

e propose two aggregation 
TFNNWA and TFNNWG. 

e prove some properties of the proposed operators 
namely, TFNNWA and TFNNWG. 

e establish a multi attribute decision making (MADM) 
approach based on TFNNWA and TFNNWG. 

e provide an illustrative example of MADM problem. 


operators, namely, 


The rest of the paper has been organized in the follow- 
ing way. In Section 2, a brief overview of IFS, SVNS have 
been presented. In Section 3, we have defined TFNNS, 
score function and accuracy function of TFNNS, and some 
operational rules of TFNNS. Section 4 has been devoted to 
propose two aggregation operators, namely, TFNNWA and 
TFNNWG operators to aggregate TFNNSs. In Section 5, 
applications of two proposed operators have been present- 
ed in multi attribute decision making problem. In Section 6, 
an illustrative example of MADM has been provided. Fi- 
nally, conclusion and future direction of research have 
been presented in Section 7. 


2 Preliminaries 


In this section we recall some basic definitions of intuition- 
istic fuzzy sets, triangular fuzzy number intuitionistic 
fuzzy set (TFNIFS), score function and accuracy function 
of TFNIFS. 


2.1 Intuitionistic fuzzy sets 


Definition1. (Intuitionistic fuzzy set [13]) An intuitionistic 


fuzzy set A in finite universe of discourse 
X = {x,,X,,....X,} 18 given by 

A={(%1,00,V400) 12 =X}, (1) 
where w,:X —> [0,1] and v,:X > [0,1] with the 


condition 0 < w,(x)+v,(x) <1. The numbers w,(x) and 
v,(x) denote, respectively, the degree of membership 


degree and degree of non-membership of x in A. In 
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addition z,(x)=1—y,(x)—v,(x) 
degree of xEX in A. For convenience, 
A =(,(x),V,(x)) 18 considered as an intuitionistic fuzzy 
number (IFN). 


is called a hesitancy 


Definition 2. (Operations rules of IFNs [65-67]) 
Let A =(y,(x),V4(x)) and B =(u,(x),v,(x)) be two 


IFNs, then the basic operations of IFNs are presented as 


follows: 

1 A®B= (44, (x) + p(X) — My (XK) p(X), V,(X)V,(X)), 
(2) 

2: A® B= (14, (8) Lp (x), V,(X)V_(K) —V4(K)V zp (x)), 
(3) 

A A 

3. AA=(I-(1- 4,00) (Va) ) for 4 >0, 
(4) 

tt AS ((z,(9) 1-(1-v,@)'] for A>0. 
(5) 


Definition 3. [68] Let X be a finite universe of discourse 
and F[0,1] be the set of all triangular fuzzy numbers 


on [0, 1 . A triangular fuzzy number intuitionistic fuzzy set 
(TFNIFS) A in X is represented by 


A={(x, it,(x),0,(x))|xeX}, 
where, (Z,(x): X +> F [0,1] andv,(x): X + F [0,1]. 


The triangular fuzzy numbers 
fi, 2) =( (8), 408), (8) and 


V, (x)= (v' (x), v (x), v (x)) , respectively, denote the 
membership degree and non-membership degree of 
xin A and for every XE X : 

0< ui (x)+v3(x) <1. 


For convenience, we consider A = ((a,b, c), (e, f g)) as the 


trapezoidal fuzzy number intuitionistic fuzzy values 
(TFNIFV) where, 


(11! (x), 4° (), u02 (X)) =(4,b,¢) and (v! (%),V2 @),V3 @)= 
(e, f.g). 
Definition 4. [69-70] Let A, = ((a,,b,,c,),(e,,f,,8,)) and 


A, = ((a,,b,,c,),(€,,.f,,8,)) be two TFNIFVs, then the 


following operations are valid: 
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(a, +a, —a,a,,b, +b, —bb,,c,+¢, -CC,), | 


aan (4, fifr 8:82) 
(6) 
7 A ® A, 2 (aa;.bb,20C, |, 
(e, +e, -e@,, f+ fy —- fifo, 8 + 8-882) 
(7) 
3. AA, =((1-(1-a,)*,1-0-8)*1-0-4)"),@7,.f.81) 
for 1 >0,, and (8) 
PAGO 6) 
(1-(-e,)",1-d-f,)",1-d-8,)") “ 
A>0. (9) 


Definition 5. [69-70]Let A, = (Gs bist; (este) bea 
TFNIFV, the score function $(A,) of A, 1s defined as 
follows: 

l 
S(A,) = a Lai + 2b, +c,)-(e,+2f,+28,)|, sta.) €[-L1] 

(10) 

The score function $(A*)=1 for the TFNIFV 
A’ = ((1,1,1),(0,0,0)) and S$(A°)=~—1 for the 
TFNIFV A’ = ((0,0,0),(1,1,1)). 


Definition 6. [69-70] Let A, =((ai, Disp (ec ba) be a 
TFNIFV, the accuracy function H(A,) is of A, is defined 


as follows: 
| 
H(A) =7| (4 + 2b, +¢,)+(e,+2f, +2,)], H(A,)e[0,1]. 


(11) 
2.2 Single valued neutrosophic sets 


In this section, some basic definitions of single valued neu- 
trosophic sets are reviewed. 


Definition 7. [37] Let X be a space of points (objects) 
with a generic element in X denoted by x. A single valued 
neutrosophic set A in X is characterized by a truth 
membership function 7,(x), an imdeterminacy 
membership function J,(x), and a falsity membership 


function F’,(x) and 1s denoted by 
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A={x,(T;(®).1;(®),F,@)) |x X}. 

HereT,(x), 1,(x) and F(x) are real subsets of [0, 1] that 
is T,(x):X > [0,1] , 1,0): X > [0,1] 

and F(x): X [0,1]. The sum of 7, (x), 1, (x) and 

F;, (x) lies in [0, 3] that is 

O <sup7;,(x)+sup /,(x)+sup F; (x) <3. 

For convenience, SVNS A can be denoted by 

A= (T; (x), 1, (x), F; (x)) for all xin X . 

Definition 8. [37] Assume that 

A =(T,(x),1;(x),F,(x)) and B= (T; (x), 1, (x), F,(x)) be 


two SVNSs in a universe of discourse X . Then the 
following operations are defined as follows: 


_ (T(x) +T (x) -T, (T5009), 
ii ioa-( 1 (®)Ig(X)sF,() Fy (3) (12) 
oy wa T.(x)T; (x), 1, (&) +15 (&) —1,(«)1 5 (8), 
zs 8-H nents ; 
(13) 
& aA =(1-(1-7,00)" (1,00) (F,00)' } for A >0, 
and (14) 


4. (Ay = (7,00) J-(12h@) (15 F,09)' | for 
A>. (15) 


3 Triangular fuzzy number neutrosophic set 


SVNS can represent imprecise, incomplete and incon- 
sistent type information existing in the real world problem. 
However, decision maker often expresses uncertain infor- 
mation with truth, indeterminacy and falsity membership 
functions that are represented with uncertain numeric val- 
ues instead of exact real number values. These uncertain 
numeric values of truth, indeterminacy and falsity mem- 
bership functions of SVNSs can be represented in terms of 
triangular fuzzy numbers. 


In this section, we combine triangular fuzzy num- 
bers (TFNs) with SVNSs to develop triangular fuzzy num- 
ber neutrosophic set (TFNNS) in which, the truth, indeter- 
minacy and falsity membership functions are expressed 
with triangular fuzzy numbers. 


Definition 9. Assume that X be the finite universe of 
discourse and F '[0, 1] be the set of all triangular fuzzy 
numbers on[0,1]. A triangular fuzzy number neutrosophic 


set (TFNNS) A inXis represented by 
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A= (57,0), 0, F(x) }|xe x}, 

where, T(x) -X > F|0,1] ,1,(x) -X > F|0,1] , and 
F,(x):X > F[0,]]. 

The triangular fuzzy numbers 

T(x) =(T}(x).T? (*),T3(®) 1) = (7,00, 15 09,15), 
and F 5 (x) = (F (x), F . (x), F : (x)) , respectively, denote 
the truth membership degree, indeterminacy degree, and 
falsity membership degree of X in A and for every 
xeX: 

0<T; (x)+I5(x)+ F3 (x) 3. 

For notational convenience, we consider 

A= ((a,b, c),(e, f,2),(7, aD) as a trapezoidal fuzzy 
number neutrosophic values (TFNNV) where, 

(7; («),T; («),T; (&)) = (a,b,0) . 

(7,09, 150),.4@)=(ef.8). 

and (Fi(x), F; (x), F; (x))=(r.5,0). 


(16) 


Definition 10. Let A, = ((4,,5,.€,).(€ fi» 81)» (55) 5t,)) and 
A, = ((dy5by5€y)s (Css fos 82 )o(tys5psty)) be two TENNVs in 


the set of real numbers. Then the following operations are 
defined as follows: 


ae. a,+a,—aa,,b,+b, —bb,,c,+c,-cc, ), 
ho" 2 172°) 2 17291 2 ie 


b 


(Cee tose es) (PES Ste) 

(17) 
(a,a, ,D,b,,C,C, ), 
2. A, @A, = (e, +e, -e,6,,f, + fa — Sites 81 + 82 - 8182); 5 


(7, +1, —hr,,8, +S, — $5, 56, +f, i,t, ) 


(18) 
_ f(i-d-a,)*,1-d-4)*,1-d-«)*), 
3. AA= A ca aA i ae SNe for 
Cashece veces 
A>O and (19) 
(a50; 3a). 
4, A’ =( (1-(1-¢,)’,1--f,)',1-C-8,)"), } for 
(1-(1-7)*,1-(-s,)*,1-d-14)' ] 
A>O. (20) 


The operations defined in Definition 10 satisfy the 
following properties: 


24 


1. A @A,=A, 0A, A @A, =A, @A; 
2. A(A @A,)=Ad @AA,, (A @A) 
A>O, and 


3. AA OLA =(1,+4,)A, A* OA” =A? for 
Aj sty 2 Os 


3.1 Score and accuracy function of TFNNV 


In the following section, we define score function and ac- 
curacy function of TFNNV from Definition 5, Definition 6. 


Definition 11. Assume that 
A == ((a,,b,,¢,),(e,,f,,g,),(,,8,,t,)) be a TFNNVs in the 


set of real numbers, the score function S (A, ) of A, is 

defined as follows: 

s(a)- 5)" + 2b, +¢,)-(e,+2f, +8) 
—(4,4+2s, +t.) 

The value of score function of 

TFNNV A* = ((1,1,1),(0,0,0),(0,0,0)) is S(A*)= 1 and 

value of accuracy function of 

TFNNV A’ = ((0,0,0),(1.1,D,(LLD) is S(A7) =-1. 


| (21) 


Definition 12. Assume 
that A = ((a,,b,,¢,),(e,,f,,2,),(r,,8,,t,)) be a TFNNV in 


the set of real numbers, the accuracy function H (A) of 


A, is defined as follows: 


H(A) =—[(a,+2b,+0,)-(,+2s,+t,)]. (22) 


sold 
4 
The accuracy function H(A,)e[-1,1] determines the 


difference between truth and falsity. Larger the difference 
reflects the more affirmative of the TFNNV. The accuracy 


function H(A*)= 1 for A* =((1,1,1),(0,0,0),(0,0,0)) and 
H(A-)=~1 for the TFNNV A™ = ((0,0,0),(1,1,1),(L.1,D). 
Based on Definition 11 and Definition 12, we present the 


order relations between two TFNNVs. 


Definition 13. Assume that 

A, = (Gis bse, ), (Gf, 8,))GsSist,)) and 

A, = ((a,,b,,C,),(€;,f).8,),(t).8,,t,)) be two TFNNVs in 
the set of real numbers. Suppose that s(A,) and H(A,) are 


the score and accuracy functions of TFNNS A. (.=1,2): 
then the following order relations are defined as follows: 
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1. If S(A,)>S(A,), then A, is greater than A, that is 
A, > A, ; 

2. If S(A,)=S(A,) and H(A,)>HA(A,) then A, is great- 
er than A, ,that is, A, > A, ; 

3. IfS(A)=S(A,),H(A,)=A(A,) then A, is indiffer- 
ent to A, , i.e. A ~A,. 

Example 1. Consider two TFNNVs in the set of real 

numbers: 


A, = ((0.70,0.75, 0.80), (0.15, 0.20, 0.25),(0.10,0.15,0.20)), 


A, = ((0.40, 0.45, 0.50), (0.40, 0.45, 0.50), (0.35,0.40,0.45)). 


Then from Eqs.(21) and (22), we obtain the following 
results: 


1. Score value of S(A,) = (8 +3—0.8—0.6)/12 = 0.80 , 
and S(A,) =(8+1.8—1.8-1.6)/12 0.53; 

2. Accuracy value of H(A) = (3-0.6)/4=0.60 , 
and H(A,) = (1.8—1.6)/4=0.05. 


Therefore from Definition 13, we obtain A, > A,. 


Example 2. Consider two TFNNVs in the set of real 
numbers: 


A, = ((0.50,0.55,0.60), (0.25, 0.30, 0.35), (0.20, 0.25, 0.30) 


A, = ((0.40, 0.45, 0.50), (0.40, 0.45, 0.50), (0.35,0.40,0.45)). 


Using Eqs. (21) and (22), we obtain the following results: 
1. Score value of S(A,) = (8+2.2-1.2-1.0)/12 = 0.67, 


and S(A,) =(8+1.8-1.8-1.6)/12 ~ 0.53; 
2. Accuracy value of H(A, ) = (2.2—1.2)/4 = 0.25, 
and H(A,) = (1.8—1.6)/4 = 0.05. 


Therefore from Definition 13, we have A, > A,. 


4 Aggregation of triangular fuzzy number neutro- 
sophic sets 


In this section, we first recall some basic definitions of ag- 
gregation operators for real numbers. 


Definition 14. [72] Assume that W:(Re)" >Re, and 
a(j=1,2,...,.m) be a collection of real numbers. The 
WA, is 


averaging defined as 


n 
WA, (Gjs@35.054, ) = wa, 
j=l 


weighted operator 


(23) 


25 


where Re is the set of real numbers, w=(w,,W,,....W,) is 
the weight a(j =1,2,...,1) 
that w, €[0,1] G=1,2.,...,n) and Des w, =1. 


vector of such 


Definition 15. [73] Assume that W:(Re)" >Re, and 
a,( j =1,2,...,.n) be a collection of real numbers. The 


weighted geometric operator WG,, is defined as follows: 


WG,, (a,,4),...4,)=] [a”” 5 (24) 
j=l 


: T 
where Re is the set of real numbers, w=(W,,W,,...,W,) 18 


the weight vector of a (j=1,2,...,.2) — with 


w, €[0,1] G=12.,...,m) and ae =] 


Based on Definition 14 and Definition 15, we propose the 
following two aggregation operators of TFNNSs to be used 
in decision making. 


4.1 Triangular fuzzy number neutrosophic arith- 
metic averaging operator 


Definition 16. Assume 


that A, = (Gd). f 8). 5.0) G <3 12,25) 
be a collection TFNNVs in the set of real numbers and 


let TFNNWA: ©" —+ ©. The triangular fuzzy number 
neutrosophic weighted averaging (TFNNWA) operator 
denoted by TFNNWA(A,,A,,...,A,,) 18 defined as 


TFNNWA(A, ,A,,...,A,) 


n 

-w,A Ow, A, ®---w,A = Dw ,A,) 
j=l 

where w, €[0,1] is the weight vector of A, (P12 ah) 


(25) 


such that wy, —]. 

j=l 

T 

In particular, if W= (1/ n, 1/ | eee 1/ n) then the 
TFNNWA(A,, A, 
fuzzy number neutrosophic averaging (TFNNA) operator: 

Se o Watecss se Ge - 
TFNNA(A,,A,,...,A,)=—(A, ® A, ®---@ A, ) 

n 

We can now establish the following theorem by using the 
basic operations of TFNNVs defined in Definition 10. 


,...,A,) operator reduces to triangular 


(26) 
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Theorem 1. where w, €[0,1] is the weight vector of TFNNV 
Let A, =((a,,b,.¢,),(€;.f,.8,)o(t).8;.t,)] (j =1,2.,...,n) A,(j =1,2,...,7) such that "Ww, —]. 
be a collection TFNNVs in the set of real numbers. Then j=l 
the aggregated value obtained by TFNNWA, is also a Proof: We prove the theorem by mathematical induction. 
Dee ae x ~ 1. Whenn =1, it is a trivial case 
TFNNWA (A,,A,,....A,) 
u 2) 

=wA, Ow, A, ®---Ow,A, = Ow, A,) Whenn=2, wehave @ (w,A,) = w,A, ®w,A, 

j=l j=l 


a-[Ja-ay.t-T]e-09" 0-T]a-e9" } 


ae 9 


nN nN nN nN nN nN 

li as) Li Wy My Lig 
Ile, [LS [ 12; iG [ [5 | [+ 
j=l j=l j=l j=l j=l j=l 


) eriaerass Cis fe ck Rw vst" ) 
| @ ((1-d-a,)"1-(-2,)" 1-0-6)" ),(e"..A".82").(4" "4" )) 
(1-(l-a,)")+(1-(l-a,)” )-(1-(l-a,)” ).(I-(-a,)"* J, 
(i==5)")+(1=d=b)*)=(1=@=8)" ) (1=d=6,)" ) |; 
(1-(l-c,)" )+(1--«,)” )-(1--¢,)” ).(1--e,)” ) 


Wi W2 Wy W) Wy W) W . W2 Wig W2 Wiz W2 
(e, Cot fy 7581 8 ely 1°58, S270 1, ) 


1-[]a-ay"t-[]a-b)"1-[ Jao)" | 


= | | | (28) 

2 | 2 se 2 es 2 ” 2 is 2 m 

Tee's” (Te Ese" 

j=l j=l j=l j=l jel j=l 

Thus the theorem 1s true for n = 2 
3. When n=k, we assume that Eq.(27) is also true. 
k 
Then, TFNNWA(A,,A,,...,A,) = WA, Ow, A, ®-- Ow, A, = Ow, A,) 
j=l 
k | k | k | 
-[]o-a) ,1-[ [d-,)”,1-[]d-4,) i 
_ j=l j=l i (29) 


k n k k k 
. Lid qe” }f ops" 
j=l j=l j=l j=l j=l j=l 
4. Whenn=k+1, we have 
k 


TNFNWA(A, ,A,,..5A,.,) = Dow A) @ Wy Aga) 
a 
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k 


1- Ye ee ho d- an, PS Mii []a- ai) fe (1- a, ae 


IT] 

is | 

PLCs by" +1-(1- bead 1 [TO b TO bia)™, 
k 

1-| [d-c,)" +1-(l-¢,,,)""' -1- [o- c,)"1-(-¢,,)"" 
j=l 


k IT k k 
“a ane T [fr Wet ‘| Te, Wet oe Weal Ls," ao Wy We4t 


j=l j=l 


j=l j=l 


k+l k+l k+l k+l k+l k+l 
Wy Wj Wi Wy 
e;" LTA” Ade,” |) E16" Ts" 
j=l j=l j=l j=l 


(30) 


: Tla- a)",1- Tla- b)” 1- [o- b.)" “at 


We observe that the theorem is true for n = k + 1. = TFNNWA(A, A,..., A) = D (w A) 
e249 : J 
Therefore, by mathematical induction, we can say that Eq. 


(27) holds for all values of n. As the components of all 


oe 1-[]a-a"t-[]o-9"4-T]a-0" 
three membership functions of A ; belong to [0, 1], the j=l j=l j=l 


following relations are valid Tl or. Il Po Il g } Tl ae Il s’, Il a 
jal jal jal jal jal jal 


j=l 


j=l 

n Dee Le ae ed bee eT 

Wj a € 9 9 9 

o<{ Ts," st (31) ( ? : 

j=l ; 
It follows that the relation C Dt vi Desa 8 Des 
O0<|1-] |d-c,)" +] ]¢.% +] ]t." |< 3is also valid. 

II II lI | mae WS = ((a,b,0), (8 6,.8)668,0) = 

This completes the proof of the Theorem 1. This completes the proof the Property 1. 
Now, we _ highlight some necessary properties of 
TFNNWA operator. Property 2. (Boundedness) 


Property 1.(/dempotency): If all A,G=1,2.,...,n) are equal Let Aj =(,,b,,¢,),(@,.f,,8,).(, Sit, )) G j= 1,2,...,n) 
. Se . be a collection TFNNVs in the set of real numbers. 

le. A, =A= ((a, b,c), (e, f, g), (1,8, t)) , for all 7 , 

then TFNNWA(A,,A,,....A,)=A. 

Proof: From Eq.(27), we have 


TFNNWA(A, ,A,,...,A,) 
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Similarly, we have 


a a <max(a,) > 


[max(a, ),max(b,),max(c, )), 


Assume A* = {min(e,),min(f,),min(g,)}, ) and 
min(b;) <1-[ [G—-8,)" <max@,); 
J J 


j=l 


[min(r ),min(s,), min(¢, ) j 
; : : min(e,) <1—] [d-e,)” <max(e,) > 


[min(a, ),min(b, ),min(c, ) 


min(f,)<1-[ [(-/,)" <max(f,): 


A = [max(e, ),max(f,),max(g,)], for all 
J J J n 
min(r,) <1—] [d—+7,)" <max(r,), 
[max ),max(s,),max(t, ) : j=l f 
J J J n 
2 eens (2 pants) dee) <max(s, ) 
Then A” <TFNNWA(A,,A,,....A,) <A*. for j=L2ugn. 
(32) 
Proof: We have Assameqint 
min(c ; $e, s max(¢;), min(g <8) max(g i)» TFNNWA, (A,,A,,..-,A,) = A=((a, b,c), (e, fg), (r,s, t)), 
min(f;) <t, <max(t,) for j=1,2,...,n. (33) — then the score function of A 
J 
Then (A) =< [8+ (a+ 2b +0)-(e+2f +8)-(r +240) 
= —mi At ee ; a as ie 
i I] min(c ;)) <1 IIa c;) 8 +(max(a,)+max(2b,)+max(c,)) 
<1—] [d-max(e;))” <= -(min(e,)+2min(f,)+min(g, ) ? (34) 
= bi j j 
Toy ; -(min(r,)+2min(s,) +min@,)] 
=1-((1-min(e,)) <1-|[(Il-c,)” ot i 
jal =S(A*). 
242. | (i max(e,)) ace the score function of A 
: S(A) =—[8+(a+2b+c)-(e+2f +g)-(r+25+0)]; 
= min(c,)<1-][d—c,)” <max(c,)- 12 
| ‘ jal ; 84 (min(a,) + min(2b,)+ min(c, ) 
Again from Eq.(33), we have for j= 1, 2, ...,n j j j 
: een eo aes B es Seu -(max(e )+max(2 f.)+max(g | 
[][mincg,)} <[]e” <]](maxce,)] “12 pod j d qe. ned 
j=l j=l j=l 
n n ~(max(r,)+max(2s .)+max(t ») 
[nince,))” <P Je” <(maxce |” fp 
=—|min(¢. < " S$|max(g. ee 
ae : ae =S(A-). 
= 2 oe Sy Z Now, we consider the following cases: 
me) = Ile SAS) Ll. If S(A)<S(A*) and S(A) > S(A-) then we have 
w, A’ <TFNNWA(A,,A,,...,A,)<A’. (35) 


and [] (mine) < Te" < [][maxe,)] 
ia i da" 
[min(t,)"" <[ +" <{maxt,) 
J j=l J 
= min(f, ) < Te < max(t, ) : 
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If S(A) = S(A*), then we can take 


—[8+(a+2b+0)-(e+2f + 8)-(r+2s49) 


12 


8+ (max(a;) + 2max(b,)+ max(c;)] 
— (mince, )+2min(f;) + min(g.,)} 


— (minG, )+2min(s,)+min(¢, ) 


It follows that 


(a+ 2b+c)= [max(a,) +2max(b,)+ max(c;) 


(e+2f+g) ={min(e,)+2min(f,) +min(g,) and 


(r+2s+t)= [minty )+2 min(s ; + min(t; ) 


Therefore the accuracy function of A 


H(A) =a[(a+2b+0)-(r425+1) 


From (36),we have TFNNWA(A,, A, 


1 [max(a, )+max(2b,)+max(c, ) 
“aA — (ming) +min(2s,)+min(t, ) 


= H(A‘), 
te er 


(36) 
(37) 


Similarly, for S(A) =S(A_), the accuracy function of A 


H(A) ==[(a+2b+0)-(7+25+0)] 


From (38), we have TVFNWA(A,, A, 


1 (min(a, )+min(2b,)+ min(c, )} 


— (max(, y+ max(2s, y+ max({, ) 


=H(A) 
ee ae 


(38) 
(39) 


Combining Eqs. (35), (37) and (39), we obtain the follow- 
ing result 


A’ <TFNNWA(A,,A, 


uA, )< At 


This proves the Property 2. 


Property 3. (Monotonicity) Suppose 
71 be AT el, A OTT 
that A, E(B ee sf 38 se st) and 
42 Digi Di PO ED OX eee eI 
A =(G),0..6), (6. f, eon CN (j=1,2,...,n) be 


a collection of two TFNNVs in the set of real numbers. 


(40) 


O 


If Ai < A? for j=1,2,...,n then 
TFNNWA(A\, A 


1 t! 


Proof: We first consider C, »8;,¢, of A and 


De ged 


2 42 
c;,8;),t; of A; to prove the property 3. 


: 1 2 1 2 1 2 
We can considerc, <c;, g,2g8, and t,2¢f; for 


Al <A? (7 =1,2,...1). 


Then we have 


29 


yA!) TFNNWA(A;, AG,...,A2). (41) 


(1-e')"" 2(1-e)". (st 2(e8)” (8)? (8) 


1-[](1-e))” st-T] (1-e3)” »(s5)" 2 (a5) and 
j=! ja! 


ny" 2()". 


Therefore, 


Fe)" <!-F ye)" se)" 


j=l j=l 
and T](05)” =TN(6)" 

j=l =! 
Similarly, we can show 


-T0-4))" sta") 
J= j= 
and TY ())" 2T (8) 

J=1 j=l 


-T](-8))" <1-[](1-27)” Thy 


jel jal 
: w. - w. 

n 1\"i sy ( ;) J 

a d[](s;) =| | Sj 
jal jal 


Assume that 
A' = TFNNWA(A}, A},,..., A.) 


(G00). C sf 18) ot) or, 
A*> = TFNNWA(A-, AG,..., A”) 


=((@,B,0°)(C.f7.8°)(7.8.P)), where 


a’ =1-]](1-a')” ,b' =1-J](1-2;)" . 
j=l jal 

ce =1-T](-e')” ; 
j=l 


n n n 


é =[](e)". # =EL(s')”  &° =T1(i)” ana 


1 j=l j=l 


n n n 


a ae sis =[](s; yi oe =[](s ) for s =1, 2. 


j=l j=l j=l 


Now we consider the score function of A, : 
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s(A\)=— 8+(a'+2b'+c')-(e'+2f'+2') 
12 —(r'+2s' +12) 


30 


I 2 2 2 2 2 2 
=—| (a +2b° +c’ )-(r° +2s° +t 
rik )-( )| 
= H(A’). 
Thus from Definition-13, we have 


(44) 


< —[s+(a" + 2b’ +07)-(e? +2f? +g°)+(r? +28" +0’) | = STMFNWA(A), A),...,A)) =TNFNWA(A;,A3,....A;)- (45) 


Now we consider the following two cases: 


Case 1 . If S (4') <§ ( A’) , from Definition-13, we have 
TNFNWA(A\, A},...,A!) ~TNFNWA(A?, A3,..., A>). (43) 

Case 2. If s(A') = S(A’) , then by Eq.(21) we can 

consider 
1|}84+(a'+2b'+c')-(e'+2f'+2') 

| (405 EP) | 

ail 8+(a’ +2b* +c*)—-(e? +2f7 +27) 

-4| —(r* +25° +17) | 

Thus for A} S Aj (j =1,2....,) 1.e., for a, < a b, < b; 
G56 2.26. [2 ig. 28. and 


1 2 1 2 1 2 

ee Ree eet: 

r,Sr°,s,28, ,t, 2t, we have 

| eS te 472 1 2 T= 8 1 2 1 2 

az=a,b=b,c=c,e=e,f=f",2 =2', 
1 2 1 2 

ri=r’,s =s andt =f. 


Then, the accuracy function of A' yields 


H(A')= nk + 2b! +c!)-(r' +2s' +1") | 


(1—-(1-0.80)°°(1-0.70)""*(1 -0.40)°*°(1-0.70)"””), 


Finally, from Eqs. (43) and (45), we have the following 
result 


TFNNWA(A\, Al,,....A\) < TFNNWA(A,, AG,..., A>). 
This completes the proof of Property 3. Oo 


Example3.We consider the following four TFNNVs: 
A, = ((0.80,0.85,0.90), (0.10,0.15,0.20), 
(0.05,0.10,0.15)); A, =((0.70, 0.75, 0.80), 
(0.15,0.20,0.25), (0.10,0.15,0.20)): 

A, = ((0.40,0.45,0.50), (0.40,0.45, 0.50), 

(0.35, 0.40, 0.45)) and 


A, = ((0.70, 0.75, 0.80), (0.15, 0.20, 0.25), 
(0.10,0.15,0.20)). 


Using TFNNWA operator defined in Eq.(27), we can 
ageregate A,,A,,A,,and A, with weight vector 

w = (0.30, 0.25,0.25,0.20) as: 

A =TFNNWA(A,,A,,A;,A,) 


-w,A @w,A, ® w,A, @w,A, 


((0.10)°°(0.15)°"°(0.40)"75(0.15)"””), 


= { | (1-(1-0.85)°°(1-0.75)°** (10.45) -0.75)"”}, ],| ((0.15)"*” (0.20) (0.45)"** (0.20)°”}, |, 


(1-(1-0.90)°*(1-0.80)"** (1 -0.50)°?*(1 0.80)” J 


((0.20)"°° (0.25)"5 (0.50)"5 (0.25)"”) 


((0.05)°” (0. 10)°?° (0.35)°" (0.10)°”° ), 


((0.10)"*°(0.15)°5(0.40)"**(0.15)”), 


(46) 


((0.15)°°°(0.20)°"°(0.45)°**(0.20)°”” } 


((1-0.617x 0.740x 0.880 x 0.786), (1— 0.566 x 0.707 x 0.861 x 0.756),(1—0.501x 0.669 x 0.841 0.725)), 
= ((0.501x 0.622 x 0.795 x 0.684), (0.566 x 0.667 x 0.819 x 0.725), (0.617 x 0.707 x 0.841 0.887)), 
((0.407 x 0.562 x 0.769 x 0.631), (0.501 0.622 x 0.795 x 0.684), (0.566 x 0.669 x 0.819 x 0.725)) 
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= ((0.6842, 0.7395, 0.7956) , (0.1804, 0.2605, 0.3254), (0.1110, 0.1694,0.2249)) . 


4.2 Triangular fuzzy number neutrosophic geo- aggregated value obtained from TFNNWG, is also a 
metric averaging operator 
Definition 17. Suppose that Da ese WER We: MANE 


that A, = (Gp), C8). @ st) (j = 12,5051) TFNNWG,,(A,,A,,.-.,A,,) 


be a collection TFNNVs in the set of real numbers = A™! @ A”? Q..-@ A” 
and TFNNWG : ©" + ©. The triangular fuzzy number n 
neutrosophic weighted geometric (TFNNWG) operator = © (A.“’) 
denoted by TFNNWG,,(A,,A,,...,A, ) 1S defined as J=1 ’ 
follows: 
TFNNWG,,(A,,A,,.-.A,) =A," @A,? @---@ A” Ta” Tp.” Te” 
a; p) z~ 2 C; p) 
j=l j=l jel 
n 
= ®(A,"’) (47) = {i - ey" tL] fy" -T]e-4" 
j=l j=l j=l j=l 
where w, <[0,1] 1s the exponential weight vector of [ _T (ie Il (ee ae Il ia | 
" j=l j=l j=! 
A, =1,2,...,n) such that >, =]. In particular, if (49) 
j=l 


w=(I/n,1/n,....1/n). then the where w, [0,1] is the weight vector of TFNNV 


TFNNWG(A,,A,,...,A,) operator reduces to triangular A,(j=1,2,...,n) such that Sse | 
. . J 9 b aia | j = 2 
fuzzy neutrosophic geometric(TNFG) operator: j=l 


1 
~~ 2 ie NG Similar to arithmetic averaging operator, we can also prove 
TFNNWG, (A,,A,,..,A,)=(A, @A, @--@ A)" Senseo peitiaa : 
wlA A, n) ( OA, ) 2) the theorem by mathematical induction. 


We now establish the following theorem with the basic 1. When n= |, the theorem is true. 


operations of TFNNV defined in Definition 10. 
2. Whenn=2, we have 


2 

@(A,)" =A" 04" 
j=l 

Theorem 2. Assume that 

A, = (Gy bie (Cut Gsat)) G=1,2,...,.n) be a 

collection TFNNVs in the set of real numbers. Then the 


(Cae eo ),(1--e¢)",1-C-f,)",1-d-g,)" ),(1--%)",1-(-s,)",1--4)" )) 


®((a,",b,",c,"),(1-(-e,)",1-(- f.)",1-(1-2,)" ),(I--4)",1-d—-s,)",1-d-4)")} 
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(1-d-e,)")+(1-(-e,)” )-(l-d-e,)" ).(I--e,)” }, 
(a,"4,",b."b," "Cc," ),| (l--f)" )+(1-d-f,)" )-(1-d-f)" )-(1-- 4)" ) 
(1-d-¢)" )+(1-d-e,)” )-(1-G-¢,)" ).(1-d-«,)" } 
(1-d-»)" )+(1-d-»)” )-(1--4)" ).(1-d-4)"), 
(1-d-s,)")+(1-(-s,)” )-(1--s,)" ).(I-(-s,)” }, 
(1-G-4,)")+(1--2,)” )-(I1--1)" ).(I- 1-4)” ) 


Tes" EL" EDs") -TJa- e.)"",1- [a- fy)" 1- [o- gy } 


i=l j=l Jes j=l (50) 

2 
1. I]a- Ce le [o- fo) tele [o- a)? 
j= 
3. When n=k, we assume that Eq.(49) 1s true then, 
TNFNWG,,(A,,A,,....A,)=A,"' @ A,” @--@A™ 
k | k mn n 7” k a k = k a 
Tle 27. []c, ‘\(-Ta-e ‘1-[Ja-f,)”".1-[][a-¢,)” |, 
j=l jel jel jel jel jel (51) 


k k 
[1 [Jo=ny"t-[Jo-sy"t-T Jama") 
j=l cel j=l 
4. When n=k+l, we can consider the following expression: 


k 
TINFINWG, (A, gym Aga) = ‘al J" @(A.a)”™ 
= 


pcan eer ete e,)” }(0-a-2.9™). 


1-Tpa~1)" Joa fay)-[1-T] 0-19" f= fa.) 


J= 


[a= 6,7" ]e(1-0- 8.00 )-[1-T]a=a,y" (0-04.59) 


Pn 


— 
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=] 


1-[Jony" Jo(t--n, oe) { 
1-T]o-s)" Je (15,4) | )-[1- 


-[Ja-1)" }(-e- Les 
] [q-s,))” \(-a-s.9% .; (52) 


ms. 


k 
J= 


— 
— 


J= 


aT] o-1" }+(0- 0-409 ee )-[1- Tla- iy" (I-09) 


j=l j=l 


k+l - k+l a k+l 5 k+l ‘ k+l - k+l 3 
The [14 ‘TI ¢, ‘}-fle-e ‘1-[ [d-f,) ‘1-[ [d-s,) 3] 
= j=l j=l j=l 


(53) 
k+l ae k+l i k+l rn 
1-flonn 1-[ [d-s,)".1-[ [a-«) j 

j=l j=l jel 
We observe that the theorem is also true for n = k+1. 
Therefore, by mathematical induction, Eq. (49) holds for se Gales ae OT 
all values of n. a’,||o’.J fe’ |, 
Since the components of all three membership functions of ize I ao 
A (j =1,2,...,n) belong to [0, 1] the following relations are = [ 1) d=22 = at 27S IIa =ipy' } 
valid 721 j=l fl 


os{[]o” ]<1,0<{1-[]a-2)” feu, uy an t-[[o-9" af] ann” 
j=l j=l 


pies a De: “a aa - 
n ‘ie a j=l ib j=l SG j=l : 
and os(1-[]a-1)" |= (54) | 
j=l 


It follows that = 1 (d-e)" 1-d- pyre 1-(l- eye } 

O< c,/+1-] ](l-g,)’+1-| | (-£,)" |s3. a, a, Se, 
T : I] : I] : 1—-(1-e) re lla) ‘ ,1-(l-g) . 

This completes the proof of Theorem 2. 7 ‘ 3% 

Now, we discuss some essential properties of TFNNWG - ((@, (CF, 805.) = A 

operator for TFNNs. This completes the Property 4. Oo 


Property 4.(/dempotency): If all A,G=1,2,...,n) are equal Property 5. (Boundedness). 
that is A= f ll j A — 

a : A, (a,b,c), (e,£.8),(t8, 9) 2 Ok e ] ‘ Let A, = (Gs Dise,) Cut 8 rst) (j =1,2,...,n) 
then TFNNWG,,(A,,A,,....A,)=A- 
Proof: From Eq.(49), we have 
TFNNWG,,(A,,A3,--,A,) 


be a collection TFNNs in the set of real numbers. Assume 


; [max .a,,maxb,,maxe, },(min e,,min f,,min g, 
n ADS 

= TFNNWG, (A, A.,...,A) = &) (A, ie (min r;,min s;,min | 
jal and 
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(min a,,minb,,minc, },{max e,,max f,,max e,), 
A” = J J J J J J 


maxr.,max s,,maxt, 
dae aaah aaa aa aa | 


for all j=1,2,...,n. . Then 
A <TNFNWG (A,,A,,...,A,) <A’. (55) 
Proof: The proof of the Property 5 is similar to Property 2. 


Property 6. (Monotonicity). 
41 Pah le a A ta ol 
Let Ai =((a),b},¢)),(€).f}.8)),(t;,8).t})) and 


| 


42 a ae 2¢2 2 Dos : 
A. SG bs) (it, 8 st, (j=1,2,....n) bea 
collection of two TFNNVs in the set of real numbers. If 


A} S A® for j=1,2.,...,n then 

TFNNWG,,(A\, AJ,...,A_,) <TFNNWG,,(A;,A;,...,A_) - 
(56) 

Proof: Property 6 can be proved by a similar argument of 

Property 3. Therefore, we do not discuss again to avoid 

repetition. o 
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Example 4. Assume that 
A, =((0.80, 0.85, 0.90), (0.10,0.15, 0.20), 


(0.05, 0.10,0.15)); A, = ((0.70,0.75, 0.80), 

(0.15, 0.20,0.25), (0.10,0.15,0.20)); 

A, =((0.40,0.45,0.50), (0.40, 0.45, 0.50), 
(0.35,0.40,0.45)) and A, =((0.70,0.75, 0.80), 
(0.15,0.20,0.25), (0.10,0.15,0.20)) are four TFNNVs. 


Then using TFNNWG operator defined in Eq.(49), we can 
aggregate A,,A,,A,,and A, with the considered weight 


vector w = (0.30,0.25,0.25,0.20) as: 
A =TFNNWG, (A,,A,,A,,A,) 
—w,A, @w,A, @w,A, @w,A, 


((0.80)°*°(0.70)°?5 (0.40)°*5(0.70)?”” ), ) { (1-10.10)? (1 -0.15)°75 (1 -0.40)** (1-0.15)"””), 
=( | ((0.85)"*° 0.75)" (0.45)? (0.75)"""), |,] (1- (1-0.15)°°° (1 - 0.20)" (1-0.45)°5 (1-0.20)"” J, |, 


((0.90)"*" (0.80)°?* (0.50)°**(0.80)"” ) 


(1 —(1—0.05)°°? (1—0.10)°” (1-0.35)"* (10.10)? ), 
(1-(1-0.10)°*°(1-0.15)°75(1-0.40)5 (1-0.15)°”"), 
(1-(1-0.15)°*°(1-0.20)"** (1- 0.45)" (1-0.20)” ) 


(1-(1-0.20)"*°(1-0.25)"**(1-0.50)°"°(1-0.25)"” ) 


((0.935 x 0.915 x 0.795 x 0.931), (0.952 x 0.930 0.819 x 0.944), (0.969 x 0.946 x 0.841 x 0.956), 
=( ((1-0.969 x 0.960 x 0.880x 0.968), (1—0.952 x 0.946 x 0.861 x 0.956) ,(1—0.935x 0.930 0.841x0.944)), 
((1-0.985x 0.974 x 0.898 x 0.979), (1—0.969 x 0.960 x 0.880 x 0.968) ,(1—0.952 x 0.946 x 0.861 0.956)) 


= ((0.6332, 0.6845, 0.7370) (0.2076, 0.2587, 0.3097), (0.1565, 0.2075, 0.2587)) . 


5 Application of TFNNWA and TFNNWG opera- 
tors to multi attribute decision making 


Consider a multi attribute decision making problem in 
which Y ={Y,,Y,,...,Y,} be the set of n_ feasible 


alternatives and C = {C,,C,,...,C,} be the set of attributes. 
Assume that w=(w,,w,,...,w,) be the weight vector of 


the attributes, where w, denotes the importance degree of 


the attribute C, such that w,>0 and Noe, w,=1 for 
JH Zan. 

The ratings of all alternatives Y,(i =1,2,...,m) with respect 
to the attributes C (j=1,2,...,n) have been presented in a 
TFNNV based decision matrix U =(u,),,,., (see the Table 


1). Furthermore, in the decision matrix U =(u,) the 


mxn 


mxn ? 


rating Ui = (Cree Ce ea rue) represents a 
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TFNNV, where the fuzzy number (a 
degree that the alternative Y,(i=1,2,...,m) satisfies the 
attribute C(G=12,..,n) , the fuzzy number 


4D, 


20;C,) Tepresents the 


(e,, f,»8,) tepresents the degree that the alternative Y, 1s 
uncertain about the attribute C, and fuzzy number 
(7;,,,5,,t,) Indicates the degree that the alternative Y, does 


not satisfy the attribute C,, such that 
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Ose. 42.41, = 3, lors =, 2,.., mand j = I, 2, ..., n. 


Based on the TFNNWA and TFNNWG operators, we 
develop a practical approach for solving MADM problems, 
in which the ratings of the alternatives over the attributes 
are expressed with TFNNVs. The schematic diagram of the 
proposed approach for MADM 1s depicted in the Figure-1. 


Table 1. Triangular fuzzy number neutrosophic value based decision matrix 


C, C,, 

Y, (aneearen): (ais Den er |e (ger ce): 
(GrodinoSi (C195 fio>812)> : (Qandine Gin) 
(71-St1) (Ti2-Si25f2) (Fin Sinstin) 

Y, (Gio Pais) Cr crt (45,,,Ds_2Con )> 
(Cie Ios Soi) (God irks): : iT yi) 
(tees) (Ba. Sipst| (Zee) 

a (G5Dase5), Care ee ce F Ce ony 
CAE een Ce er : (Cipla) 
Canara, oe, (Fi oSicat ) 


Development of MADM problem 


Indentification of alternatives 


Detenmination of the attnibute to be used m assessment 


Constmuction of decision matrix 





Agsregation of the rating Aggregation of the rating Ageregation of the rating 
values of alternative 1 values of alternative 2 values of alternative m over 
over the attributes over the attributes the attributes 


Detennination of the score Determination the score 
value and accuracy value value and accuracy value 
of alternative 1. of alternative 2. 


7 


Making of ranking order based on 
score value and accuracy value 





Determimation of the score 
value and accuracy value of 
altemative m. 


Selecting the best alternatives 


Figure-1. Framework for the proposed MADM method 
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Therefore, we design the proposed approach in_ the 
following steps: 
Step 1: First aggregate all rating values p, (j =1,2,...,2) 


de- 


mxn 


of the 1 -th row of the decision matrix (p,,) 


fined in Table 1. 
Step 2: Determine the aggregation value u, corresponding 


to the alternative Y, obtained from TFNNWA operator: 
u; = ((a;,b;,c),(e;,f,,8;).(,8;5t;)) 


(57) 
= TFNNWA,,(D);,> Pj2>---> Pin) 
or by the TFNNWG operator as 
= TFNNWG,, (1,15 Dins-++> Pin) (58) 


Step 3: For each alternative A,(i = 1,2,...,m), calculate the 
score values S(u,) and accuracy values A(u,) of the ag- 


eregated rating values obtained by TFNNWA or 
TFNNWG operators that are in Eqs. (21) and (22). 


Step 4: Using Definition 11 to Definition 13, determine 
the ranking order of aggregated values obtained in Step 3. 
Step 5: Select the best alternative in accordance with the 
ranking order obtained in Step 4. 
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6 Anillustrative example of multi attribute deci- 
sion making 


In this section, we consider an illustrative example of 
medical representative selection problem to demonstrate 
and applicability of the proposed approach to multi 
attribute decision making problem. 

Assume that a pharmacy company wants to recruit a medi- 
cal representative. After initial scrutiny four candidates 
Y,(i=1,2,3,4) have been considered for further evaluation 


with respect to the five attributes C,(j = 1,2,3,4,5) namely, 
1. oral communication skill (Cc, ); 
2. past experience (C,) ; 
3. general aptitude (C,) ; 
4. willingness (c,) and 
5. self confidence (C,). 
The ratings of the alternatives Y,(i =1,2,3,4) with respect 
to the attributes C ,(j = 1,2,3,4,5) are expressed with 


TFNNVs shown in the decision matrix P =(p,),,,(see Ta- 


Jigs 


ble 2.). Assume w = (0.10, 0.25, 0.25, 0.15, 0.25)" be the 
relative weight vector of all attributes C ,(j = 1,2,3,4,5) . 


Table 2. Triangular fuzzy number neutrosophic value based rating values 


C, C, C; 


(0.80,0.85,0.90) 
(0.10,0.15,0.20) (0.25,0.30,0.35) 
(0.05,0.10,0.15) (0.20,0.25,0.30) 


| fests 
(0.50,0.55,0.60) (0.70,0.75,0.80) 
(0.25,0.30,0.35) (0.15,0.20,0.25) 


(0.10,0.15,0.20) 


(0.50,0.55,0.60) 
(0.25,0.30,0.35) 
(0.20,0.25,0.30) 


(0.50,0.55,0.60) 
(0.25,0.30,0.35) 
(0.20,0.25,0.30) 


sont 
I, (0.40,0.45,0.50) 
not 
(0.35,0.40,0.45) 
(0.40,0.45,0.50) 
fanaa 
(0.35,0.40,0.45) 


Here, we apply two proposed aggregation operators 
TFNNWA and TFNNWG to. solve the medical 
representative selection problem by using the following 
Steps. 


(0.70,0.75,0.80) 
(0.15,0.20,0.25) 
(0.10,0.15,0.20) 


(0.80,0.85,0.90) 
(0.10,0.15,0.20) 
(0.05,0.10,0.15) 


(0.40,0.45,0.50) 
(0.40,0.45,0.50) 
(0.35,0.40,0.45) 
(0.40,0.45,0.50) 
(0.40,0.45,0.50) 
(0.35,0.40,0.45) 


C, C. 


(0.80,0.85,0.90) 
(0.10,0.15,0.20) 
(0.05,0.10,0.15) 


(0.70,0.75,0.80) 
(0.15,0.20,0.25) (0.15,0.20,0.25) 
(0.10,0.15,0.20) (0.10,0.15,0.20) 


(0.40,0.45,0.50) fesoma 


(0.70,0.75,0.80) 
(0.15,0.20,0.25) 
(0.10,0.15,0.20) 


(0.70,0.75,0.80) 


(0.40,0.45,0.50) (0.25,0.30,0.35) 
(0.35,0.40,0.45) (0.20,0.25,0.30) 
(0.70,0.75,0.80) (0.70,0.75,0.80) 
(0.15,0.20,0.25) (0.15,0.20,0.25) 
(0.10,0.15,0.20) (0.10,0.15,0.20) 


6.1 Utilization of TFNNWA operator: 


Step 1: Aggregate the rating values of the alternative Y; 
(i= 1, 2, 3, 4) defined in the! -th row of decision 
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matrix P=(p (see Table 2.) with TFNNWA Step 2: The aggregated rating values u, corresponding to 


ee 
Uj 
operator. the alternative Y, are determined by Eq.(27) and the 
values are shown in Table 3. 


Table 3. Aggregated TFNNV based ratings 
Aggregated ratings 


u, (0.6920, 0.745 1, 0.8000), (0.1540, 0.2026, 0.2572), (0.1000, 0.1540, 0.2060)) 
u,  ((0.7147,0.7667, 0.8197), (0.1426, 0.1938, 0.2445), (0.0901, 0.1426, 0.1938)) 
i, (0.4523, 0.5025, 0.5528), (0.3162, 0.3674, 0.4183), (0.2646, 0.3162,0.3674)) 


u,  ((0.5655,0.6184, 0.6722), (0.2402, 0.2940, 0.3466), (0.1844, 0.2402, 0.2940)) 


Step 3: The score and accuracy values of alternatives Y; Y,>Y,>Y,>Y;. 
(i= 1, 2, 3, 4) are determined by Eq.(21) and 
Eq.(22) in Table 4. Step 5: The ranking order in Step 4 reflects that, Y, is the 


best medical representative. 
Table 4. Score and accuracy values of aggregated rating values 


Alternative Score Accuracy 
values S'(u, ) values A(u;) 6.2 Utilization of TFNNWG operator: 
i 0.7960 0.5921 Step 1: Using Eq.(49), we aggregate all the rating values 
¥, 0.8103 0.6247 of the alternative Y; (= 1, 2, 3, 4) for the i- throw of 
i 0.6464 0.1864 = 
the decision matrix P =(p.. see Table 2.). 
Y 0.6951 0.3789 * P= (Py as 


aN 


Step 2: The aggregated rating valuesu, corresponding to 
Step 4: The order of the alternatives Y; (i= 1, 2, 3, 4) 1s 
determined according to the descending order of the score 
and accuracy values shown in Table 4. Thus the ranking 
order of the alternatives is presented as follows: 


the alternative Y, are shown in the Table 5. 


Table 5. Aggregated TFNN based rating values 
Aggregated rating values 


I, ((0.6654, 0.7161,0.7667), (0.1643, 0.2144, 0.2646), (0.1142, 0.1643, 0.2144)) 
u,  ((0.6998, 0.7502, 0.8002), (0.1485, 0.1986, 0.2486), (0.0984, 0.1485, 0.1986)) 
l, ((0.4472, 0.4975, 0.5477), (0.3292, 0.3795, 0.4299), (0.2789, 0.3292, 0.3795)) 
u,  ((0.5291,0.5804, 0.6316), (0.2707, 0.3214, 0.3721), (0.2202, 0.2707, 0.3214)) 


Step 3: The score and accuracy values of alternatives Y; y. 0.8010 0.6016 
(i= 1, 2, 3, 4) are determined by Eqs.(21) and (22) y 0.5962 0.1683 
3 


and the results are shown in the Table 6. Y, 0.6627 0.3096 


Table 6. Score and accuracy values of rating values 
Alternative Score aes Step 4: The order of alternatives Y; (i= 1, 2, 3, 4) has 
values S(u,; ) Der i been determined according to the descending order 


Y, 0.7791 0.5518 of score and accuracy values shown in Table 4. 
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Thus the ranking order of the alternative is present- 
ed as follows: 


Oe a? Cea? Ga Ce 


Step 5: The ranking order in Step 4 reflects that Y, is the 
best medical representative. 


7 Conclusions 


MADM problems generally takes place in a complex 
environment and usually connected with imprecise data 
and uncertainty. The triangular neutrosophic fuzzy 
numbers are an effective tool for dealing with 
impreciseness and incompleteness of the decision maker’s 
assessments over alternative with respect to attributes. We 
have first introduced TFNNs and defined some of its 
operational rules. Then we have proposed two aggregation 
operators called TFNNWAA and TFNNWGA operators 
and score function and applied them to solve multi 
attribute decision making problem under neutrosophic 
environment. Finally, the effectiveness and applicability of 
the proposed approach have been illustrated with medical 
representative selection problem. We hope that the 
proposed approach can be also applied in other decision 
making problems such as pattern recognition, personnel 
selection, medical diagnosis, etc. 
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Abstract. This paper introduces a refined single-valued 
neutrosophic set (RSVNS) and presents a similarity 
measure of RSVNSs. Then a multicriteria decision- 
making method with RSVNS information is developed 
based on the similarity measure of RSVNSs. By the simi- 
larity measure between each alternative and the ideal so- 


lution (ideal alternative), all the alternatives can be 
ranked and the best one can be selected as well. Finally, 
an actual example on the selecting problems of construc- 
tion projects demonstrates the application and effective- 
ness of the proposed method. 


Keywords: Refined single-valued neutrosophic set, similarity measure, decision making. 


1 Introduction 


To deal with indeterminate and _ inconsistent 
information, Smarandache [1] proposed a neutrosophic set, 
which is composed of the neutrosophic components of 
truth, indeterminacy, and falsity denoted by T, J, F. Then, 
Wang et al. [2] constrained the neutrosophic set to a single- 
valued neutrosophic set (SVNS) as a subclass of the 
neutrosophic set for convenient actual applications. Further, 
Smarandache [3] extended the classical neutrosophic logic 
to n-valued refined neutrosophic logic, in which 
neutrosophic components 7, J, F are refined (splitted ) into 
T\, To, .... T, and h, h, ..., [,, and F), Fo, ..., Fi, respectively, 
and constructed as a n-valued refined neutrosophic set. In 
existing literature [4-7], neutrosophic refined sets were 
studied and applied to medical diagnosis and decision 
making. However, the existing neutrosophic refined set is 
also a single-valued neutrosophic multiset [6] in the 
concept. In this paper, we present a refined single-valued 
neutrosophic set (RSVNS), then its concept is different 
from the concept of single-valued neutrosophic multisets 
(neutrosophic refined sets) [4-7]. In fact, RSVNSs are 
scarcely studied and applied in science and engineering 
fields. Therefore, it is necessary to propose a similarity 
measure between RSVNSs and its decision making method 
in this paper. 

The rest of the paper is constructed as follows. Section 
2 reviews basic concepts of a SVNS and a neutrosophic 
refined set (single-valued neutrosophic multiset). Section 3 
introduces a RSVNS and a similarity measure of RSVNSs. 
Section 4 presents a multicriteria decision-making method 
based on the similarity method under a RSVNS 
environment. In section 5, an actual example is provided 
for the decision-making problem of selecting construction 


projects to illustrate the application of the proposed 
method. Section 6 contains conclusions and future research. 


2 Preliminaries 


Definition 1 [2]. Let U be a universe of discourse, then a 
SVNS A in U is characterized by a truth-membership 
function 7,(x), an indeterminacy-membership function 
I,(x), and a falsity-membership function F(x), such that 
T(x), [4(x), Fa(x) € [0, 1] and 0 < Ty(x) + Ty(x) + Ty(x) < 3. 
Thus, a SVNS A_ can be- expressed as 
A= {(x,T, (x), T,(x), F,(x)) | XE U$ ° 


Let U = {x), X2, ..., X,} be the universe of discourse, 
and A and B be two (non-refined) single-valued 


neutrosophic sets, A= Atel (%;), 140%), Ps (x;)) |x, =U} 
and B = Com (x;), 13 (%;), Fe (x;)) |x, U}. Majumdar and 


Samanta’s similarity method of two (non-refined) single- 
valued neutrosophic sets A and B 1s: 


min(T;, (x; ), Tip (%;)) 
+ min( Ji, (%;), Lig (%)) 

+ min( Fi, (%)),Fig@))J 
max(T;, (x; ),Tig(%;)) 
+ max(/,,(x;), ig (%;)) 
+max(F;,(%;), Fig (%;)) 


(1) 


Based on n-valued refined neutrosophic sets [3], Ye 
and Ye [6] introduced a _ single-valued neutrosophic 
multisets (also called a single-valued neutrosophic refined 
set (SVNRS) [4, 5, 7]) and defined it below. 
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Definition 2. Let U be a universe of discourse, then a 
SVNRS R in U can be defined as follows: 


X, (Tip (X), Top (%),-- Te), Cia), Loe), 
R= |}xeU p> 
seed op (x)), (Fig (X), For (X),.-.F op (x)) 


where p is a positive integer, T),(X),Typ(X),.sT p(X) 
U>[O1] > Ligeti (Xsest pe) ~U>/10N >» 
Fig (X), Fyp(X),.. Pip (X) :U [0,1] , and there are 
O<Tig(x) +1 g(x) + Fa(x) $3 forj= 1, 2, ..., p. 


and 


Definition 3. Let two SVNRS R and S in U be: 


x; (Tip (x), Typ (x),. : st oR (x)), (Lip (x), Lp (x), 
R= |xeU >> 
veey Lor (x)), (Fix (x), FR CX) secs For (x)) 


Xx, (Ti (x), 1 (X),..092 55 (x)), Cr (x), Lie (x), 
S= |xeU >: 
soegd ng (X)), Pig (X)s Fos (X) 5-04. Fog (%)) 


Then there are the following relations of R and S: 


(1) Containment: 


R CS, if and only if Tjr(x) < Tjs(x), Lir(x) 2 Lis(x), Fir) 
> Fis(x) forj = 1, 2, ..., p3 


(2) Equality: 


R= S, if and only if Tye(x) = Tis(2), Lie) = Lis), Fel) 
=F fx) t0r J = 1, 25202,D; 


(3) Union: 


RUS = 
X, (Typ (2) V Ts (2), Tag (2) ¥ Tas (2)seeF yp (2) V Tys (20) 
Tig(X)A Lis (0), Lap (X) A Lys (oer t pp (OA T(x), |xeU 
(Fin (x) Fis (%), Fog (4) A Fos (4), Pop (0) A Fs (X)) 


(4) Intersection: 


X, (Typ (X) AT 5 (%), Tip (X) A Ths (X), 
vey (X) AT, 5(X)), Tig (4) Vv Lis (%), 
Ty p(X) V 155 (X) y+ p(X) Vv L5(X)), 
(Fie (X) Vv Fis (%), Pop (2) V Fy (%); 
sea F p(X) V Fs (2) 


R(\S= |xeU 


42 


3 Similarity Methods of RSVNSs 


In this section, we introduce a RSVNS and propose a 
similarity method between RSVNSs_ based on_ the 
extension of Majumdar and Samanta’s similarity method 
of two (non-refined) single-valued neutrosophic sets [8]. 


Definition 4. Let R and S in the universe of discourse U = 


{X1, X2, ..., X,} be two refined single-valued neutrosophic 
sets, which are defined as 


X;5(Tia (%;), Toe (%)>-- By (x; )), 


k= Lig) Lor (Xi) Le %))> |x, EU ?? 
(Fin (%), Por (X%;).--- Fr (x;)) 
X;(Ts(%)), 155 (%; Jerrod ns (x; )), 

S= 9( Qs (%)), Los Ai) Ls OG), |x, EU ¢? 


(Fis (%;), Pos (X;),..F 5 (x; )) 


where p; iS a positive integer, and all Tjr(x;), Lir(xi), Fir(%i) 
and T;s(x;), Lis(xi), Fis(x;) @ = 1, 2, ..., my = 1, 2, ..., pj) be- 
long to [0, 1]. 

As an extension of Majumdar and Samanta’s similarity 
method of SVNSs [8], we present a similarity method be- 
tween two RSVNSs R and S as follows: 


min( Tp (x;),T 5 (%;)) 

+ min(/ jp (%;),1 55 (4%) 
+ min( Fn (%;), Fis (4; )) 
max(T’, (x; ),T js (x;)) 

+ max(I p(%;),1 45 (%)) 
+ max(F’,(x;), Fis (%;)) 


Dien 
i=1 Loud j=1 


M(R,S) = 


Dias, 
i=| Lod j=l 


. (2) 


Obviously, the above similarity measure M(R, S) satis- 
fies the following properties: 


()0< MR, S)< 1; 
(2) M(R, S) = M(S, R) 
(3) M(R, S) = 1 if and only if R= S. 


In general, we usually consider the weights of criteria. 
Assume that the weight of each criterion x; 1s w; (i = 1, 


2, ...,n), with w; € [0, 1] and bie w, =1. Then, we can 


introduce the weighted similarity formula: 
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nun( T(x; ),Ts (%;)) 
+min(J i2(X;),1 i5(%))) 
F ig (%;)oFs (%)) 
Tn (%;)5 Ts (%;)) 

+ max(J 2(%;).1 js (%;)) 


+ max( Fig (%;), Fis (%)) 


n Pi 
yw), 
i=l 71 


M_(R,S) = 


n Pi 
yw 
ja j=l 


. (3) 


+ min( 


max( 


4 Decision-making method using the similarity 
measure 


In a decision making problem, there is a set of alterna- 
tives R = {R,, Ro, ..., Rm}, which needs to satisfies a set of 
criteria C = {C,, Co, ..., C,}, where C; (i = 1, 2, ..., 2) may 
be splitted into some sub-criteria Cj (i= 1, 2, ...,.n; j = 1, 
2, ..., pi). If the decision maker provides the suitability 
evaluation values of the criteria for C; (i =1,2,..., n) on the 
alternative R,(k = 1, 2,..., m) by using a RSVNS: 


Ci, Tir, (Cis Tar, (Gs Th,2, (GD) 
Cin, (Ci)s Lon, (Cis--9! p,0, (Ci ))s 
(Fir, (Cs For, (Co Pre, (Gi) 


R, = IC,EeCp 


Then for convenience, each basic element in the 
RSVNS R; is represented by the refined single-valued neu- 
trosophic number (RSVNN): 


(CHR errr arn CSprane Breen: Ears CGY en rm) 


fori=1,2,...,.n;k=1,2, ...,m. Hence, we can construct 
the refined single-valued neutrosophic decision matrix D, 
as shown in Table 1. 

When the weights of criteria are considered as the 
different importance of each criterion C; (i = 1, 2, ..., n), 
the weight vector of the three criteria is given by W = (wy, 


W2, ...5 Wy) with w;> 0 and 2 w, =1. Thus, the decision- 
making steps are described as follows: 
Step 1: Based on the refined  single-valued 


neutrosophic decision matrix D, we can determine the ideal 
solution (ideal RSVNN) by 


M,(R, S ) for k= 


43 
(max (Typ, ),max(T>,, ),-...max(T, p, )), 
. , (4 
5; =( (min (7,», ),min(J,,, )--.min (7,9, )) (4) 
(min (Fi, ), mun (Fa, ),--.-min (Fa, )) 
which is constructed as the ideal alternative 
S” = fs, ,855:655,): 
Step 2: The similarity measure between each 


alternative R, (k = 1, 2, ..., m) and the ideal alternative Ss 
can be calculated according to Eq. (3) and the values of 
1, 2, ..., m can be obtained. 


Step 3: The alternatives are ranked in a descending 
order according to the values of M,,(R;, S’) fork=1,2,..., 
m. The greater value of M,(R, S) means the better 
alternative R,. 


Step 4: End. 


5 Actual example on the selection of construction 
projects 


In this section, we give the application of the decision 
making method for the selection of construction projects. 

A construction company needs to determine the 
selecting problem of construction projects. Decision 
makers provide four construction projects as a set of four 
alternatives R = {R,, Ro, R3, Ry}. Then, the selection of 
these construction projects is dependent on three main 
criteria and seven sub-criteria: (1) Financial state (C)): 
budget control (C\;) and risk/return ratio (C2); (2) 
Environmental protection (C,): public relation (C);), 
geographical location (C2), and health and safety (C3); (3) 
Technology (C3): technical knowhow (C3,), technological 
capability (C32). 

Experts or decision makers are required to evaluate the 
four possible alternatives under the above three criteria 
(seven sub-criteria) by suitability judgments, which are 
represented by RSVNSs. Thus we can construct the fol- 
lowing refined single-valued neutrosophic decision matrix 
D, as shown in Table 2 


Table 1. The refined single-valued neutrosophic decision matrix D 


Ci(C Cha. »C,, ) Cr(C no g9e+Cny ) 
Ry iy IR, ? Typ, - PR )e iz, stor o- La) (F; IR, ? Fyp> FR, )) o 1R,? Tip» — ime oe Tie ), (F IR, ? Fyp as For, )) 
Rye A Goes Ta) Ciesloigal ae ne asiol on) (Ces Eorere (ae) fre Grmereey ne 1 (rare one odie )) 
Rn (Ca eee irs Cire stor slr ) Fiz Por oP ie )) (CARY emcee! rs Cie slor sty re ), Fiz >For oF, pe )) 
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Table 2. Defined single-valued neutrosophic decision matrix D 
for the four alternatives on three criteria (Seven sub-criteria) 


C; (C\ ls C2) 


<(0.6, 0.7), (0.2, 0.1), 
R, 


Cy (C1, C9, C3) 
<0.9, 0.7, 0.8), (0.1, 0.3, 0.2), 


C3 (C31, C39) 
<(0.6, 0.8), (0.3, 0.2), 


(0.2, 0.3)> (0.2, 0.2, 0.1)> (0.3, 0.4)> 
: <(0.8, 0.7), (0.1, 0.2), <(0.7, 0.8, 0.7), (0.2, 0.4, 0.3), <(0.8, 0.8), (0.1, 0.2), 
? (0.3, 0.2)> (0.1, 0.2, 0.1)> (0.1, 0.2)> 
. <(0.6, 0.8), (0.1, 0.3),  <(0.8, 0.6, 0.7), (0.3, 0.1,0.1),  <(0.8, 0.7), (0.4, 0.3), 
: (0.3, 0.4)> (0.2, 0.1, 0.2)> (0.2, 0.1)> 
. <(0.7, 0.6), (0.1, 0.2),  <(0.7, 0.8, 0.7), (0.2, 0.2, 0.1), <(0.7, 0.7), (0.2, 0.3), 
; (0.2, 0.3)> (0.1, 0.2, 0.2)> (0.2, 0.3)> 


Then, the weight vector of the three criteria is given by 
W = (0.4, 0.3, 0.3). Thus, the proposed decision making 
method is applied to the selecting problem of the 
construction projects. Consequently, the decision-making 
steps are described as follows: 


Step 1: By Eq. (4), the ideal solution (ideal RSVNS) 
can be determined as the following ideal alternative: 


S* ={<(0.8, 0.8), (0.1, 0.1), (0.2, 0.2)>, <(0.9, 0.8, 0.8), 
(0.1, 0.1, 0.1), (0.1, 0.1, 0.1)>, <(0.8, 0.8), (0.1, 0.2), (0.1, 
0.1)>}. 


Step 2: According to Eq. (3), the weighted similarity 
measure values between each alternative R; (k = 1, 2, 3, 4) 
and the ideal alternative S’ can be obtained as follows: 


M,,(R;, S ) = 0.7743, M,,(Ro, S) = 0.8370, M,,(R3, S) = 
0.7595, and M,,(Ra, S ) = 0.7778. 


Step 3: Since the measure values are M,(Ro, S) > 
M, (Ra, Ss’) > M,\(R1, S’) > M,(R3, iS). the ranking order of 
the four alternatives is R, > R, > R, > R3. Hence, the alter- 
native R, 1s the best choice among all the construction pro- 
jects. 


6 Conclusion 


This paper introduced RSVNSs and presented the simi- 
larity measure of RSVNSs. Then, we proposed a similarity 
measure-based multicriteria decision-making method un- 
der a RSVNS environment. In the decision-making process, 
through the similarity measure between each alternative 
and the ideal alternative, the ranking order of all alterna- 
tives can be determined and the best alternative can be se- 
lected as well. Finally, an actual example on the selecting 
problem of construction projects demonstrated the applica- 
tion of the proposed method. The main advantage of the 
proposed approach is easy evaluation and more suitable for 
actual applications in decision-making problems with 
RSVNS information. In the future, we shall extend the 
proposed decision-making method to medical diagnosis 
and fault diagnosis. 
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Abstract:In this paper we introduce the concept 
of restricted interval valued neutrosophic sets 
(RIVNS in short). Some basic operations and 
properties of RIVNS are discussed. The concept 
of restricted interval valued neutrosophic 
topology is also introduced together with 
restricted interval valued neutrosophic finer and 


restricted interval valued neutrosophic coarser 
topology. We also define restricted interval 
valued neutrosophic interior and closer of a 
restricted interval valued neutrosophic set. Some 
theorems and examples are cites. Restricted 
interval valued neutrosophic subspace topology 
is also studied. 
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1 Introduction 

In 1999, Molodtsov [10] introduced the 
concept of soft set theory which is completely new 
approach for modeling uncertainty. In this paper 
[10] Molodtsov established the fundamental results 
of this new theory and successfully applied the soft 
set theory into several directions. Maji et al. [8] 
defined and studied several basic notions of soft set 
theory in 2003. Pie and Miao [14], Aktas and 
Cagman [1] and Ali et al. [2] improved the work of 
Mayji et al. [9]. The intuitionistic fuzzy set 1s 
introduced by Atanaasov [4] as a generalization of 
fuzzy set [19] where he added degree of non- 
membership with degree of membership. 
Neutrosophic set introduced by F. Smarandache in 
1995 [16]. Smarandache [17] introduced the 
concept of neutrosophic set which is a 
mathematical tool for handling problems involving 
imprecise, indeterminacy and inconsistant data. 
Mayji [9] combined neutrosophic set and soft set 
and established some operations on these sets. 
Wang et al. [18] introduced interval neutrosophic 
sets. Deli [7] introduced the concept of interval- 
valued neutrosophic soft sets. 


In this paper we introduce the concept of 
restricted interval valued neutrosophic sets (RIVNS 
in short). Some basic operations and properties of 
RIVNS are discussed. The concept of restricted 
interval valued neutrosophic topology is also 
introduced together with restricted interval valued 
neutrosophic finer and restricted interval valued 
neutrosophic coarser topology. We also define 
restricted interval valued neutrosophic interior and 
closer of a restricted interval valued neutrosophic 
set. Some theorems and examples are cited. 
Restricted interval valued neutrosophic subspace 
topology is also studied. We establish some 
properties of restricted interval valued neutrosophic 
soft topological space with supporting proofs and 
examples. 


2 Preliminaries 
Definition 2.1[17] A neutrosophic set A on the 


universe of discourse U is defined as 
A=\( x.y (x).%, (x),5,(x)) xeU}, where 


Hy,V%,,0, :U —] 0,1°[ are functions such that 


the condition: 
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VxeU, O05 u,(x)+7,(x)+6, (x) <3" is 


satisfied. 


From philosophical point of view, the 
neutrosophic set takes the value from real standard 


or non-standard subsets of ] 0,17 [ . But in real life 


application in scientific and engineering problems 
it 1s difficult to use neutrosophic set with value 
from real standard or non-standard subset of 


~0,1°[. Hence we consider the neutrosophic set 
p 


which takes the value from the subset of [0, 1 


Definition 2.2 [6] An _ interval valued 


neutrosophicset A on the universe of discourse U 
1S defined as 


A= (x, Ha (X)s7%4(*),64()): x U} , where 
Hy,V%4,0,:U > Int] 0,17 [ are functions such 


that the condition: VxeU, 


“0 < supu, (x) + supy, (x)+supé,(x)<3* is 
satisfied. 

In real life applications it 1s difficult to use 
interval valued neutrosophic set with interval-value 
from real standard or non-standard subset of 


Int(] 0,1°f) . Hence we consider the interval- 


valued neutrosophic set which takes the interval- 


value from the subset of Int ([0,1]) (where 
Int ([0,1]) denotes the set of all closed sub 
intervals of [0,1]). 


Definition 2.3 [15] Let X be a non-empty fixed set. 
A generalized neutrosophic set (GNS in short) A is 
an object having the form 


A= Kee TC 3 Fost 3 yan 63) es x} Where 
Ll, (x),o, (x) and 7, (x) which represent the 
degree of member ship function (namely £1, ()), 
the degree of indeterminacy (namely o,(x)), and 


the degree of non-member ship (namely 7, (x) ) 


respectively of each element xe X to the set 
Awhere the functions satisfy the condition 


Ly Carrer (X)AY, (2)a05. 


We call this generalizedneutrosophic 
set[15] as restricted neutrosophic set. 


Definition 2.4 [15] Let A and B be two RNSs on X 
defined by 


A={(x,u,(x),0,(x),7%4(x)): xe X} and 


B= (Xs Hy Carer tae (x)) ee x} . Then 
union, intersection, subset and complement may be 


defined as 


(i) The union of A and B is denoted by 
AW B and is defined as 


AUB Sean (x) Vv Mg (x),o, (x) A 
O, (x).7, (x)AY, (x)):xe x} 


AUB=\(x,u, (x) Vv Lp (x),o, (x)v 


O, (x).7, (x)AY, (x)):xeX!| 


(ii) The intersection of A and B is denoted 
by ACB and is defined as 


ANB=\{x, 1, (x) A Lz (x),o, (x)v 
o,(x),7,(x)V7_(x)):xeX} 
ANB=\(x, 1, (x) A Lz (x),o, (x) A 
On (x), %4(X)V Vp (a) weezy 
ANB=\{x, Hl, Caer (3); (x).o;, (x); 
Vs Gane (x)):xeX!| 
(iii) A is called subset of B, denoted by 
ACB if and only if 
11, (8) Sty (2) 04 (2) 205 (3). 
Va(x)2 %a(X) 


Or 
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114(2)Sp(x), 04(x)S04(2), 


V4 (x) ZV, (x) , 


(iv) The complement of A is denoted by A° 
and is defined as 


A ={(x74(x)s1-0, (x), H4 (x)):x E x} 


Or 


A={(x.7.(x)s04 (2-H (2)) eX} 


Or 


A= {(x,1 [il X)s6 4 (%),1- V(x )yixe Xt 


Definition 2.5: [15] A_ restricted neutrosophic 
topology (RN-topology in short) on a non empty set 
X is a family of restricted neutrosophic subsets in X 
satisfying the following axioms 


(i) O,,1, €7 
Gi) UGenV{G:ieJ}or 
(iii) G, OG, eT for any G,,G, ET. 


The pair (X 7) is called restricted 


neutrosophic topological space (RAN-topological 
space in short). The members of 7 are called 
restricted neutrosophic open sets. A RNS F is 


closed if and only if F is RN open set. 


3 Restricted Interval Valued Neutrosophic 
Set 


In this section we introduce the concept of 
restricted interval valued neutrosophic set along 
with some examples, operators and results. 


Definition 3.1 Let X be a non empty set. A 
restricted interval valued neutrosophic set (RIVNS 
in short) Ais an object having the form 


A={(x,u,(x),7%4(2),5,(x)): xe X} , where 
M,(x)s%4(%),6,4 (x): X > Int |-0,1"| are 


functions such that the condition: Vxe X , 


sup pi,(x) A supy, (x) A supd, (x)<0.5 is 


satisfied. 


Here p,(x),7,(x) and 6, (x) represent 


truth-membership interval, indeterminacy- 
membership interval and _ falsity- membership 
interval respectively of the element x € X . For the 


sake of simplicity, we shall use the symbol 
A=(X,My% 4,54) for the RIVNS 


A=\(x, da (x).7, (x),d,(x)):xeX} , 


Example 3.2Let X = 1X oe x} , then the RIVNS 


A= (Xx, Ha (x),%, (x),5, (x)) xe x} can be 
aa : the ee = 


xX jy (x Vx Sup Ly (x)A supy, (x) 
A SupO, (x) 


7 bai ba = 4 





The RIVNSs 0 and 1 are defined as 


= {(x.[0,0].[1.1].[1.1]) “xe x} and 
={(x,[L1].[0.0],[0,0]) :x¢ x} : 


Definition 3.3Let J, = linf J,, sup J | and 
J,= |inf J,,sup J sf be two intervals then 
(i) J, <J, iffinf J, <inf J, and 

sup J, < sup J,. 
(ii) J, VJ, =| max(inf J,,inf Je) 
max (sup J,, sup J,) |. 
(iii) J, AJ, =| min(inf J,,inf J,), 
min( sup J,,sup J,) |. 


Definition 3.4 Let A and B be two RIVNSs on X 
defined by 


A Sears (x).7, (x),5,(x)):x E x} and 
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B= eae (x), 7%, (x), 6, Gai: E x} . Then 


we can define union, intersection, subset and 
complement in several ways. 


(i) The R/VNunion of A and B is denoted by 
AW B and is defined as 


AUB={(x, 11, (x)v up (a)s7a(a)A 
¥_(x),5,(x)A6, (x)):xe x} 


Or 


AUB={ (x,t, (2)V M(x). (2) ¥ 
YB (x),0, (x) A, (x)):xe x} 
We take first definition throughout the paper. 


(ii) TheR/VMNintersection of A and B is 
denoted by AM B and is defined as 
ANB= (x Hy (x) A bp (x),%4 (x) Vv 

Ve (x)0; (x)v On (x)) “XE x} 


Or 


AN B= Ga (x) BS ad (x),%4 (x) A 
¥,(x),0,(x)v 6, (x)) XE x} 
We take first definition throughout the paper. 


(iii) A is called RIVN subset of B, denoted by 
ACB ifand only if 


Ha (*)S My (Xx), %4(4)2 70 (4), 


5, (x)26,(x) 
HU, (x)< uy (x), ¥A(x)S 75 (x), 
5, (x)26,(x). 


We take first definition throughout the paper. 
(iv) The RIVN complement of A is denoted by 


A and is defined as 


A={(x54(x)-[!- supra (x),1-inf, (x)]. 


u,(x)):xe X} 


Or 


A= {(x,54 (x),74 (x). M4 (x)) xe x} 
We take first definition throughout the paper. 


Definition 3.5 Let \A, EJ \ be an arbitrary 
family of RIVNSs in X, then UA, and ()A, can be 


respectively defined as 
UA, = ix V i, (X), AY, (x), A 6, (x) ) xe X 
ieJ Y ieJ } ieJ : 
or 


UA 


(\A, = xeX 
or 


(\A 


l 


‘aaa 
Ha ¥ Hy (x), V 7, (x), A 5, (x)) xe x} 
125.4 ty, (0). %5, 2). 5, ()) re x1 
\ jxeX) 


KA, (x), AY, (x), VO, (x) xeXx 
ieJ u ieJ ! ieJ : 


Theorem 3.6 LetA, B and Cbe three RIVNSs then 
(1) AUA=A 
(2) ANA=A 
(3) AUB=BUA 
(4) ANB=BOA 


(5) (AUB) =A° OB 
(6) (ANB) =A°UB 
(7) (AUB)UC=AU(BUC) 
(8) (ANB)AC=AN(BOC) 
(9) AU(BAC)=(AUB)N(AUC) 
(10) AN(BUC)=(ANB)U(ANC) 
Proof: Let A =(x,[a,,4, ],[4;,44 ],[4554,]) . 
B =(x,[b,,b, ],[D,,b, ],[Bs +2, ]) and 
C=( 216.6 eye.) lee.) 
(1) - (4)Straight forward. 
(5) AUB=(x,| max(a,,b,),max(a,,b, ) |. 
[ min(a,,b,),min(a,,b,) 
[ min(a,,b,),min(a,,b,) |} 
(AUB) =(x,| min(a,,b,).min(a,,b,) ]. 
[ 1—min(a,,b,),1—min(a,,b,) |, 
[ max(a,,b,),max(a,.b, )) 


Now 
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At = (x,[a;,a,].[1 ~d,,1 —a;],[@,,2, ]) (8) Same as (7). 
B° =(x,[b,,0,|,[1-2,,1-D, ],[B,5 |} 


Ao OBS = (x, min(a,,b, ),min(a,.b, yi (9) BAC =(x,| min(b,,c,),min(b,.c, )|. 


| max(1—a,,1—b,),max(1-a,,1-b,) |, | max(b,,c,),max(b,,c,) |. 
[ max(a,,b,),max(a,,b,)}) [ max(b,,c; ),max(b,,c,) ]) 
= (x,[ min(a,,b,),min(a,,b,) }. _—s | max(a,,min(b,,c,)), 
[1—min(a,,b,),1—-min(a,,b,) |, max(a,,min(b,,c,)) |,| min(a,,max(b,,c;)), 
[ max(a,,b, ),max(a,,b, ) }) min(a,,max(b,.c,)) |,] min(a,,max(b,.cs)). 
(6) Same as(5). min(a,,max(b,.c,) |) 


AUB= I oan a,,b, ),max(a,,b, Mis 
| min(a;,b, ),min(a,,b, )]. 
| min(a,,b; ),min( a,b, )]) 


(7) AUB= (x,[ max( a,b, ),max(ay,b, Mle 
| min(a;,b, ),min(a,,b, )3 
| min(a,,b;),min(a,,b, )]) 


(AUB)UC = (x, max(max(a,,b,).¢,); AUC= (x,[ max (a, ,c,),max(a,,c, i 
max(max(a,,b,),C;) |,| min(min(a,,b,).c3). | min(a,,b,),min(a,,c,) |, 
min(min(a,,b,),C,) |.| min(min(a,,b;).¢s); [ min(a,,c;),min(a..c.) |) 

min(min(a,,b, ), Cc s))) aaa sare b,),max(a,, c,)), 
= (x,| max( a, ,b, C,) ,max (G30 .6 ) min(max(a,,b,),max(ay, (4;3¢,)) (|. 
| min(a, ,b;,c; ),min( (ajsbise,) |, rt smin(d;,C3)), 
| min(a;,b;,C;); ), min (a, ,D,.C, )}) max(min(a,,b,),min(a,,c, ) ))| 
BUC =(x,| max( b,,c,),max(b,,c,) |, me ney) 
pi b max(min(a,,b, ,min (a,, Ce ))) 
am papers ie )} Now let us consider - and c, , S1x 
[ min(b,,c;),min( bes, )}) cases may arise as 
a, 2b, 2c, , for this 
AU(BUC) =(x 5] max(a,, max ( (D, cc )), max(a,,min(b,,¢, )) = 
_ max(b, ,c, )) | | min(a,, min(b, c)): min(max(a,,b,),max(a,,c, )) =a, 
min (a,, min( (D, ,C;)) ))|. | min( (a; ,min( (b, nC s)). a, =>c, =b,, for this 


max(a,,min(b,,c, )) = 


min (a,, min( b,c, )) i) 
min(max(a,,b, ),max(a,,c, )) = 4, 


=(x ,| max( (a,b,c), max(a,,b,,¢;) |, 
| min( (a,,b,,c,),min(a,, Dive), 
| min( a; ,b;,c;),min(a,,b,.¢,) |) 
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b, 2a, 2c, , for this 
max(a,,min(b,,¢, )) = 
min(max(a,,b, ),max(a,,c, )) =a, 
b, 2c, 2 a,, for this 
max(a,,min(b,,¢, )) = 
min(max(a,,b, ),max(a,,c, )) =C, 
Cc, 2a, 2b,, for this 
max(a,,min(b,,¢, )) = 
min(max(a,,b,),max(a,,¢, )) =a, 
c, 2b, 2a,, for this 
max(a,,min(b,,¢, )) = 
min(max(a,,b, ),max(a,,c, )) =b, 
Similarly it can be shown that other results 
are true for a,,b,,C, ;A;,D;,C;3,,D,,C, 5 As,D5,C; 
; Ag,D.,C,. Hence 
AU(BOC)=(AUB)A(AUC). 
(10) Same as (9). 


4. Restricted Interval Valued neutrosophic 
Topological Spaces 


In this section we give the definition of 
restricted interval valued Neutrosophic topological 
spaces with some examples and results. 


Definition 4.1A_ restricted interval valued 
neutrosophic topology (RIVN-topology in short) on 
a non empty set X is a family of restricted interval 
valued neutrosophic subsets in X satisfying the 
following axioms 

(iv) 0,1 ET 

(v) UG, e7,V{G:ieJlor 

(vi) G, 1G, eT for any G,,G, eT. 


The pair (X a) is called restricted 


interval valued neutrosophic topological space 
(RIVN-topological space in short). The members of 
T are called restricted interval valued neutrosophic 


open sets. A RIVNSF is closed if and only if F’° is 
RIVN open set. 


Example 4.2 LetX be a non-empty set. Let us 
consider the following RIVNSs 


G, ={(x.-5,.8],[.2,.3],[.2,.5]) xe X}, 
G, ={(x,[-6,.7],[-5,-6],[.3,.4]) xe X}, 


G, =G, UG, =}(x,[-6,.8],[.2,.3],[.2,.4]) xe x} 


G,=G, AG, ={(x[.5,.7].[-5,-6].[.3,.5]) xe X} 


The family 7, ={0,1,G,,G,,G,,G,} isa 
RIVN-topology in X and (X a) is called a RIVN- 
topological space. But 7, = {0,1 G,.G,| is not a 


RIVN-topology as G, UG, =G, €T,. 


Definition 4.3. The two RIVN subsets 0,1 


constitute a RIVN-topology on X, called indiscrete 
RIVN-topology. The family of all RIVN subsets of 
X constitutes a RIVN-topology onX, such topology 
is called discrete RIVN-topology. 


Theorem 4.4 Let {7 ee be a collection of 


RIVN-topologies onX. Then their intersection 
(lc ; 18 also ak/VS-topology on X. 
jet 
Proof: (i) Since O,le t, for each 7 EJ . Hence 
Ole (\r “ 
Jed 
(ii) Let {G, tkekKk \ be an arbitrary 


family RIVNSs where G, € [) tT, for each 
Jes 


KEK . Then for each JeJ/ , Ge, for 
kK €K and since for each J EJ , T, ia a RIVN- 


topology, therefore UG, <7, for each JeJ. 


keK 


Hence UG, € [)7,. 


keK Jed 
(iii) Let G,,G, ¢ [| 7,, then G,,G, €7, 
Jes 
for each J EJ . Since for each J EJ, 7, is an 
RIVN-topology, therefore G,,G,¢7, for each 
jeJ .Hence G, NG, € [)T,. 


Jes 
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Thus [| 7, forms a RIVN-topology as it 


jeJ 
satisfies all the axioms of RIVN-topology. But 
union of R/IVN-topologies need not be a RIVAN- 
topology. 


Let us show this with the following example. 


Example 4.5 In example 4.2, let us consider two 
RIVN- topologiesz, and 7, on X as 1, ={0,1.G, 


and 1, ={0,1,G,} . Here their union 7, Uz, = 


10,1, G,; G, | =T, is not a RIVN-topology onx. 


Definition 4.6 Let (X a) be an RIVN-topological 


space over X . A RIVN subset G of X is called 
restricted intervalvalued neutrosophicclosed set (in 
short RIVN-closed set) if its complement G* is a 
member of 7. 


Definition 4.7 Let (X 0) and (X oS) be two 
RIVN-topological spaces over X . If each Ger, 
implies Gezt,, then 7, is called restrictedinterval 
valued neutrosophic finer topology than 7, and 7, 


is called restricted interval valued neutrosophic 
coarser topology than 7, . 


Example 4.8 In example 4.2 and 4.5, 7, is 
restricted interval valued neutrosophic finer 
topology than 7, and 7, is called restricted 
interval valued neutrosophic coarser topology than 
ee 


Definition 4.9 Let 7 be a RIVN-topological space 
on X and 8 be a subfamily of 7. If every element 
of ct can be express as_ the arbitrary 
restrictedinterval valued neutrosophic union of 
some elements of 8, then 8 is called restricted 
interval valued neutrosophic basis for the RIVN- 
topology fT. 


5 Some Properties of Restricted Interval 
Valued Neutrosophic Soft Topological 
Spaces 


In this section some properties of RIVN- 
topological spaces are introduced. Some results on 
RIVNInt and RIVNCI are also introduced.Restricted 
interval valued neutrosophic subspace topology is 
also studied. 


Definition 5.1 Let (X ea be a RIVN-topological 


space and A be a RIVNS in X. The restrictedinterval 
valued neutrosophic interior and restrictedinterval 


valued neutrosophiccloser ofA is denoted by 
RIVNInt(A) and RIVNCI(A) are defined as 


RIVNInt (A) =U{G: Gisan RIVN open set andG c A} 


and 


RIVNCI(A)=(\{F : Fis an RIVN closed set and F > A} 


respectively. 


Theorem 5.2 Let (X a) be a RIVN-topological 


space and G and H be two RIVNSs then the 
following properties hold 


(1) RIVNInt(G)cG 

(2) GoH = RIVNInt(G) < RIVNInt(H) 

(3) RIVNInt(G)er 

(4) Gers RIVNint(G)=G 

(5) RIVNInt ( RIVNInt (G)) = RIVNint (G) 

(6) RIVNint(0)=0, RIVNint(1)=1 
Proof: 

(1) Straight forward. 


(2)Let GC AH, then all the R/VN-open sets 
Contained in G also contained in Al . 


i.e.{G et:G cGlcalH et:H cH| 
ie.U\G et: cGhcU{H er:H cH} 
i.e. RIVNInt (G) < RIVNInt (HH) 


(3) RIVNInt (G)=U{G er:G <G} 
Now clearly U{G" er:G c G} ET 
-, RIVNInt(G)er. 


(4) Let Ger, then by (1) RIVNInt(G)cG. 
Now since Get and GCG, therefore 
Ge UG er:Gec G} = RIVNInt(G) 


i.e, GC RIVNInt(G) 
Thus RIVNInt (G)=G 
Conversely, let RIVNInt (G) =G 


Since by (3) RIVNInt (G) ET 
Therefore G ET 
(5) By (3) RIVNInt(G) er 
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”. By (4) 
RIVNint ( RIVNInt ( f,, E)) = RIVNInt (f,,E) 


(6) We know that 0,l er 
“. By (4) -- a 
RIVNInt (0) ~0, RIVNInt (1) =] 


Theorem 5.3 Let (X a) be a RIVN-topological 
space and G and H are two RIVNSs then the 
following properties hold 

(1) Gc RIVNCI(G) 

(2) GoH = RIWNCI(G) € RIVNCI(H) 

(3) (RIVNCI(G)) er 

(4) Go er SRIVNCI(G)=G 

(5) RIVNCI(RIVNCI(G)) = RIVNCI(G) 

(6) RIVNCI (0) =0, RIVNCI (i) =| 
Proof: straight forward. 


Theorem 5.4 Let (X a) be an RIVN-topological 
space on X and A be a RIVNS ofXand let 
a ={ANU :U er} . Then 7, forms a RIVN- 
topology on A. 


Proof: 
(i) Clearly0 = AO er, and 1=Anler, 


(ii) Let G, e7,,VjeJ, then G, =AQU, where 
U,et foreach jeJ. 


Now UG, = U(Anu,)=An( UY, Jer, (since 


jeJ Jed Jed 


WO ee as each U; €T ). 


jeJ 
(iii) Let G,Her, then G=AXNU and 
H=AQV where U,V ec. 

Now 

GOH =(ANU)A(ANV)=AN(UOV)er, 
(since UAV eras U,V er). 


Definition 5.5 Let (X a) be an RIVN-topological 
space on X and A be a RIVNS ofX. Then 
o ={ANU CG er} is called restricted interval 


valued neutrosophic subspace topology and 
(A,z,) is called restricted interval valued 


neutrosophic subspace of RIVN-topological space 


(X,7). 


Conclusion: In this paper we introduce the concept 
of restricted interval valued neutrosophic set which 
is the generalization of restrictedneutrosophic set. 
We define some operators on RIVNS. We also 
introduce a topological structure based on this. 
RIVN interior and RIVN closer of a restricted 


interval valued neutrosophic set are also defined. 
Restricted interval valued neutrosophic subspace 
topology is also studied. In future combining the 
ideas presented in this paper with concept of soft 
set one can define a new concept named restricted 
interval valued Neutrosophic soft set and can 
define a topological structure too. 
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Abstract. The main purpose of this paper is to discuss the notion 
of neutrosophic graphs, weak isomorphisms, co-weak isomor- 
phisms and isomorphisms between two neutrosophic graphs. It is 


proved that the isomorphism between the two neutrosophic 
graphs is an equivalence relation. Some other properties of mor- 
phisms are also discussed in this paper. 


Keywords: Neutrosophic graphs, Weak isomorphisms, Co-weak isomorphisms, Equivalence relation and Isomorphisms. 


1 Introduction 


Graph theory has its origins in a 1736 paper by the cele- 
brated mathematician Leonhard Euler (10), known as the 
father of graph theory, when he settled a famous unsolved 
problem known as Ko’ nigsburg Bridge problem. Graph 
theory 1s considered as a part of combinatorial mathemat- 
ics. The theory has greatly contributed to our understand- 
ing of communication theory, programming, civil engi- 
neering, switching circuits, architecture, operational re- 
search, economics linguistic, psychology and anthropolo- 
gy. A graph is also used to create a relationship between a 
given set of objects. Each object can be represented by a 
vertex and the relationship between them can be represent- 
ed by an edge. 

In 1965, L.A. Zadeh (22) published the first paper on his 
new theory of fuzzy sets and systems. A fuzzy set 1s an ex- 
tension of classical set theory. His work proved to be a 
mathematical tool for explaining the concept of uncertainty 
in real life problems. A fuzzy set is characterized by a 
membership function which assigns to each object a grade 
of membership ranging between zero and one. Azriel 
Rosenfeld (18) introduced the of notion of fuzzy graphs in 
1975 and proposed another definitions including paths, cy- 
cles. connectedness etc. Mordeson and Peng (15) studied 
operations on fuzzy graphs. Many researchers contributed 
a lot and gave some more generalized forms of fuzzy 
graphs which have been studied in (6) and (8). These con- 
tributions show a new dimension of graph theory. 

F. Smarandache (20) introduced the notion of neutrosophic 
set which is useful for dealing real life problems having 
imprecise, indeterminacy and inconsistant data. The theory 
is generalization of classical sets and fuzzy sets and is ap- 
plied in decision making problems, control theory, medi- 
cines, topology and in many more real life problems. The 
notion of neutrosphic soft graph 1s introduced by N. Shah 
and A. Hussain (19). In the present paper neutrosophic 
graphs, their types, different operations like union intersec- 
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tion complement are definend. Furthermore different mor- 
phisms such as weak isomorphisms, co-weak isomorphism 
and isomorphisms are defined. Some theorems on mor- 
phisms are also proven here. This paper has been arranged 
as the following; In section 2, some basic concepts about 
graphs and neutrosophic sets are presented which will be 
employed in later sections. In section 3, concept of neutro- 
sophic graphs is given and some of their fundamental 
properties have been studied. In section 4, concept of 
strong neutrosophic graphs and its complement 1s studied. 
Section 5 is devoted for the study of morphisms of neutro- 
sophic graphs. Conclusions are also given at the end of 
Section 5. 


2 PRELIMINARIES 


In this section, some definitions about graphs and neutro- 
sophic sets are given. These will be helpful in later sec- 
tions. 

2.1 Definition (21) A graph G' consists of set of finite ob- 
jects V = {v,,V5,V3....,¥,$ called vertices (also called points 


or nodes) and other set E = {e,,e,,e,....,e,} whose element 
are called edges (also called lines or arcs). 
Usually a graph is denoted as G’=(V,E). Let G be a 


graph and e = {u,v} be an edge ofG . Since {u,v} is 2- 
element set, we may write {u,v} instead of {v,u}. It is of- 


ten more convenient to represent this edge by uv or vu. 

2.2 Definition (21) An edge of a graph that joins a vertex 
to itself 1s called loop. 

2.3 Definition (21) In a multigraph no loops are allowed 
but more than one edge can join two vertices, these edges 
are called multiple edges or parallel edges and a graph 1s 
called multigraph. 

2.4 Definition (21) A Graph which has neither loops nor 
multiple edges is called a simple graph. 
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2.5 Definition (21) A sub graph H” of G is a graph hav- 
ing all of its vertices and edges in G . 

2.6 Definition (21) Let G = (v,£) and G; =(V,,E,) be two 
graphs. A function f :V, >V, is called Isomorphism if 

1) f is one to one and onto. 

i) for all a,beV,{a,b}eE, if 
{f (a), f(b)} € E, when such a function exists, G’ and G> are 


and only if 
called isomorphic graphs and is written as G’ =G, . 

2.7 Definition (21) The union of two simple graphs 
G, =(V,,E,) and G, =(V,,£,) 1s the simple graph with 
the vertex set V = V, UV, and edge set E= E, UE,. The 
union of G 
G =G, UG, =\V, VV, E, VE,)=(V,E). 

2.8 Definition (21) The join of two simple graphs 
G, =(V,,E,) and G =(V,,E£,) 1s the simple graph with 
the V =V,VYV, 
E=E,VE,WUE' ,where E' is the set of all edges join- 


and G, is denoted by 


vertex set and edge _ set 
ing the nodes of v, and v, and assume that Vv, AV, #@. 
The jon of G 
G =G, +G, =, VV,,E, VE, VE). 

2.9 Definition (21) The intersection of two simple graphs 
G, =(V,,E,) and G; =(V,,£,) 1s the simple graph with 


the vertex set V =V,()V, and edge set E=£,()E,. The 


and G, is _ denoted’ by 


intersection of G, 
G =G, NG, =(V, NV,,£, NE) =(V5E) - 

2.10 Definition (20) A neutrosophic set A on the uni- 
verse of discourse x 1s defined as 
A= {<x,T,(2),1,(0),F,(2)>,xeX}, where 7,7,F: x > [0,1'| 


and 0 <T,(x)+1,(x)+ F,(x) <3*.. From philosophical point 


and G, is denoted by 


of view, the neutrosophic set takes the value from real 
standard or non standard subsets of 0, I*| . But in real 


life application in scientific and engineering problems it 1s 
difficult to use neutrosophic set with value from real stand- 
ard or non-standard subset of 0, all 


3 NEUTROSOPHIC GRAPHS 


3.1 Definition Let G* =(V,E) bea simple graph 
and E <VxV.Let Ty ,J¢, Ff: V— [0, 1] denote the 


truth-membership, indeterminacy- membership and falsity- 
membership of an element x € V and To, Ig, Fg: E 


[0, 1] denote the truth-membership, indeterminacy- 
membership and falsity- membership of an 
element(z, y) € E. By a neutrosophic graphs, we mean a 


3-tuple G =(G", f, g) such that 
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ek) 


T(x, y) S mint{T, (x). 7, Cy} 

I(x, y) Smint{t/, (x),7, Cy} 

FY, (x, y) 2 maxt{F’, Cx), F, Cy) $ 
For all x, y € V. 
3.2 Example Let G* =(V, £) bea simple graph with V = 
1s, 3 and Ea el Od) (2 es 5. (ty es) PN 
neutrosophic graph G is given in table 1 below and 
T (xi, xj) = 0, I(xi, xj) = 0 and F(x, xj) = 1 for all 
(Bas 7) Ee NAD 2) (OD, 8) (0, 3) 


Tablel 

SF x) X5 X3 

T, O.38 O.1 O.1 

7, 0.4 0.23 0.3 

F, O45 0.4 0.6 
Z (XX) (%),%3) (4,45) 
Tr Ol O01 O41 
I, O1 02 02 
F, 09 O08 0.7 






(0.1,0.1,0.9) 








(0.3,0.4,0.5) (0.1,0.3,0.4) 






(0.1,0.2,0.8) 


(0.1,0.3,0.6) 






X3 


Figure 1 


3.3 Definition A neutrosophic graph G =(G*, f,, g,) |S 

called a neutrosophic subgraph of G =(G*, f, g) If 

(@) T(x) ST, (%), 1 (0) SL, (X), Fs (0) = F, (), 

(i) TQ y) ST, y),1 1 sy) ST, (% y), Fy) 2 Fi  ). 
for all x, y € V. 

A neutrosophic subgraph of example 3.2 is given in table 
2 below and T; (xi, xj) = 0,14(xi, xj) =0 and F,,(xi, xj) 
=1 for all (wi, xj) € E\{(x1, x2),(x2, w3),(x1, x3)}. 
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Table 2 

ie xX} X5 X3 

w O.1 O.1 O.1 

ts O.1 O.2 O.2 

Fs O.5 O.4 O.6 

g (X13%5) Coe Xs) “Oo5%5) 
Ta O.1 O.1 O.1 
fa O.1 O.1 0.1 
Fa 0.9 0.8 O.7 






(0.1,0.1,0.6) 


(0.1,0.2,0.6) 


Figure 2 


(0.1,0.2,0.4) 







(0.1,0.2,0.8) 





3.4 Definition A neutrosophic 
graph G =(G*, f', g') IS said to be spanning neutrosophic 


subgraph of G =(G*, f, g) If 
T(x) =T}(x), 1, (x) =1). (x), F,(x) = F}(x) forall x € V. 


3.5 Definition Let G* = V,,£,)and G, =(V,,E,) be two 
simple graphs. The union of two neutrosophic graphs 

G, =(G., f',g')and G, = (G,, f°, 2°) is denoted by 

G =(G*,f,g), where G=GuUG, f=f' US’ 
g=g'U 2 where the truth-membership, indeterminacy- 


membership and falsity- membership of union 
are as follows 
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T(x) if xeV, —V, 
T,(x)=4T; (x) if xeV,—-V, 
max {T, (x),T; (x)} 1ifxEV, AV, 
T(x) if xeV, —V, 
T7 (x) if xeV,—V, 
max {I (x), 17 (x)} ifxeV, OV, 


I -(x)= 


F(x) if xeV, —V, 
F(x)=F (x) if xeEV,—-V, 
min{F, (x), Fe (x)} fx EV, AV, 
Also 
T.(x,y) if (wy) eB, -E, 
T, (x,y) =4T.(%,y) if (ye, EZ, 
max ae (x, y),T 2 (x, y)} 1f(% ye BOF, 
I.(x,y) if (wy) eB, —E, 
L(@y=|1,y) if @y)eE,—E, 
max 7 (x, y)L 2 (x, y)} 1f(% ye BE OE, 
F (x,y) if (x, y)e E,-E; 
F.(~ny)=41F.(ay) if (aye B,—-E, 


min{F (x, y), Fe (x, y)} if(% Wek Ok, 


3.6 Example Let G* =(V,, E,) be a simple graph with V1 
= 1 AUS ake Pad (aed) (8 ek) (a a8) ae AN 
neutrosophic graph G1 is given in table 3 below and 

To (xi, xj) = 0, I (xi, x3) = 0 and F;, (xi, xj) = 1 for 
all (xi, xj) € Fi \ {(a1, v4), (x3, x4), (x1, x3)}. 


Table 3 

Si xy X3 X4 

ca O.1 O.2 O.2 

Tn O.2 O.4 O.5 

FF O.3 O.5 O.7 
g (x,,X,) CY) (x, 5x; ) 
Ta O.1 O.1 0.1 
fo 0.2 0.3 0.2 
a O.7 0.8 0.5 
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(0.1,0.2,0.7) 





(0.1,0.2,0.3) (0.2,0.5,0.7) 







(0.1,0.2,0.5) 
(0.1,0.3,0.8) 


(0.2,0.4,0.5) 






X3 


Figure 3 


A neutrosophic graph G, =(G,, f*,g”) is given in table 4 
below where G, =(V,,E,), V2 = {x2, x3, x4, 25} and 
Fo = {(x2, £3) , (@3,, 4) , (74, x5) , (v2, x5)} and 


To(xi, oj) = 0, Io (xi, xj) = O and Fy (xi, xj) = 1 for 
all (xi, xj) € Fe\{(x2, £3) ,(X_,x4),(v3,, £4) , (v4, v5) 


a>) 
Table 4 
Se Xs X3 X4 Xs 
T™ 2 O.1 O.2 O.4 O.2 
T 2 O.2 O.3 O.6 O.1 


£2 O.4 O.4 O.7 O.6 


g° (Aig) AXeateey ix): are). (at) 
T 0.1 0.2 0.1 0.2 0.1 
I 0.2 0.3 0.1 0.1 0.2 
F 0.8 0.9 0.9 0.8 0.7 






(0.1,0.2,0.4) (0.1,0.1,0.9) 


Figure 4 
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The union G = (G*, f, g) 1S given in table 5 below and 
T; (xi, xj) = 0, Is (xi, xj) = 0 and Fy (xi, xj) = 1 for 
all (wi, v3) EVx V\ {(a1, x4), (x3, v4), (21, £3), 


Kot EDL GS) A, es) eo aes) 


mes) rie ea a9 






w = . ~ 


(x, ? X4) 
0.1 
0.2 
0.7 


Table 5 


x) 5 x3 X4 Xs 

O.1 O.1 O.2 O.4 O.2 
O.2 O.2 0.4 O.6 O.1 
O.3 O.4 0.4 O.7 O.6 


(X;,.X4) (x, x3) (X,, X;) (X45X5) (X,,X,4) (X,, x5) 


0.2 0.1 0.1 0.2 0.1 Ol 
0.3 0.2 0.2 0.1 0.2 O11 
0.8 0.5 0.8 0.8 0.7 0.9 


(0.1,0.1,0.9) 


(0.2,0.1,0.8) 





X5 


Figure 5 


Neutrosophic Sets and Systems, Vol. 12, 2016 


3.7 Proposition The union G = (G*, f, g) of two neutro- 


58 


below and T; (xi, xj) = 0, I, (xi, xj) = 0 and 


6 
Fy, (xi, xj) = 1 for all (ai, xj) € Fx \ 











sophic graphs G, =(G*, f', g')and G, =(G,, f*,g°) isa 
neutrosophic graph. f (Uls 5 lg Uhily 2g \( pos) es 
Proof 
Case i) If (x,y)€ E,-E, then Table 6 
T(x y)=1 (xy) Smin (x),T, (y)} = mini (2),7; (y)} 5 ik x, XxX, Xs 
so T,(x,y)<min{7;(x),7,()} oe ee 
Also 1,(%,9)=L (2,9) Smin{l (2) 1 9(9)} =min{F,(9,1/(9)} i eo 
: pees pee F., 0.7 0.7 0.6 
so. 1,(x,y) Smin{/,(x),1,(9)} 

Now BAX y)= FG; y)2 maxi (x), Fe ,(y)} = max {F (x), F,(y)} 2 (x, , X, ) (x, : Xs) Cx : Xs) 
Similarly If (x,y)€E E then we can ae the same as done above. Ts 0.2 0.3 0.2 
Case ii) If(x,y)€E,OE,, then I. 0.3 0.4 0.3 

T(x, y)= maxi (x, y)T O59) - 
amin (0. (Nain (P90. 0) ee 
< min{max {I X),T (x)},maxiT(y),T,(y)) = mimiF, (2),7;(y)} 
Also I o(% y= max! (% y vy (x, y)} XI X2 

<max{min{I é )F (y)}mint! (2), 0} (0.2,0.3,0.7) 

<minaxt (041 )amaxt! Fa) =m (03.0 oe aa 

Now F.(x,3)=min{F ts WF (49 0) 
> min{max{F (2), F(y)}smax{F 3(2),F (9) (03.04.08) 
> max {min{ F lt ),F PAGE nin(F Al y),F (y)) (0.3,0.4,0.6) 


= max {F, (x), P Oy) 
Hence the union G=G, UG, 1sa neutrosophic graph. 


3.8 Definition The intersection of two neutrosophic graphs 


G, =(G,, f', g')and G, =(G,, f*, 9”) is denoted by 
G=(G,f,g),whereG=G, AG, ,f=fiarfi,g=2102 ; 
V = Vin V2 and the truth-membership, indeterminacy- 


membership and falsity- membership of intersection are as 


follows 
T(x) = min iT, (x), T, (x)}, 


Pe (x)= max{F (x), F (x)} 

I, (2, y) = Flt yj, 1,(%y) 
F (x,y) =max{F, (x,y), F..(8y)} 

for all x, y € V. 


I, (x) =min{I,,(x),1,.(x)}. 


min Wi (Xx, y), 


3.9 Example Let G, =(V,,EZ,) be a simple graph with Vi 
4 i OO Sp Oe Le HAAG 205 (M1 2) CO es) bs 


A neutrosophic graph G, =(G,, f', g') 1s given in table 
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=min{l (x, y),1 .(%,y)} 






X5 


Figure 6 


Let G; =(V,,E,) bea simple graph with V2 = 


479, %3, 05) and F2—{ (92.43), (73.45) (72,05) \. 


A neutrosophic graph G, =(G,, f*, g”) is given in table 7 
below and 7; (xi, xj) = 0, I, (xi, xj) = O and F; (xi, xj) 
= 1 for all (wi, xj) € E2\{(a2, x3), (v3, x5)(x2, x5)}. 
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3.10 Proposition The intersection G =(G", f, g) of two 
neutrosophic graphs G, =(G", f!,g')and G, =(G,, f*, 2°) 
is aneutrosophic graph where V = V1 V2. 


Table 7 

Ea X5 x3 Xs 

D2 0.3 O.2 O.4 

T 2 O.5 O.4 O.5 

Fr 2 O.6 O.6 O.9 
BS  (%).%,) (45,5) (4%, Xs) 
T 2 0.1 0.2 Q.2 
T 2 0.3 0.4 0.4 
F 0.7 0.9 0.9 






(0.1,0.3,0.7) 












(0.3,0.5,0.6) (0.2,0.4,0.6) 


(0.2,0.4,0.9) 





(0.4,0.5,0.9) 






X5 


Figure 7 


Lett V=VU0 We= {22,25}, B= kin k= 
{(x2, «5)}. The intersection of the above two graphs G'1 


and G2 is given in the table 8 below and figure 8. 


Table 8 
S xX>5 Xs S CX55 Xe) 
Tr O.3 O.3 T.. O.2 
T O.5 0.4 7, O.4 
F O.7 OoO.9 F. O.9 


(0.3,0.4,0.9) 





Figure 8 
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Proof 


Let x,yeV =V,(]V, and (x, y)e E=E,/\E,, 
then T, (x, y) = mint? (x y),T (x,y) 
< minimin i? (x),7 (y)},muniT (x),T, (y)} 
< min{min ti (X),T, (x)},min T ( y)T (y)) 


= min{T,(x),T,(1)} 

Also 1,(%,y) =min! ,(y)1 09) 

<min {mini ,(x),1(y)},minl  (2),1 (9) 

< min{min{l (8) 1 5 (8)}.min{l (9) (9) =min{Z, (1,0) 
Now  F,(ay)=maxtF (1,9) Fy) 

2maximaxiF (x), F (y)}maxiF (x),F (yt 

> max {max {F (x) F (x)},max{F (y),F ,(9)}} =max F, (0), F, (9) 

Hence the intersection G=G, AG, 1s aneutrosophic graph. 


4 Strong Neutrosophic Graphs 


In this section we will study the notion of strong neutro- 
sophic graphs and complement of such graphs. 


4.1 Definition A neutrosophic graph G = (G*, f, g) IS 


called strong if 
T(x, y) = min{Ty (x), Tr (y) 


I(x, y) = mint Ir (x), Ir (y)} 
Fg (x, y) = max{ Fr (x), Fr (y)} 
for all (x, y) € E. 


4.2 Example Let V = {21, x2, 13} and 


B={(%,%)), (2).%5), (4),2) } - A strong 
neutrosophic graph G = (G*, f, g) where G" =(V,£E) 1s 
simple graph, is given in table 9 below and T;, (x,,x,) = 


0, Io (%,x,) = 0 and Fy (x,,x,) = 1 forall (%,x,) € 
Vie V 1 4 st) 5. Ops) 5 ans) j.« 
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Table 9 
St x) Xs x3 
T, OO... O2 O38 
ZT, O.2 O38 O4 
F, O.4 0.5 0.7 
8 (Rises). MX) HOGG) 
i. O.1 O.2 O 
I, O.2 0.3 O 
f,, O.5 O.7 1 





(0.2,0.3,.07) 





Figure 9 


4.3 Definition Let G=(G’, f, g) be a strong neutrosophic 
graph. The complement G = (G*, f, g) of strong neutro- 


sophic graph G=(G', f,g) is neutrosophic graph where 


(i) T, (x) =T ¢(x),1, (x) =1 (2%), F, (x) = F p(x), for allx eV. 


and 


(ii) Ts(x,y)= 


min{T,(x).T,(y)} if T, (x,y) =0 
(0) otherwise 


7 Gane min{/ ,(x),7,(y)§ if I, (x,y) =0 
_ 0 otherwise 
ae —" (x), F,(y)} if F, (x y)=1 
| otherwise 


4.4 Example For the strong neutrosophic graph in previ- 
ous example, 1.e. The complement of 


X1 X3 









(0.1,0.2,0.4) 





(0.3,0.4,0.7) 





(0.2,0.3,.07) 






(0.2,0.3,0.5) 






Figure 10 
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(0.1,0.2,0.7) 
(0.1,0.2,0.4) (0.3,0.4,0.7) 


(0.2,0.3,0.5) 


Figure 11 


Similarly the complement of neutrosophic graph 


X3 X1 





(0.3,0.4,0.8) 








(0.3,0.4,0.5) 





(0.3,0.6,0.8) 





(0.3,0.5,0.9) 





Figure 12 


is given by 


X3 X1 


(0.3,0.6,0.8) 


(0.3,0.4,0.5) 


(0.4,0.5,0.9) 





Figure 13 


5 Homomorphism Of Neutrosophic Graphs 


Neutrosophic Sets and Systems, Vol. 12, 2016 


In this section we introduced and discussed the notion of 
homomorphisms of neutrosophic graphs. We have also 
discussed weak isomorphism, co- weak isomorphism and 


isomorphism here. 
5.1 Definition A Homomorphism 4: G, — G, between 


two neutrosophic graphs G, =(G,, f', g') and 

G, =(G,, f*,g°) isa mapping h:V, >V, 
which satisfies 

(7) F (x)< I (h(x)), fi (x) < I (h(x)), 

F (x)= F (A(x)), forallxeV,. 

(ii) fi (x,y)< I (h(x), h(y)), fi (x,y) < f (h(x), h(y)), 
F(x, y)2F ,(h(x),hA(y)), for all x, y €V,. 

& & 

5.2 Definition A weak isomorphism fh: G, — G, between 
two neutrosophic graphs G, =(G_, f', g') and 

G, =(G,,f°,g°) isamapping h:V, > V, which is a bi- 


jective homomorphism such that Ty: (7) = Tye (h(x)), If 
(x) = Ife (h(x)), Pp (aw) = Frye (h(x)), foralla, ye Vv. 


5.3 Example Let G’ =(V,,Z,)and G; =(V,,E,) be two 
simple graphs with Vi = {x1, x2, x3}, Fi = { 
1 (45%) ’ (X55) ’ (45%) } 
Vo = (41222953. By = {04.4 ). (5.45). (.25)}- TWO 
neutrosophic graphs G, =(G,, f', g') and 
G, =(G,, f°, 2”) are given in table 10 and Table 11 be- 
low and T9(x,,x,) = 0,l9(%,x,) = 0 and Fg(%,,x,) = 1 
for all (x,,x,) €VxV\ {{(m.%), Ons), (4%) 
Also 

T, (x;,,x,) = 0,7, (x;,x,) =O and F, (x;,x,;) =i 

for all (x,,x,) @V XV \ {(%),%5),(%.%3), (4), %3)}- 

Table 10 


ye x Xs x3 
7 ae O.2 O.1 O.1 


St 
Tn O.3 O.2 O.5 
EF 5s O.5 O.4 O.7 


8 (4.4%) (%,%,) (455) 

Ta O.1 O.1 O.1 

fa O.1 0.2 0.3 

Fa 0.9 O.7 0.9 
Table 11 
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N 


ye x > 3 

ft 2 O.2 O.1 O.1 

T 2 O.3 O.2 O.5 

Fr 2 O.5 O.4 O.7 
BX) (4.3) (5) 
Pe OA 0.1 0.1 
I, 0.2 0.2 0.3 
F. 0.8 0.7 0.8 


X2 







(0.1,0.2,0.4) 









(0.1,0.1,0.9) 






(0.10.3,0.9) 


Figure 14 


x X2 


(0.1,0.2,0.8) 









(0.2,0.3,0.5) (0.1,0.2,0.4) 







(0.1,0.3,0.8) 
(0.1,0.2,0.7) 


(0.1,0.5,0.7) 






Figure 15 
Now we define n:v, >V, by h(x,) = x,, h(x,) = 
x,, h(x,) = x,, then Tp (x) = Tha (h(x)), If (2) = 
Tf2 (h(x)), Fy (x) = Fe (h(x)), for all x € V,p 
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By easy calculation, 1t can be seen that h is a weak 1so- 
morphism. 

5.4 Proposition 

Weak isomorphism between neutrosophic graphs satisfies 
the partial order relation. 


Proof 
Let G, = (G,.f',8')> G, = (G,, f°,8°) and 
G, =(G,, f°, g°)be three neutrosophic graphs with sets of 


vertices Vi, V2 and V3 respectively. Then 
1) The relation is reflexive. Let 4: V, — V, be an identity 


mapping such that h( x,) = x, , forall x €V,. That is 
TFL (x) =Tf2 (h(x)),Lf1 (x) = Ef? 

(h(x)), Ff1l (x) = Ff2 (h(x)), forall x €V, and 
Tg1 (x, y) S$Tg2 (A(x), h(y)), gl (x, y) Ss 
[g2 (h(x), hCy)), Fo (@, y) 2 Fo2 (h(x), h(y)) .for 
all x, ye Vi. Soh: Vi > Vi is a weak isomorphism of 


the neutrosophic graph G1 onto itself. 


2) The relation is anti-symmetric. Let h be a weak isomor- 
phism between the neutrosophic graphs Gi and G2, that is 
h : Vi — V2 is a bijective mapping. Therefore h( x, ) = x2 


, forall x, € V, satisfying Tif: (x, ) ome Brae be 


(iy) Teh, i), be (4 Je Ch x) 5-forall, x, 
€ V, and To (x, , y, ) < Tg2 Clear h( y,)), Igi 


(x, ¥) SLo2 (h(x), hOy))) » Fan (4, y,) 2 Foe 
(h(x, ), AC y,))...-C1), forall x, y, € V, . 
Let k be a weak isomorphism between the neutrosophic 


graph G2 and G1 so the relation is anti-symmetric that is 
k : V2 — Vi is a bijective map with Ty2 (x, ) = Ty: 


(A(x, )), Df (0) = Ih (AC, )).Fie (4, ) = Fh 
(k(x, )) forall x, € Va and Toyz (x,, y2) < Ty 


(k(x, ), KC y.)), 92 (5 Yo) S Io (K(x), RC y2)), 
Frg2 (X,, Y.) S Foi (k(x, ), KC y,)) forall (x,, y,) € 


(V2 xV2)....(2), for all x,, y, € V2. The subset relation 


(1) and (2) hold good on the finite sets Vi , V2 

when the neutrosophic graphs G1 and G2 have the same 
no. of edges and the corresponding edges are identical. 
Hence Gi and G2 are identical. 

3) The relation is transitive. Leth : Vi — V2 andk : V2 > 


—T'fo (h( 


V3 be weak isomorphisms of the neutrosophic graphs 
G, =(G*, f', g') onto G, =(G,, f*,g”) and 

G, =(G,, f°,g°) onto G, 
Then kof is a bijective mapping from Vi to V3 and defined 


=(G,, f°, g°) respectively. 
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as (koh) (x, ) 


isomorphism, so h(x, ) = x,, forall x, € V, and 


= k|h( x, )|, for all x, € V,. As h isa weak 


T(x) =T..(A(),1 (4) =F 2 (A), F(X) = F (A(x) for all 
x, € V,. Also Toi (x,, y,) < Ty2 (h(x, ), ACY, )), Lo2 


(415 ¥,) S Lo2 (A(4,), ACY, ))) » 
Foi (x,, ¥,) 2 Fo2 (h(x, ), AC y,)), forall x, y, € V,. 


As k is a weak isomorphism, so k(x, ) = x,, forall x, € 
V2 and Tf2 (x,) = fs (k( 1) 

Tf (x, ) = Ips (k(x, )), 

Fy (x,) = Frys (k(x, )) and 

T 92 ce y>) < 143 (ki( ai) k( y,)), 

Tg2(x,, y,) < Ios (k(x, ), ky, )) 


X>5 j 
F'o2 ee y,) < Figs (k( a) k(y =) 
for all x,, y, € V2. 


As Tf: (#) = Tye (h()), In (4) = Ih (h(x )), 
Ff (x,) = Fre (h(x, )), for all x, € Vi and 
Tye (x) = Ths (k(x, )), Df (x, ) = Tits (k(x, J), 


F'p2 (3) = F'fs (k( x 
P(x) =T s(R(H()))s LC) =H s(RCH))), F(a) = Fs RCAC) 
forall x, € Vi. AS To (x,, y,) < To2 (h(x, ), AC y,) = 

Tg2 (X54 Y,) ) Ig. (as y,) s Igo (je F hi y,) 


y,), Fo (x, yy) = Foe (A(x, ), h(y1))= 
Fo2(x,, y,) forall x,, y, € Vi, so 


x,)) forall x2 € V2. so 


= Tas (Xs. 


T91 (x, , Vi) Sg (eo as 
Ig: (x,, yt) < I92 (x, , y.), Fg: (x, Veet IG Y ) 
for all x,, y, € Vi. 


Bub Tosi, Vs) Tos (Rae) BCD, )) 
Logie y, ) < Igs Cle 7ar k( y>)), 
Fg2 ( x, , y, ) >= Fgs (CX); k( Vi) 


Therefore 

Tgt2 iy. ¥,) Loa th) RU V5), 

Loa. Oe Yu) S Los (kG), BCS); 

Fi (x, y,) 2 Fos (k(x, ), kCy,)) forall x, y, € Vi. 


So koh is a weak isomorphism between G1 and G3. 
that is, the relation is transitive. Hence the theorem. 


5.5 Definition A co-weak isomorphism h:G, — G, is a 


map h : Vi — V2 between two neutrosophic graphs 
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G, =(G,, f',g') and G, = (G,, f°’, g°) which is a bijec- 
tive homomorphism that satisfies the condition 

Toi(x,, y,) =To2(h( x, ), AC y,)); 

Ig, ¥,) = Loz (A(x, ), AC, )); 

Fol, ¥) = Fe(h(x ), ACY )) 

for all x, y © V1. 


5.6 Definition An isomorphism h : G1 — G2 1s a map- 
ping h : Vi — V2 which 1s byective that satisfies the fol- 


lowing conditions 
(@) TQ) =T,. (A), T.() =1,. (AC), 
Fa (x)= F's (A(x)), forallx eV, 
(ii) T., (xy) =T,. (A(x), hO)). 
I. (x, ¥) = 1. (h@), AC). 


F. (4, y) = F, (A), hy), 
If such h exists then we say Gi Is isomorphic to G2 
and we write G, =G,. 

5.7 Proposition 

The isomorphism between neutrosophic graphs is an 
equivalence relation. 

Proof 

Let G, =( 


for allx,y €V,. 


Gis fs g')s G, =(G,.f° 52°) and 

G, =(G,, f°, g°) be three neutrosophic graphs with 
sets of vertices Vi, V2 and V3 respectively then 

|) The relation is reflexive. Consider the identity map- 
ping h : Vi — Vi such that h(x, ) = x,, forall x, € 


Vi. Then h is a bijective mapping satisfying 


(i) Tip (@) = The (h(x), In (@) = Ife (h(x), 
F'fi (oC) = Ff (h Cana orall az « VM. 
li) To: (av, y) = To2 (h(x), hy), 


Io: (2, y) = Iga (h(a), hy), 
Fo: (x, y) = Foe (h(x), h(y)), for all x, ye Vi 


showing that h is an isomorphism of the neutrosophic 
graph Gi on to itself, thatis G, =G.. 
|) The relation is symmetric. Let h : Vi — V2 be an 


isomorphism of G1 onto G2 then h is bijective func- 
tion. Therefore h(x1) = 22, forall xi € V. 


Also Tf: (x) = Tye (h(x)), Ip (x) = Ip (h(x), 
Fp (x) = Fye(h(x)), for alla € Vi and 

To ae, ) = T92(h(x), h I; 
Ig(z, ne Ig2 (h(x), h Dy. 
Fo: (a, y) = Foe (h(x), A(y)), for alla, yeM. 


Since h is bijective, 
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so It is invertible, that is, 77! 
h" (x,) = x,, forall x, € V2. 


:-G, >G, will exist and 


Since Tf (x, ) = Tye (h(x, )), 

Pea.) pe he.) Fp ei FP) SO 
Tath (xs) =Tp(%)-or 

Ty (x,) = Tp (h" (x, )), 

Tf2(x,) =In(h" (x, )) and 

Fp (h" (x,)) = Fr(h" (x, )) forall x, € V2. Also 
To (%5 Yo) a (x), h(y1)) so 

Tin (* (2), (1 (y2))) = Tr (22, 2) 0 

Too (%,, 92) = To (H"' (a2), (* (y2))), 


‘(x 
Similarly Ig: (x, , a Ig2 (h : ,), A(y1)) so 
Ig (h” (x), (A (y2))) = Io2 (4, , y2) OF 
Tg2 (x, , y2) = Ig (h(x, ), (h" (y2))), and 
Foi (x,, yl) = Foe (h(x, ), h(y1)) implies 
Fo: (h(x), (A (y2))) = Foe (x, , y2) oF 
Fog (x, y2) = Fo: (W(x, ), ( W” (y2))). 
Hence h' : G2— Gior h"' : V2 > Vi (Both one to 
one & onto) is an isomorphism from G2 to G1, that is 
G, =G,.90G, =G,> G, =G. 
111) The relation 1s transitive. 
Let n:v, >v,and «:v, >v,be the isomorphism 
of the neutrosophic graphs Gi onto G2 and G2 
onto Gs respectively. Then koh: Vi— V3 Is 


also a bijective mapping from V1 to V3 defined as 


(koh)(a1) = klh(a1)] , for all v1 © Vi. Since h : Vi 
V2 is an isomorphism therefore h(x1) = 22, for all 
x1 € Vi. Also Th: (x, ) = Tye (h(x, )), 

TAK) STA, ))). FA) = Fe (Ax) forall 
x, € Viand Ty (x,, y,) = To2 (h(x, ), hy, )), 

Ig: (X,Y) = Ig2 (h(x, ), hCY, )), 

Fo. (x,, y,) = Foo (h(x, ), h(y,)), forall x, y,E VM. 


Since k : V2 — V3 is an isomorphism so 


k(a2) =x3, Tfe (72) = Ts (k(x2)), 

T fe (x2) = [fs (k(x2)), F’fe (x2) = F'fs (k(x2)) and 

To2 (a2, y2) = Tyga (k(x2), k(y2)), [92 (x2, y2) = 

I gs (k(x2), k(y2)),Fg2 (x2, y2) = Fs (k( x2), k(y2)), for 
all 12, y2 € Va. As Thi (x, ) = The (h(x, )) and 

)) So Tp (4) = Tr (h(x )) = 


T fe (72) = T f3 (k(x2 
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Tf2 (x2) = Tys (k(x2)) = Ty (k(h( x, )), for all a1 ce Vi 
which shows Tif: (x, ) = Tfs (k(h( x, )), for all x, © Vi. 


Similarly we can show If: (x, ) = Ifs (k(A( x, )), 

Fri (x, ) = Fes (k( A(x, )). Furthermore To: (x, , y1) = 
T92 (h(x, ), h(y1)) and Tye (x2, y2) = Tos (k(x2), k(y2)) 
SO Tg: (x, , yt) = To2 (h(x, ), h(yt)) = Tye (x2, y2) = 
Tys (K(x2), K(y2)) = Tos [(h(AC x, )), (R(A(y1))], $0 

Ton (2% 5 yn) = Toe [CCA )), (CAC) 

for all x,, yi € V1. 


Similarly we can show 
Tqi (21; y1) = Ig3 [(k(h(x1)), (A(h(y1) iP 
Fp: (w1, yt) = Fos [(A(h(@1)), (k(A(y2))]- 


So gof is isomorphism between G1 and G3. 
Hence isomorphism between the neutrosophic graphs is an 
equivalence relation. 


5.8 Remarks 


1. If G = Gi = G2 then the homomorphism is called an 
endomorphism and the isomorphism is called an automor- 
phism. 

2. If G1 = G2 = G then the co-weak and weak isomor- 
phism become isomorphism. 

3. A weak isomorphism preserves the equality of the of 
vertices but not necessarily the equality of edges. 

4. A co-weak isomorphism preserves the equality of the 
edges but not necessarily the equality of vertices. 

5. An isomorphism preserves the equality of edges and the 
equality of vertices. 


Conclusion 


In this paper we have described the neutrosophic graphs 
with the help of neutrosophic sets. Some operations on 
neutrosophic graphs are also presented in our work. We 
have proved that the isomorphism between neutrosophic 
graphs is an equivalence relation and weak isomorphism 
between neutrosophic graphs satisfies the partial order re- 
lation. 
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Abstract. As a new branch of philosophy, the neu- 
trosophy was presented by Smarandache in 1980. It was 
presented as the study of origin, nature, and scope of neu- 
tralities; as well as their interactions with different 
ideational spectra. The aim in this paper is to introduce 


the concepts of smooth neutrosophic topological space, 
smooth neutrosophic cotopological space, smooth neu- 
trosophic closure, and smooth neutrosophic interior. 
Furthermore, some properties of these concepts will be 
investigated. 


Keywords: Fuzzy Sets, Neutrosophic Sets, Smooth Neutrosophic Topology, Smooth Neutrosophic Cotopology, Smooth Neutro- 


sophic Closure, Smooth Neutrosophic Interior. 
1 Introduction 


In 1986, Badard [1] introduced the concept of a smooth 
topological space as a_ generalization of the 
classical topological spaces as well as the Chang fuzzy 
topology [2]. The smooth topological space was 
rediscovered by Ramadan [3], and El-Gayyar et al. [4]. In 
[5], the authors introduced the notions of smooth 
interior and smooth closure. In 1983 the intuitionistic 
fuzzy set was introduced by Atanassov [[6], [7], [8]], as 
a generalization of fuzzy sets in Zadeh’s sense [9], where 
besides the degree of membership of each element 
there was considered a degree of non-membership. 
Smarandache [[10], [11], [12]], defined the notion of 
neutrosophic set, which is a generalization of Zadeh’s 
fuzzy sets and Atanassov’s intuitionistic fuzzy set. The 
words “neutrosophy” and “neutrosophic” were invented by 
F. Smarandache in his 1998 book. Etymologically, 
“neutro-sophy” (noun) [French neutre < Latin neuter, 
neutral, and Greek sophia, skill/wisdom] means knowledge 
of neutral thought. 
While “neutrosophic” (adjective), means having the nature 
of, or having the characteristic of Neutrosophy. 
Neutrosophic sets have been investigated by Salama et 
al. [[13], [14], [15]]. The purpose of this paper is to intro- 
duce the concepts of smooth neutrosophic topological 
space, smooth neutrosophic cotopological space, smooth 
neutrosophic closure, and smooth neutrosophic interior. 
We also investigate some of their properties. 


2 PRELIMINARIES 


In this section we use X to denote a nonempty set, I to 
denote the closed unit interval [0,1], I, to denote the 
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interval (0,1], I, to denote the interval [0,1), and 
I* to be the set of all fuzzy subsets defined on X. 


By 0 and | we denote the characteristic functions of 
d@ and X , 


neutrosophic sets in X will be denoted by 
X(X). 


respectively. The family of all 


2.1 Definition [11], [12], [15] 


A neutrosophic set A (NS for short) on a nonempty 
set X is defined as: 

A= (x, Ta (x),[4 (x), Fa (x)) ,xEexX 
where T,I]L,F:X >[0,1], and 

O< Ty (x) +I (%)+ Fa(k) <3 representing the 
degree of membership (namely Ty, (x)), the degree of 
indeterminacy (namely I,(x) ), and the degree of 
non-membership (namely Fa(x)); for each element 
x € Xto the set A. 


2.2Definition [13], [14], [15] 
The Null (empty) neutrosophic set 0x and the absolute 


(universe) neutrosophic set ly are defined as follows: 


Typel : Oy =(x,0,0,1) , x €X 
Typell : Oy =(x,0,L1),x €X 
Typel : ly =(x,11,0),xeX 
Typell : ly =(x,1,0,0),x eX 
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2.3Definition [13], [14], [15] 


A neutrosophic set A is a subset of a neutrosophic set 
B,( ACB), may be defined as: 


Typel : ACB STy(x%)< Tp(X), 
I, (X) S Ip(X), Fa (X) 2 Fp(x), Vx eX 
Type] : ACB ST,(x)<Tp(x), 


I, (xX) 2 Ip(X), Fa (xX) 2 Fp (x), Vx eX 


2.4Definition [13], [14], [15] 


The Complement of a neutrosophic set A, denoted by 
coA, is defined as: 


: COA = (x, Fa (x),1 — I, (x), Ta (x)) 


Typell : coA = (x,1—T, (x),1—I, (x), — Fa (x)) 


Typel 


2.5Definition [13], [14], [15] 


Let A,BeX (X) then: 


Typel : AUB= (x,max(T, (x), Tp (x)), 
max(I 4 (x),Ig(x)),min(F, (x), Fg(x))) 
Type] : AUB= (x,max(T, (x), Tp (x)), 
min(I, (x), Ip (x)),min( Fa (x), FR (x))) 
Typel : AMB= (x, min(T a (x), Tp (x)), 
min(I, (x), Ip (x)),max( Fa (x), Fp (x))) 
Typell : AOB=(x,min(T, (x),Tg(x)), 


max(I, (x), 13 (x)),max( Fa (x), Fg(x))) 
[ JA=(x,T,(x),I (x),1 — Ta (x) 


( )A == (x1 a Fa (x), 14 (x), Fa (X)) 


2.6Definition [13], [14], [15] 


Let {A;},1eJ be an arbitrary family of neutrosophic 


sets, then: 
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Typel : U Aj; =( xX,sup Ta, (x), sup I A, (x), 2s Fa. (x) 
1eJ iE] iE] 
Typell : U Aj =(x,supT,, (x), = I. (x), = Fa. ) 
icJ iej 
Typel : ia A; -{ si inf Ta, (x), eS I. (x),sup Fa. 9} 
1€] 
Typell : M Aj =(Xx, re Ta, (x),sup Ia, (x), sup Fa. (x) 
leJ 1€] 1€] 


2./Definition [13], [14], [15] 


The difference between two neutrosophic sets A and 
Bdefined as A\B=ANcoB. 


2.8Definition [13], [14] 


Every intuitionistic set A on X is NS having the 


form  A=(x,T,(x),1—(Ta (x) + Fa(x)),Fa(x)) 
and every fuzzy set A on X is NS having the form 
A= (x,T, (x),0,1 — T, (x)) 5 eX. 


2.9Definition [5] 


Let Y be a subset of X and AcI* 
A on Y is denoted by A;y . For each Bel’ , the 
, 1S defined by: 


; the restriction of 


extension of B on X, denoted by By 


— B(x) ifxeA 
“0.5 if X-Y 


2.10Definition [1],[3] 


A smooth topological space (STS, for short) is an ordered 


pair (X,t) where X is a nonempty set and T: I* >] isa 
mapping satisfying the following properties: 
(Ol) t(O)=t(1)=1 


(02) WAy,A, €I*, (A, OA) > (A) A (Ad) 
(O03) VA; ,1EJ, TUA;)2 A (A;) 
1cJ 1cJ 


2.11Definition [1],[3] 


A smooth cotopology is defined as a mapping 3: eae | 
which satisfies: 
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(Cl) 3(0)=S()=1 
(C2) VB,,By €I*, 3(B; UBy) > 3(B,) A SB) 
(C3) VA; 1 Ee J, SCM B; ) = A 5(B; ) 

icJ icJ 
3.Smooth Neutrosophic Topological spaces 


we will define two types of smooth neutrosophic 
topological spaces, a smooth neutrosophic topological 


space (SNTS, for short) take the form (X, thot th) and 


the mappings toch 11 represent the degree of 


openness, the degree of indeterminacy, and the degree of 
non-openness respectively. 


3.1 Smooth Neutrosophic Topological spaces of 
type | 


In this part we will consider the definitions of typel. 


3.1.1Definition 


A smooth neutrosophic topology (t' ttt) of typel 


satisfying the following axioms: 
(SNOI,) 1 @)=1(0)=t (= ()=1, 
and t' (0)=t' (1) =0 
(SNOI,) WA,,A,€I*, 
tT (Ay Az) 21 (Ay)AT (Ad), 
t'(Ay VA5)>11(A]) A 7 (A>), and 
t! (Ay VN Ag) St (Ay) vt (Ad) 
(SNOI;) VA; eI*,ieJ, t1(UV A;)= at! (A;), 
icJ icJ 


(UA )> a T(A;), and 
1cJ icJ 

(UA) < v t(A;) 
1cJ 1cJ 


3.1.2Definition 


Let os -I* 1 be mappings satisfying the 


following axioms: 
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S'(O)=SO)=3' = T=, 
and 3" (0)= 3" (1) =0 

VB,,B> El’, 

3! (By UBz)23' (By) AS! (By), 
3/(B, UB) > 31 (B,) A 3/(B), and 
3" (By; UB) < 3’ (B,) v 3 (By) 


(SNCI;) VB; €I*,ieJ, 3'(AB,)> a 3) (B,), 
1cJ icJ 


(SNCI,) 


(SNCI5) 


3(0B,)> A 3‘(B;),and 
ie] 1cJ 
SAB) < v SB) 
1cJ 1cJ 


I 


The triple (Gs S, oF) is a smooth neutrosophic 


cotopology of typel, aes ee represent the degree of 


closedness, the degree of indeterminacy, and the degree of 
non-closedness respectively. 


3.1.3Example 
Let X = {a,b} .Define the mappings 


tot -I* 5 Las: 
l if A=0 
T(A)=31 if A=1 
min(A(a),A(b)) if A isneither 0 nor | 
l if A=0 
v(A)={1 ifA=l 
0.5 if A isneither 0 nor 1 
0 if A=0 
r(A)=40 if A=1 


max(A(a),A(b)) if A isneither 0 nor | 


Then (X, toch) is a smooth neutrosophic topological 


space on X. 


3.1.4Proposition 


Let (xt! es 1) and CS": os, oF) be a smooth 
neutrosophic topology and a smooth neutrosophic 


cotopology, respectively, and let A € ii ' 
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t_,(A)=3' (coA), t_, (A) =3'(coA), 
«3 = 

t! (A) = 3! (coA),3',(A) =! (coA), 
nd 7 


3! (A) =t!(coA), and 3/..(A) =" (coA), then 
T T 


I 
’ 
qi 


I 


(1) (to » Ta Top ) and (3 is vi ) are a smooth 


neutrosophic topology and a smooth neutrosophic 
cotopology, respectively. 


T tT, 38 I F 
(2) T 7 =T Ty =T,T_ » =T, 
al F 
a a a 
oral xT el axl &F oF 
ST = 3 2ST = AS =S, 
gt sl oF 
Proof 


(1) (a) tL 0) = tL, (1) =, (0) = tL, Q)=1 , and 
a) a) a = 
F F 
0)= 1)=0 
VF (0) oP (1) 
X _T _ 
(b) VA},Az €I™, 117 (Ap OA2) = 
3) (co(Ay A Ad) = 3! (CoA] UcoA,) = 
ae (coA,) A et (coA, )= ae (A, )A ee (A>) 
=) a) 
similarly, VWA),,A5 € I 
I I I 
a (Ay NA>)2 TA (Ay) A Tl (A4),and 
F F F 
Top (Ay AQ) S Top (Ay) v Tp (Az) 
(c) VA; EI’, ieJ,t~7(U Aj) =3' (COU Aj) 
S  jieJ icJ 
=3'(AcoA;)> A 3! (COA;) = A t24(Aj) 
icJ icJ icJ ~ 
similarly, VA; € Bi ej, 
t_,(UA;)> A t_,(A;),and 
S ieJ icJ ~ 


wt (UA;)<S v wt (A; ) Hence, con tL aa) 
S ieJ iceJ sS Ss SS 
is a smooth neutrosophic topology.Similarly, we can prove 


I 


that Gao sis ce ) is a smooth neutrosophic 
TU TU TU 


cotopology. 
(2) the proof 1s straightforward. 
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Let {(ct {ty tr )i ey be a family of smooth neutrosophic 
topologies on X .Then their intersection OG Ty Ty ) 
Le 
is a a smooth neutrosophic topology. 
Proof 


The proof is a straightforward result of both definition(2.6) 
and difintion (3.1.1). 


3.1.6Definition 


Let (ti clit) be a smooth neutrosophic topology of type 


I, andAe I*. Then the smooth neutrosophic closure of 


A_, denoted by A is defined by: 


A (37 (A),3_(A),5 5 (A) = G.0) 


_ Iafe:Hel*,AcH,3'.(H)>31,(A), 
_ T 45 
Ae mei | ~F ~F 

a (H) > =e (A), (H) < ok (A)}, 


(3 (A). 3 (A), (A) 4 (LL0) 


3.1.7Proposition 


Let (tt ott ch) be a smooth neutrosophic topology on X , 


andA,Be I* . Then 


(2) AcA 


aol 2on hee al fay s el 
(3) oe (A) = ae (A), | (A) = Si (A), and 
a (A)< a (A)}, VAcI* 
aT at ol ol 
(4) Bc A,S tr (A) = se (B),S (A) = Si (B) 


and 3',.(A)< 3',.(B) > BCA, VA,Bel* 
T T 


3 15P ti 
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> || 


(5) Ac 
(6) AABCAUB 
Proof 


(1) Obvious 


(2) Directly from definition (3.1.6) 
(3) (a) if A= A , the proof is straightforward . 


(b) if AF A, we have from the definition (3.1.2) and 
the 


definition (3.1.6): 
3 (A) = 3 (AH: Hel*, ACH, 
37, (H) > 37, (A),3' (H) > 5) (A), 
3-(A)< 3 (A) 23 7 (A): He I*,ACH, we 
37, (H) > 37, (A),3' (H) > 51 (A), 
SF, (H) < Si, (A)}2 SA) 


can prove that Set (A) = a (A) in a similar way. 
Uv Uv 


vi (A) = vi (AH: Hel“, ACH, 

aT i Pe me 

ae (H) > Sor (A), (H) > Si (A), 

3 (H)< 3, (A)}) Sv{3_ (A): He I*,ACcH, 
ae wT ~l ~l 

Sor (H) > Sor (A), (H) > Si (A), 


SF, (H) < SF, (A)} S37, (A) 
(4) (a) if B=B, then A=AandBcA. 
(b)if B#B, and A=A 


B={H:Hel*,BCH,3',(H)> 3. (B), 
T T 


me | a | wF aE 
eel (H) > =e (B),S (H) < an: (B)}. 
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this family contains A, hence, B aA = A 
(c)if B4B,and AZ#A 


From definition (3.1.6) every element in the family A will 


be an element in the family B , hence B S A. 


(5) From (2) , (3) and the definition (3.1.6) we have 


> | 


Ac 
(6) (a) if A=A, and B=B, then 
AUB=AUBDANB=ANRB 
(b)if A=A, B#B,and AUB#AUB, 
from (4) BCAUB,henceeANBCAUB 
(c)if A=A, B4#B,and AUB=AUB, 


then ACAUB,henceANBCAUB 

(dif A#A, B=B,and AUB#AUB, 
similar to(6b) 

(ec) if AA, B=B,and AUB=AUB, 
similar to(6c) 

(if A#A,B#B,andA UB=A VB, it follows 


from(4)that A Cc AUB, henceA ABCAUB. 


(g)if A#A,B4BandAUB#AUB 
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AUB=H:Hel*,AUBCH, 
31 (H) > 31, (A UB), 3 (H) > 3! (A UB), 
T T T T 


St, (H) < 3', (AUB)} 
Tv Tv 
> A{H:Hel*,AUBCH, 3!.(H)> 
Tv 
JS -(A)AS ,(B),S (BH) > 3 (A) AS | (B), 
Tv Tv Tv Tv Tv 
oF oF oF 
J (A)< 3 (A)v 5 -(B)} 
=fH:Hel*,ACH, BCH, 3'.(H)>31,(A) 
Tv Tv 
or 3, (H)> 3, (B),3_,(H) > 3, (A)or 
SJ ,(H) > ,(B),3 (0) < S, (A)or 
Tv Tv Tv Tv 
oF oF 
Jp (A) <5 (B)} 
>A[{H:Hel*,A cH, 3',.(H)>31,(A), 
Tv Tv 
Si (H) > oe (A),S F (H) < SF (A)}U 
{‘H:HeI*,BCH, 31, (H)>3'.(B), 
Tv Tv 
3 (A) > 3 ,(B),3 (A) <3 ,(B)} 
=[0{H:Hel,AcH, 31,(H)>351,(A), 
Tv Tv 
3! (H)> 31, (A), 35 (HA) < SFA} IO 
[ OfH:Hel’,BcH, 3'7(H)>3 7 (B), 
SJ (H)> 3 ,(B),5°.(H)< 3°, (B)} ] 
Tv Tv Tv Tv 
=AMB 
3.1.8Definition 


Let (t click) be a smooth neutrosophic topology of 


type I, andA € I*. Then the smooth neutrosophic interior 


of A , denoted by A° is defined by: 
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A ,(t! (A), t/(A),t! (A)) = (11,0) 
U{H: Hel ,HcA,t! (H) > 1! (A), 
t'(H) > t!(A),t (H) < tt (A)}, 

(t' (A),t'(A),t! (A)) # (1.1.0) 


A°= 
3.1.9Proposition 


Let (ti clit) be a smooth neutrosophic topology on X , 


and A,B eI*. Then 

(1) 0=0° , 1=1° 

(2) AP CA 

(3) t1(A°) >t! (A), 1 /(A°) = Th(A), and 
T(A°)<t(A)}, VAcI* 

(4) BC A,t! (B)>1!(A),1'(B) = 11(A) 
andt’ (B) <t' (A) > B° cA°, VA,Bel* 

(5) (A®)? cA® 

(6) (AMB)° cA® UB" 


Proof 


Similar to the procedure used to prove Proposition (3.1.7) 
3.2. Smooth Neutrosophic Topological spaces of 


type Il 


In this part we will consider the definitions of typellI. In a 
similar way as in typel, we can state the following 
definitions and propositions. The proofs of the propositions 


of typelI, will be similar to the proofs of the propositions 


in typel. 
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3.2.1Definition 


A smooth neutrosophic topology (ti, ri, 1") of typell 


satisfying the following axioms: 
(SNOIL,) 7!(0)=t! (1)=1, and 
t(O)=t()=t' (0)=t' (1) =0 
(SNOII,) WVA,,A>€1*, 
t! (Ay NA) 27 (Ay)AT (Ad), 
t'(Ay VAx) <7t'(Ay) v t1(A>), and 
t! (Ay VAg) St (Ay) vt (Ad) 
(SNOII3) VA; e,ieJ,t}(U A) > A tH(A,), 
icJ 1c] 
T(UA:)< v 1'(A;), and 
1eJ 1cJ 
T(UA)S vt (A) 
icJ 1cJ 
3.2.2Definition 
aT a a ele 


Lets" ; —> I be mappings satisfying the 


following axioms: 
(SNCH,) 31(0)=3!(1)=1, and 

S(0)= S(1)=3' (0)= 3") =0 
VEeBeer 

3! (B, UBy)= 3! (By) A 3! (Bo), 
3/(B, UB) < 3(B,) v 3/(B3), and 
3" (By, UB) < 3‘ (By) v 3! (Ba) 


(SNCII;) VB; €I*,i€J,3'(AB;)= A 3’ (B)), 
16J 16J 


(SNCII >) 


3'(0B;)< v 3/(B;),and 
1€ 1cJ 
S(AB;)< v SB) 
icJ 1cJ 


The triple (o S af) is a smooth neutrosophic 


cotopology of typell, al i ah au represent the degree of 


closedness, the degree of indeterminacy, and the degree of 
non-closedness respectively. 


3.2.3Example 
Let X = {a,b}. Define the mappings 


T I 


1 a it! I* 3 1as: 
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l if A=0 
T(A)=41 if A=l 
min(A(a),A(b)) if A isneither 0 nor | 
0 if A=0 
r(A)=40 if A=l 
0.5 if A isneither 0 nor | 
0 if A=0 
T(A)=40 if A=1 


max(A(a),A(b)) if A isneither 0 nor | 


Then (X, tod tt) is a smooth neutrosophic topological 


space on X. 
Note that: the Propositions (3.1.4) and (3.1.5) are satisfied 
for typell. 


3.2.4Definition 


Let (t! clit) be a smooth neutrosophic topology of type 


II, andA ce I*. Then the smooth neutrosophic closure of 
A , denoted by A is defined by: 


A (Sy (A), | (A),S (A)) = (1,0) 
— |afa:Hel*,AcH,3'.(H)> 31, (A), 
_ T 4 
a a ~I oe ~F 

I (H) < ae (A),S (H) < ~oE (A)}, 


(37 (A), 5, (A), 57 (A) # (41,0) 


Also, the smooth neutrosophic interior of A , denoted by 


A° is defined by: 


A ,(t' (A), t/(A),t! (A)) = (11,0) 

Uf{H:Hel,HcA,1t! (H) > 1! (A), 

t'(H) < t!(A),t°(H) < th (A)}, 
(t'(A),t (A), (A)) # (11,0) 


A°= 


Note That: the Propositions (3.1.7) and (3.1.9) are 
satisfied for typell. 


4. Conclusion and Future Work 
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In this paper, the concepts of smooth neutrosophic 
topological structures were introduced. In two different 
types the of 
neutrosophic topological space, smooth neutrosophic 


we've _ presented concepts smooth 
cotopological space, smooth neutrosophic closure, and 
smooth neutrosophic interior. Due to unawareness of 


the behaviour of the degree of indeterminacy, we’ve 


chosen for t! to act like t! in the first type, while in 


the second type we preferred that t' behaves like t/ 
Therefore, the definitions given above can also be 
modified in several ways depending on the behaviour of 


I ; 
t . Moreover, as a consequence of our choices of the 


performance of 1! , one can see that: In typel, booth 


t! and t' defined in (3.1.1) with their conditions are 


smooth topologies; while in typell, only t! defined in 
(3.2.1) with its conditions is a smooth topology. 
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Abstract: In this paper , the authors explore 
neutrosophic statistics, that was initiated by Florentin 
Smarandache in 1998 and developed in 2014, by 
presenting various examples of several statistical 


distributions, from the work [1]. The paper 1s 
presented with more case studies, by means of which 
this neutrosophic version of statistical distribution 
becomes more pronounced. 


Key words: Neutrosophy, Binomial & Normal distributions, Neutrosophic logic etc. 


L.Introduction: Neutrosophy was first proposed by 
Prof. Florentin Smarandache in 1995 . It is a new 
branch of philosophy , where one can study origin , 
nature and scope of neutralities . According to Prof. 
Dr.Huang, this gives advantages to break the 
mechanical understanding of human culture. For 
example, according to mechanical theory ,existence 
and non-existence couldn’t be simultaneously , due to 
some indeterminacy [ 2 ]. 


This theory considers every notion or idea <A> 
together with its opposite or negation <Anti-A>. The 
<neut-A> and <Anti-A> ideas together called as a 
<non-A>. Neutrosophic logic is a general framework 
for unification of many existing logics, intutionstic 
logic, paraconsistent logic etc. The focal objective of 
neutrosophic logic is to characterize each logical 
statements in a 3D-neutrosophic space, where each 
dimension of space represents respectively the 
truth(T) , falsehood(F) and indeterminacies of the 
statements under consideration . Where T,I,F are 
standard or non-standard real subset of (-0,1+) 
without necessary connection between them. | 3] 


The classical distribution 1S extended 
neutrosophically. That means that there is some 
indeterminacy related to the probabilistic experiment. 
Each experimental observation of each trial can result 
in an outcome of each trial can result in an outcome 
labelled failure (F) or some 
indeterminacy(I).Neutrosophic _ statistics is an 
extended form of classical statistics, dealing with 
crisp values. In this paper, we will discuss about one 
discrete random distribution such as Binomial 
distribution and a continuousone by approaching 
neutrosophically. Before focusing the light on this 
context, we should familiar with the following 
notions. 


Neutrosophic statistical number ‘N’ has the form 
N=d+tI; 
Where, d: Determinate part 


I: Indeterminate part of N. 
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For example,a=5+I ; where I €[ 0, 0.4] is 
equivalent to a€[5,5.4 |. So for sure a> 5, where I 
E[O,0.4]. 


I.A. Preliminaries: In this context, we are going to 
discuss about the classical distributions|[4] . 


A). Binomial distribution, 
B). Normal distribution. 
I. A. a). Binomial distribution: 


I. A.a.i. Definition: A random variable X 1s said to 
follow Binomial distribution, if 1t assumes only non- 
negative values and its probability mass function 1s 
given by, 


P(X =x) = P(x) = 
otherwise equal to zero . 


[.A.a.u. Physical conditions: We get Binomial 
distribution under the following conditions— 


1. Each trials results in two exhaustive and mutually 
disjoint outcomes termed as success and failure. 


2. The number of trials ‘n’ 1s finite. 
3. The trials are independent on each other. 


4. The probability of success “p’ is constant for each 
trial. 


I.A.b. Normal Distribution: 


I.A.b.i. Definition: A random variable is said to have 
a normal distribution with parameters uw and oO , 


ifitsp.d.f 1s given by the probability law , 


2 
IL x-L) a) 
he) a, 


l 
f(x;H; 0)=——e = 
oV2r oV2r 


-0<x< 00 and -0<< 0,0, >0. 








A.I.b.ii. Chief characteristics of Normal 
Distribution and normal probability curve: 


The normal probability curve is given by the equation 


—(x-Ly )* 
2ox 





1 
(= 


e 3-00 < X < CO 


n' 
x'(n—x)! 


1.A.b.iii.Properties: 


1.The point of inflexion of the curve are: 


l 
—1/2 
X=, toy, , f(x) = ——~e 
O,N20 
2. The curve is symmetrical and bell shaped about the 
line x = u. 
3. Mean, Median, Mode of distribution coincide. 
4. X-axis 1s an asymptote to the curve. 


5. Quartiles, Qi = u— 0.67456 


Q3 =ut 0.67450. 


P> q6.Q.D;: MDB= WD t 8.:.Yeond::ep =% 1 bythat 


implies Q.D: M.D: S.D:: 10:12: 15 
II. Neutrosophic Statistical Distribution: 


II.i. Neutrosophic Binomial Distribution: The 
neutrosophic binomial random variable ‘x’ is then 
defined as the number of success when we perform 
the experiment n > 1 times. The neutrosophic 


probability distribution of ‘x’ is also called 
neutrosophic binomial probability distribution. 


II.i.a.Definitions: 


1. Neutrosophic Binomial Random 
Variable: It is defined as the number of 
success when we perform the experiment n 
> 1 times, and is denoted as ‘x’. 

2. Neutrosophic Binomial Probability 
Distribution: The neutrosophic probability 
distribution of ‘x’ is called n.p.d. 

3. Indeterminacy: It is not confined to 
experimental results (either success or 
failures). 

4. Indeterminacy Threshold: It is the number 
of trials whose outcome is indeterminate. 
Where 


the {0,1,2...n} 


Let P(S) = The chance of a particular trial results in a 
SUCCESS. 


P(F) = The chance of a particular trial results in a 
failure , for both S and f different from indeterminacy 
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PC) = The chance of a particular trial results in an 
indeterminacy . 


For example: for xe {0,1,2,....n} , NP =(TX,[X,FX) 
with 


TX : Chances of ‘x’ success and (n-x) failures and 
indeterminacy but such that the no. of indeterminacy 
is less than or equal to indeterminacy threshold. 


FX : Chances of ‘y’ success , with y#x and (n-y) 
failures and indeterminacy is less than _ the 
indeterminacy threshold. 


IX : Chances of ‘z’ indeterminacy , where ‘z’ is 
strictly greater than thee indeterminacy threshold. 


TX + FX + IX = (P(S) + PCI) + P(F))* 
For complete probability, P(S) + PI) + P(F) = 1; 
For incomplete probability , 
0 < P(S) + Pd) + P(F) <1; 
For paraconsistent probability , 
1< P(S) + Pd) + P(F) <3. 
Now, 


n! : k! 
(nn)! 6) ar (n—x)\(k-n+x)! 


ee eee 
- ma Lape? a 


n! Ua 


P(1)S P(F)"** 


=— P(S)’. 
x i «(K(n-x-k)! 


th k n-y-k 
poe yn 7 y ny p(s)’ P(S) .P(F) 
nye io Ki(n—y-k)! 


nN 


ney te yy 


z=th+1 2'(n— z)! 


Where , 


Tx , Ix, Fx ,P(S) ,P(1) , P(F) have their usual 
meaning. Now we are going to discuss several cases. 


II.i.b.1. Case studies : 
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1. Two friends Asish and Rajesh are going to 
throw 5 coins simultaneously. There are 
60% of chance to get head and 30% of 
chance to get tail. Independent on the view 
of Asish ,Rajes said that the probability of 
the result that are neither Head nor Tail is 
20% . Then find the probability of getting 3 
Heads when indeterminacy threshold 1s 2. 


Solution: 
5! er 
"BGs 3 HO oy iain cul ial 
5! 


=10[(0.6)? {(0.2)7}] = 0.0864 





= POS) Py 
1 Bea 7 > G2 —™! 
= (0.6) (0.3)*“ 
« Me > “0. 2)* See zy! 
To. 2)* (Car ak + (0.6)(0.3) + F223 
Fo. 2) {a 3y 110.6624 22> 


2! 
~ 0,324+0.072-+0.1008}—0.496 
F. =(P(S)+P(D+P(P))” — Tx — Fx 
F, = (0.6 + 0.3 + 0.2)° — 0.0864 — 0.496 
=1.02811 


2. Five coins are thrown simultaneously , the 
probability of success is 1/3 and _ the 
indeterminacy (the surface is very rough , so 
the coins may stand up ) 1s 1/3 . Then find 
the probability of getting 3 Heads when the 
indeterminacy threshold is 2. 


Solution: 
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Let x be no. of chances of getting heads in 5 trials . 


_n! oP) Pay 
7, =" P(sy yo 


io «(K\(n-x-k)! 


ate te 3~ (0.33)* (0.33) “ 
a = 5, (0-33) Ss 


5! 
=5, (0.33) 


ia k\(2-k)! 


+(0.33)* + 


(0.33) 
2! 


(0.33) 
2! 


=40,(0.33)° = 0.15654 


n 


L= >; 


ee k=0 


_ 3 5103 yy (0.33)* (0.33)>* 


223 3 ! k=0 


— 
oe) 


=(0 


n! . 3 P(S)' P(F)" = 
nau k\(2—k)! 


k\(2—k)! 
33) [40 + (7.5)(0.33) +1] = 0.17014 


F. =(P(S)+ P() + P(F))" 7, -1, 
» F, =(0.33+ 0.33 + 0.33) -T, -1, 


so, (T 


Xx 


2: 


solution: 


I, F.) = (0.15654, 0.17014, 0.67332) 


Two friends Liza and Laxmi play a game in 
which their chance of winning is 2:3 . The 
chances of dismissing game is 30% . Then 
find the probability of Liza’s chances of 
winning at least 3 games out of 5 games 
played when the indeterminacy threshold is 
Zi 


x is the no. of chances of winning the game 
Let th = 2 


_n! oe PT) PE yo 
T, = POS) > 


.T, =—(0.4).>° 


=20( 


r20 «(KN n-—x-—k)! 

4 (0.3)«(0.6)2* 
tno 60K (2--k)! 

0.405)* = 0.53808 


ho Sag LO 


z=th+1 


Z k\(n—z—k)! 


I, = 0.3. lees LCs) ae 


Z=3 


=20(0. 


i k\(5—z—k)! 
3)3(0.5) + 5(0.3)*(0.42) 


=0.28701 


and F, = 2.88785, this is a paraconsistent probability whichis <3. 


In a precision bombing attack there is a 50% 
chance that any one bomb will strike the 
target . Two direct hits are required to 
destroy the target . If the chance of failure of 
mission is 30% , then find how many bombs 
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are required to give a 99% chance with th=2 


Solution: 


Let x is the no. of chances of hitting bomb 


! th k n—x—k 
r=? psy POPE) 
x! n20 «|UcKN(n—x-—k)! 


ap dh eg 93 0.3) 0.3)?* 
meer 2 k\(2—k)! 


=40(0.5)° = 0.0972 
Re > ag > Oe 


z=-th+1 zt k=0 k\n—z—k)! 

>. 5! . &4 (0.5)* (0.3)? ** 

“1, = >, — (0.3) > aa eS 
z=3 Zz) k=0 k\(5—z-—k)! 


=0.1728+0.0078975=0. 18069 
therefore F, = (P(S)+ P(F)+P(U)) —T, —1, 
=(1.1)° — 0.27789 = 1.33262 
so (T._,, F_,,1,_,) = (0.0972, 1.3326, 0.1806). 


It is an example of paraconsistent probability. 


5. It is decided that a cricket player , 
Jagadiswar has to appear 4 times for a 
physical test . If the possibility of passing 
the test is 2/3 ; and one referee guess that 
the chance of dismiss of game is 30% , then 
what is the probability of that the player 
passes the test at least 3 times, provided 
th=2? 


Solution: 


Let x is no. of chances that the player passes the test 


! th k n—x—k 
T=?! pesy So POY PE) 
oa | “no «CK Vm —x—ky! 


7p a4! 3 S (0.3)* (0.33) 
nag spe?) 2 k!d—k)! 


=8(0.66)° (0.33) = 0.7589 
LS 2 pay Ss PCS). PUP)" 


. z=th+1 gl k\(n—-z—ky! 


1, = 37 4(0.33)°. > {(0.66)* (0.33)! *}/ {kIG —k)!} 


=(0.33)°[3.96 + 0.33] = 0.15416 
therefore F, = (0.66 + 0.33 +0.3)* —T7, —T/, 
=2.76922 —0.91306 =1.85616 
SO (1;,1;, F;) = (0.7589, 0.1541,1.8561). 


IL.i.b.2.Exercises: 


1. In a B.Sccourse , suppose that a student has to 
pass a minimum of 4 tests out of 8 
conducted tests during the year to get 
promoted to next academic year . One 
student, Sarmistha says that his chance of 
winning is 80% , another student, Baisakhi 
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says that his chance of winning is 0.3 . Then 
find the probability of the promotion of 
Sarmistha , when the indeterminacy ( either 
illegal paper correction or system error ) 1s 
20% , provided th=2. 


2. Ifa car agency sells 40% of its inventory of a 
certain foreign cars equipped with air bags , the 
asst. manager says that the cars which are neither 
equipped with air bags nor a general one is 30% , 
then find theprobability distribution of the 2 cars 
with airbags among the next 4 cars sold with 
th=2? 


3. A question paper contain 5 questions and a 
candidate will be declared to have passed the 
exam. If he/she answered at least one question 
correctly, considering the uncertainty as 33% ( 
may be improper paper correction or system 
error etc.). What is the probability that the 
candidate passes the examination? 


IT.ii.Neutrosophic Normal Distribution: 


Neutrosophic normal distribution of a continuous 
variable X is a classical normal distribution of X, but 
such that its mean wu or its standard deviation o or 
variance oO” or both are imprecise. For example , p or 
o or both can be set with two or more elements . The 


most common such distribution are when u, o or both 
are intervals . 


(Koen y’ 
are 


) 
X, ~N,(uy,0y) =—— ee 
N N N N 7 > 


N,, : Normal distribution may be neutrosophic 


X , : X may be neutrosophic 









Neutrosophic Probability Density 
f ] ) 


pe 3p 3 FM 3 9 FOO 
/ / f 4 
‘ae 4 ’ 2S 2S 


L. pf AAS 456¢- +--+ 
/ (fy f Af /f 4 
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oO 


FIG-1: CREDIT TO FLORENTIN SMARANDACHE IN NEUTROSOPHIC STATISTICS 


II.i1.a. Case studies: 


1. Inacollege examination of a particular year, 
60% of the Student failed when the mean of 
marks was 50% and the standard deviation 
is 5% with uncertainty IE [0,0.4] .The 
college decided to relax the condition of 
passing by lowering the passing marks to 
show its result as 80% passed , find the 
minimum marks to be kept for passing when 
marks are distributed normally . 


Solution : Let uw = 50 , o = 5 with indeterminacy 
[E[0,0.4] sso o = 5 + [0,0.4] = [5,5.4] . therefore,uto 
=50 + [5,5.4] = [50-5.4,50+5] = [44.6 ,55] . Thus, 
66.04 % of values lies in [44.6,55] . 


0.8= P(X, >ay) 











=1-P(X,, <a,) 
pe re pg ee 
On Ov» [5, 5.4] 
al (Les = =e) = 0.2, clearly ae <0, Let so,P(Z,, <Z,,)=9.8 
[5,5.4] [5,5.4] | 
Ay —50 
== = 48.45% approx. 

02 O55a)> 0 app 


2. If the monthly machine repair and 
maintenance cost X in a certain factory is 
known to be neutrosophically normal with 
mean 1000 and standard deviation 10000 , 
find the followings- 


uto,ut2o,when IE[0,0.3]. 


Solution: Let u=10000 ,o=1000+/0,0.3],then 
u+o=10000+[1000,1000.03] . Thus 66.06% of values 
lies in [9000.03,11000]. And 
u+2o=10000+2[ 1000, 1000.03 J=[7999.97, 12000]. 
Thus 75.04% of values lies in [7999.97,12000]. 


IL.ii.b. Exercises: 


I. A machine fills boxes weighting B kg with 
A kg of salt , where A and B are 
neutrosophically normal with mean 200kg 
and 10kg respectively and_ standard 
deviation of 2kg and lkg respectively , what 
percentage of filled boxes weighting 
between 110kg an 120kg are to be expected 
when Ie[0,0.5]. 


Zz The average life of a bulb is 2000 hours and 


the standard deviation is 400 hours If X , is 
the life period of a bulb which 1s distributed 


S. K. Patro, F. Smarandache, THE NEUTROSOPHIC STATISTICAL DISTRIBUTION: MORE PROBLEMS, MORE SOLUTIONS 


Neutrosophic Sets and Systems, Vol. 12, 2016 


normally in a neutrosophic plane. Find the 
probability that a randomly picked bulb will 
lasts <600 hrs. , considering the distribution 
1S neutrosophically normal with 
indeterminacy I€[0,0.2]. 


Till now, we have discussed various types of 
practical cases in statistical approach. Now we 
review the general formula for fusioning classical 
subjective probability provided by 2 sources. 


The principle of redistributing the conflicting chances 
for ex. t and I are same as in PCRS rule for the DSmT 
used in information fusion if 2 sources of information 


S, and S, give the subjective probability P; and Pz 
about ‘t’ to combining by PCRS rule ,[5] 


PAP)E=P(E(E)+ YS, LMELACO , BiB) ROO 


reeanb=¢ A(E)+ A(X) P(E)+ P(X) 


It helps to the generalization of classical probability 
theory, fuzzy set, fuzzy logic to their respective 
domains. They are useful in artificial intelligence, 
neutrosophic dynamic system, quantum mechanics 


[6]. 


This theory can be used for topical communication 
study [7]. It may also be applied to neutrosophic 
cognitive map study [8]. 


Thus we have presented our discussion with certain 
essential area of neutrosophy in a synchronized 
manner. Now we are going to explore some open 
challenges as follows. 


Which are designed for inquiring minds. 
Open Problems: 


1. Can this Neutrosophic Statistics be applied 
to Industrial Management study? 

2. Can we apply it with the study of Digital 
Signal Processing? 

3. Can we merge the Representation theory [ 9 
|with Neutrosophy for a new theory ? 

4. Is the uncertain theory, K-theory [| 10 |solve 
the recent intriguing statistical problems by 
the power of this Neutrosophic logic ? 

5. Can we construct a special master-space by 
the fusion of manifold concepts [11], soft 
topology [ 12 ], Ergodic theory 
[ 13],with Neutrosophic distribution ? 
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6. Is it possible for the construction of 
Neutrosophic manifold? 

7. Is it possible for the construction of 
neutrosophic algebraic geometry| 14 | ? 


UI. Conclusion: 


The actual motto of this short paper is to present the 
theory of Neutrosophic probability distribution in a 
more lucid and clear-cut way .The author presents 
various solved and unsolved problems, which are 
existed in reference to Neutrosophic 3D- space 
.Various practical situations are described and were 
tried to solve by Neutrosophic logic. The spectra of 
this theory may be applied to Quantum physics 
[15]and M-theory [| 16]. It may be said that it can also 
be applied to Human psychology as well as 
Behavioral study. I hope that the more extended 
version (with large no. of case studies) with the area 
of application of this theory will see the light of the 
day in recent future. Here we limited our discussion 
of problem analysis to some extent due to limited 
scope of presentation. And lastly but important that if 
some unmatched/contradicted idea will occur in this 
paper, then it is surely unintentional. Finally I hope 
that the idea on the advanced version of this 
theory,which is already raised in my brain, will 
change their abstractskeleton into a paper, in coming 
future. 
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Abstract. The traditional soft set is a mapping from a 
parameter set to family of all crisp subsets of a universe. 
Molodtsov introduced the soft set as a generalized tool 
for modelling complex systems involving uncertain or 
not clearly defined objects. In this paper, the notion of 
neutrosophic soft set is reanalysed. The novel theory is a 
combination of neutrosophic set theory and soft set 


theory. The complement, “and”, “or”, intersection and 
union operations are defined on the neutrosophic soft sets. 
The neutrosophic soft relations accompanied with their 
compositions are also defined. The basic properties of the 
neutrosophic soft sets, neutrosophic soft relations and 
neutrosophic soft compositions are also discussed. 


Keywords: Soft sets, Fuzzy soft sets, Intuitionistic fuzzy soft sets, Neutrosophic soft sets, Neutrosophic soft relations 


1 Introduction 


Uncertain data modelling is a complex problem 
appearing in many areas such as economics, engineering, 
environmental science, sociology and medical science. 
Some mathematical theories such as probability, fuzzy set 
[1], [2], intuitionistic fuzzy set [3], [4], rough set [5], [6], 
and the interval mathematics [7], [8] are useful approaches 
to describing uncertainty. However each of these theories 
has its inherent difficulties as mentioned by Molodtsov [9]. 
Soft set theory developed by Molodtsov [9] has become a 
new useful approach for handling vagueness and 
uncertainty. 

Later, Maji et al. [10] introduced several basic 
operations of soft set theory and proved some related 
propositions on soft set operations. Ali et al. [11] analysed 
the incorrectness of some theorems in [10]. Then they 
proposed some new soft set operations and proved that De 
Morgan’s laws hold with these new definitions. Maji et al. 
also [12] gave an application of soft set theory in a 
decision making problem. 

Above works are based on classical soft set. However, 
in practice, the objects may not precisely satisfy the 
problems’ parameters, thus Maji et al. [13] put forward the 
concept of fuzzy soft set by combining the fuzzy set and 
the soft set, then they [14] presented a theoretical approach 
of the fuzzy soft set in decision making problem. In [15], 
they considered the concept of intuitionistic fuzzy soft set. 
By combining the interval-valued fuzzy set and soft set, 
Yang et al. [16] proposed the interval-valued fuzzy soft set 
and then analyzed a decision making problem in the 
interval-valued fuzzy soft set. Yang et al [17] presented the 
concept of interval-valued intuitionistic fuzzy soft sets 
which is an interval-valued fuzzy extension of the 
intuitionistic fuzzy soft set theory. 


From philosophical point of view, Smarandache’s 
neutrosophic set [26] generalizes fuzzy set and 
intuitionistic fuzzy set. However, it is difficult to apply it 
to the real applications and needs to be specified. Wang et 
al. [27] proposed interval neutrosophic sets and some 
operators of then. Wang et al. [28] proposed a single 
valued neutrosophic set as an instance of the neutrosophic 
set accompanied with various set theoretic operators and 
properties. Ye [29] defined the concept of simplified 
neutrosophic sets, which can be described by three real 
numbers in the real unit interval [0,1] , and some 
operational laws for simplified neutrosophic sets and to 
propose two aggregation operators, including a simplified 
neutrosophic weighted arithmetic average operator and a 
simplified neutrosophic weighted geometric average 
operator. In 2013 [18], we presented the definition of 
picture fuzzy sets, which is a generalization of the Zadeh’s 
fuzzy sets and Atanassov’s intuitionistic fuzzy sets, and 
some basic operations on picture fuzzy sets. In [18] we 
also discussed some properties of these operations, then the 
definition of the Cartesian product of picture fuzzy sets and 
the definition of picture fuzzy relations were given. Our 
picture fuzzy set turns out a special case of neutrosophic 
set. Thus, from now on, we also regard picture fuzzy set as 
standard neutrosophic set. 

The purpose of this paper is to combine the standard 
neutrosophic sets and soft models, from which we can 
obtain neutrosophic soft sets. Intuitively, the neutrosophic 
soft set presented in this paper is an extension of the 
intuitionistic fuzzy soft sets [13][15]. 

The rest of this paper 1s organized as follows. Section 2 
briefly reviews some background on soft sets, fuzzy soft 
sets, intuitionistic soft sets as well as neutrosophic set. In 
Section 3, we recall the concept of the standard 
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neutrosophic sets (SNSs) with some operations on SNSs, 
then we present the concept of neutrosophic soft sets 
(NSSs) with some operations. Some properties of these 
Operations are discussed in the Sub-section 3.3. Sub- 
section 3.4 1s devoted to the Cartesian product of NSSs. 
The neutrosophic soft relations are presented in Section 4. 
Finally, in Section 5, we draw the conclusion and present 
some topics for future research. 


2 Preliminaries 


In this section, we briefly recall the notions of soft sets, 
fuzzy soft sets, intuitionistic fuzzy soft sets as well as 
neutrosophic sets. See especially [9][10][13][15] for 
further details and background. 


2.1 Soft sets and some extensions 


Molodtsov [8] defined the soft set in the following way. 


Let U be an initial universe of objects and E be the set of 
related parameters of objects in U. Parameters are often 
attributes, characteristics, or properties of objects. Let 
P (U ) denotes the power set of U and ACE. 

Definition 2.1. [8] A pair (F , A) is called a soft set over 
U, where F is a mapping given by F: A> P(U). 

In other words, the soft set is not a kind of set, but a 
parameterized family of subsets of U [9][10][16]. For any 
parameter ee E, F (e) <U 1s considered as the set of e- 
approximate elements of the soft set (F ; A) 

Mayji et al. [13] initiated the study on hybrid structures 

involving both fuzzy sets and soft sets. They introduced 
the notion of fuzzy soft sets, which can be seen as a fuzzy 
generalization of (crisp) soft set. 
Definition 2.2 [13] Let F (U ) be the set of all fuzzy 
subsets of U, E be the set of parameters and ACE.A 
pair (F : A) is called a fuzzy soft set over U , where F isa 
mapping given by F:A> F (U ) 

It is easy to see that every (crisp) soft set can be 
considered as a fuzzy soft set. Generally speaking, for any 
parameter ec FE, F (e) is a fuzzy subset of U and it is 
called fuzzy value set of parameter e. If for any parameter 
eeA, F(e) is a subset of U, then (F,A) is 
degenerated to the standard soft set. For all xeU and 
eeE, let us denote by Hie.) (x) the membership degree 
that the object x holds parameter e. So then F (e) can be 
written as 


F (e)=|( dep ()) 


Before introduce the notion of the intuitionistic fuzzy 
soft set, let us recall the concept of intuitionistic fuzzy set 
[3], [4]. 

Let X be a fixed set. An intuitionistic fuzzy set (IFS) 
in X is an object having the form 


A=H(x,4, (a) ay (x))|re x}, 





reu], 


onl 


where w,(x)e[0,1] and v,(x)e[0,1] respectively define 


the degree of membership and the degree of non- 
membership of the element x to the set A_ such 


that ,(x)+v,(x)<1 for all xX . The set of all IFSs on 
X is denoted by /FS (X e 


In [15] Maji et al. proposed the concept of 
intuitionistic fuzzy soft set as follows. 
Definition 2.3 [15] Let E the set of parameters and 
ACE.A pair (F : A) is called a intuitionistic fuzzy soft 
set over U , where F isa mapping F: A> IFS(U). 
Clearly, for any parameter ee E ,F (e) isan IFS 


F(e)={(544p0)(*)¥49 (*)) 


where “,,,, and v,,,. are the membership and _ non- 
membership functions, respectively. If for any parameter 
ecdA, V, (*)=1— Mey. (x) , then F (e) is a fuzzy set 
and (F ; A is reduced to a fuzzy soft set. 





reul, 


2.2 Neutrosophic sets 


Definition 2.4 [26] A neutrosophic set A in a on a 
universe X is characterized by a_ truth-membership 
function T, , an indeterminacy-membership function /, 
and a falsity-membership function F,. For each xe X , 
T,(x) , I,(x) and _F,(x) are real standard or 
nonstandard subsets of Jo} , that is T,, J, and F,: 
X —> 10,14] . 

There is no restriction on the sum of T,(x), J,(x) and 
F,(x) , so 0 <supT,(x)+sup/,(x)+sup F,(x)<3* , 
forall xeX. 


Definition 2.5 [26] The complement of a neutrosophic set 
A is denoted by A and is defined 


as oe Or , Fe (= Ota) , and 


FE (x)={l" ©F,(x) for every x in 


Definition 2.6 [26] A neutrosophic set A is contained in 
the other neutrosophic set B , ACB if and only if 


inf T, (x) <inf 7, (x), supT,(x)<supT7;, (x), 
inf 7, (x)2inf J, (x), supl,(x)2sup/, (x), 


inf F, (x)= inf F, (x), and sup F, (x)= sup F, (x) for 


every x in X. 


Definition 2.7 [26] The union of two neutrosophic sets A 
and B is a neutrosophic set C , written as C=AUB, 
whose truth-membership, indeterminacy membership and 
false-membership functions are related to those of A and 
B by 
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i (x) ®T, (x)OT, (x)OT, (x), 
I, (x)=1,(x)®1, (x)O 


F.(x)=F,(x)®F,(x)OF,(x)OF, (x) for any x 
in X. 


an 

Pas 
be 

—’” 
II 


I, (x)O1, (x) ,and 


Definition 2.8 [1] The intersection of two neutrosophic 
sets A and B is a neutrosophic set C , written as 
C=AMB , whose truth-membership, indeterminacy- 
membership and false-membership functions are related to 


those of A and B by JT (x)=T,(x)OT, x) : 
Te(X)=1 (x )OL, (x) and BAx)\=FAx)OF, (x for 
any x in X. 


Definition 2.9 [29] Consider a neutrosophic set A in X 
characterized by a truth-membership function T, , a 
indeterminacy-membership function J, and a falsity - 
membership function F,. If T,(x), J, 4 and F, (x) 
are singleton values in the real standard 0,1 for every x 
in X , that is T, , IT, and F, : X >[0,1] . Then, a 
simplification of the neutrosophic set A is denoted by 


A= (x, (x yely (ee (x))|x = x} : 
which is called a simplified neutrosophic set. 


3 Neutrosophic soft sets 


In this section, first we recall the definition of the 
standard neutrosophic sets (SNSs), some basic operations 
with their properties, then we will present the neutrosophic 
soft set theory which is a combination of neutrosophic set 
theory and a soft set theory. 


3.1 Standard neutrosophic sets 


Intuitionistic fuzzy sets introduced by Atanassov in 
1983 constitute a generalization of fuzzy sets (FS) [3]. 
While fuzzy sets give the degree of membership of an 
element in a given set, intuitionistic fuzzy sets give a 
degree of membership and a degree of non-membership of 
an element in a given set. 

A generalization of fuzzy sets and intuitionistic fuzzy 
sets are the following notion of standard neutrosophic set 
(SNS). 

Definition 3.1 [18] A SNS A on a universe X is an 
object of the form 


A={(x.04 (x),77, (x), Vy (x))[xex}, 


where jy (x Je [0, 1] is called the “degree of positive 
membership of x in A” 1, (x Je [0,1] is called the 
“degree of neutral membership of x in A ” and 
v, (x) €[0,1] called the “degree of negative 
membership of x in A”, and w, , 7, and v, satisfy the 
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following condition: 
HL, (x)+7, (x)+v, (x)< 1, Vxex. 


The expression (1- (11, (x )+n,(x eV, (x ))) is termed as 
“degree of refusal membership” of x in A. 

Basically, SNSs based models a be adequate in 
situations when we face human opinions involving more 
answers of type: yes, abstain, no and refusal. Voting can 
be a good example of such a situation as the voters are 
divided into four groups: vote for, abstain, vote against and 
refusal of the voting. 

Let SNS (X ) denote the set of all the standard 
neutrosophic set SNSs on a universe X . 

Definition 3.2 [18] For A, BeSNS(X), the union, 
intersection and complement are defined as follows: 


My (x) < Hy (*) 
1), (x VTA) ig Ves 
V4 (x)2 V5 (x) 


ACB 
BcA’ 


e AcBsS 


© A=BO 
2 AUBeSNS(X) with 
Myog () = max (44, (x), My (x), 
Non (x) =min(7, (x),7,(x)), and 


Vaop (x) =min(v, (x),V, (x)) , Vxex ; 


e AM BeSNS(X) with 


Meal x) =min( 1, (x) is); 
ig (% ) =min(7, (x) x (2) and 
Vis (x )=max(v, (x) x (x)), VXE A 


* (CoA=A = (2. 


Vv, (x),7, (x), Ll, (x))|ex}. 


In this paper, we denote aAb=min(a,b) and 





avb=max(a,b), forevery a, beR. 
Definition 3.3 [18] Let xX , Y be two. universes 
and Ae SNS(X), Be SNS(Y). We define the Cartesian 
product of these two SNSs by AxBeSNS(X xY) such 
that 

Higley) =H Aes (ys 


tse (9) = (2) Am (7) » ated 
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en es ,y)=v a(x \vve(y), V(x,y)eXxY. 


The validation of Definition 3.3 was shown in [18]. 
Now we consider some properties of the defined 
operations on SNSs. 


Proposition 3.4 [18] For every A, B, Ce SNS(X): 


(a)If ACB and BcC,then ACC; 


(b) (A) =A; 
(c) Operations ~ and VU are commutative, associative 
and distributive; 


(d) Operations ~ , Co and U satisfy the law of De 
Morgan. 


Proof. See [19][20] for detail proof. Oo 


Convex combination is an important operation in 
mathematics, which is a useful tool on convex analysis, 
linear spaces and convex optimization. In this sub-section 
convex combination firstly is defined with some simple 
propositions. 


Definition 3.5 [18] Let A, BeSNS(X). For each 


6 <[0,1], the convex combination of A and B is defined 


as follows: 


(AB) = (x Hc, (x) Me, (x)s¥e, (2)) 


where 


jie (& i= Ou, (x)+(1- 0) 


( 
Me, (x) = (1-8)n 
( 


Ve, (x) =0v, (x)+(1-O)v, (x), Vee X. 





rex}, 


a(x), 


On, (x)+ 3 (x ), and 


) 
) 
Proposition 

6, [0,1], then 


e If 0=1, then C,(A,B)=A 
C,(A,B)=B ; 


;- and if 0=0, 


e If ACB, then AcC,(A,B)cB; 


e IfBCA and 6, <@,, then 


3.2 Neutrosophic soft sets 


Definition 3.7 Let SNS (U ) be the set of all standard neu- 
trosophic sets of U , E be the set of parameters and 


ACE.A pair (F,A) is called a standard neutrosophic 


3.6 [18] Let A, BeSNS(X) and 0, @, 


then 


C, (A,B) cC, (A,B). 
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soft set (or neutrosophic soft set for short) over U , where 
F is amapping given by F: A— SNS (U) ; 


Clearly, for any parameter ee E,F (e) isa SNS: 


F (e) ={(. tp. (2) (2)-¥ re (2) 


Where f,,.) » Mp.) and V,,,) are positive membership, 





reU}, 


neutral membership and negative membership functions 
respectively. If for all parametere <A and for all xcU, 


Nee) (x) =Q, then F (e) will degenerated to be an intul- 
tionistic fuzzy set and then (F , A) is degenerated to an 


intuitionistic fuzzy soft set. 


We denote the set of all standard neutrosophic soft sets 
over U bySNS(U). 


Example 1. We consider the situation which involves four 
economic projects evaluated by a decision committee ac- 
cording to five parameters: good finance indicator (e, ), 


average finance indicator (e, ), good social contribution 
(e, ), average social contribution (e,) and good environ- 
ment indicator (e, ). The set of economic projects and the 
set of parameters are denoted U = { Dis Dox Dxs Ps} and 
A= {€13€5€3€4ss respectively. So, the attractiveness of 


the projects to the decision committee can be represented 
by aSNS (F,A): 


ae (p,,0.8,0.12, 0.05), ( p,,0.6,0.18,0.16), 
ac (p,,0.55,0.20,0.21),( p,,0.50,0.20,0.24) 
F(e)= 


( 
( 
{i ,0.60,0.14,0.16),(p, aaucaae 
Fle, , 
( ).( 
( 
( 
( 
( 


P;,0.82,0.05,0.10),(p,,0.7,0.12,0.10), 
P,0.60,0.14,0.10),(p,,0.51,0.10,0.24) |” 


9 


P,0.70,0.15,0.11),( p,,0.63,0.12,0.18) 
F(e,)= 


Fle=| 


The standard neutrosophic soft set (F : A) is a parame- 


p,,0.7,0.12,0.07),(p,,0.75, 0.05, 0.16), 
P,0.60,0.17,0.18),(p,,0.55,0.10,0.22) | 


P,,0.60,0.12,0.07), (p,,0.62,0.14,0.16), 
p;,0.55,0.10,0.21),( p,,0.70, 0.20, 0.05) 


terized family \F (e, li = heeg5| of standard neutrosophic 


sets over U. 
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Definition 3.8 1) For (F,A), (G,B)eSNS(U) over a 
common universe U , we say that (F , A) is a subset of 
(G,B), (F,A)c(G,B), if the following conditions are 
satisfied: 

(ajAcB,; 

(b) For all ee A, F (e) and G(e) are identical ap- 
proximations. 

2) (F,A) is termed as a superset of (GB) , 
(F,A)>(G,B), if (G,B) isa subset of (F,A). 

3) (F,A) and (G,B) are called to be equal, 
(F,A)=(G,B), if (F,A)c(G,B) and (G,B)c(F,A). 

It is easy to show that (F,A)=(G,B) iff A=B and 
F(e)=G(e) for all ee A. 


3.3 Some operations and properties 


Now we define some operations on standard neutro- 
sophic soft sets and present some properties. 


Definition 3.9 The complement of a NSS (F,A), (F ,A) 
is defined by (F,A) =(F°,A), where F°: A P(U) is 
a mapping given by F* (e) = (F(e)) ,foralleeA. 
Definition 3.10 If (F,A), (G,B)eNSS(U), then 
“(F,A) and (G,B)” is a NSS denoted by (F,A)A(G,B) 
and defined by (F,A)A(G,B)=(H,AxB) , where 
H(a,f) = F(a)AG(B) for all (a, B) € AxB, that is 


Hi (a,p) (x) = min (£2, (x), Aer) (x)] 5 
Mi (a,p) (x) =min ee (x) Mop) (x)) , and 


Vujacp) (4) = max (Vp) (X),Yoyp)(x)), VE EU. 


Definition 3.11 If (F,A) , (G,B)e NSS(U) ‘ then 
“(F,A)or(G,B)” is a NSS denoted by (F,A)v(G,B) 
and defined by (F,A)v(G,B)=(H,AxB) , where 
H (a, B)= F(a)UG(B) for all (a, B)eAxB , that is 


Hi(a,p) (x) = Max (Fe (x). Herp) (x)] ? 


Mu asp) () = nin (Meyay (+ May) (*)) and 
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Vu(ap) (2) = min (Vp¢—) (2)sVaip) ()), VEU. 


Theorem 3.1 Let (F, A) : (G,B) Ee NSS (U) , then we have 


the following properties: 
(1) ((F,A)A(G,B)) =(F,A) v(G,B) ; 
(2) ((F,A)v(G,B)) =(F,A) A(G,B). 

Proof. (1) Assume that (F,A)A(G,B)=(H,AxB). Then 
((F,A)A(G,B)) =(H,AxB) =(H°,AxB). 


For any (a@,8)<¢AxB, xeU, we have 


H(a,B)(x) = (min (tp. ()sHoy (*)), 
min (77, (xx) ep) (x)] 
max (Vp), (x) Vergy (x))), 


which implies 


H°(a,B)(x) = (max(Vy.)(#)Yan(*)) 
min (Api) (*)sMauy (4) 
min (p10) (*)sMer (*))) 
On the other hand, 


(F,A) v(G,B) =(F°,A)v(G°,B). 


Let us assume that (F°,A)v(G°,B)=(K,AxB). We 


obtain 


K(a,B)(x) = (max (up (*) top (*)) 
min yc.) (*) Monga) (*)) 
min (Vy (*)s¥e)(*))) 
SINCE Hpe(ay = Ve(a) > Mee(a) = "e(ay > Vee(a) = Hea) ° 


Heep) — Ve(ay? Tee(p) ~ Tee)? “ee(py ~ Ha(s)? 


[max(v5 (*)o¥ein(*)) 


min (72. () Men (2) 


K(a,B)(x) = 
(2) 


min (£4. (x), Hac) (x))). 
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Combining (1) and (2), the proof is completed. 
(2) The proof is similar to (1). O 
Theorem 3.2 Let (F,A), (G,B), (H,C)eNSS(U), then 


we have the following properties: 
a) (F,A)A((G,B) A(H,C))=((F,A)A(G,B)) A(A.C) ; 
b) (F,A)v((G,B)v(H,C))=((F,A)v(G,B))v(4.C) . 
Proof. (1) Assume that 

(G,B)A(H,C)=(1,BxC), 


We have 


1(B.y)(x) = (min (s4g¢9)(*)>Angy (*)) 
min (765) (X)5%1¢ (29) 
max (V9) ()¥ ng (x)}), 
V(B.y)eBxC, xeU. 
We assume that 
(F,A) A((G,B)A(H,C)) =(K,AxBxC). 
In other words, 
(K,AxBxC)=(F,A)A(I,BxC). 


By definition of A operator for two NSSs, 


K (a By)(x) = (min (exp) (x) min (e449 (*) Ay) (*))) 
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Definition 3.12 The intersection of two NSSs (F,A), 
(G,B)eNSS(U), denoted by (F,A)A(G,B), is a NSSs 
(H,C), where C=AUB and forall eeC, 

if ecA\B 


if ecB\A . 
F (e) G(e) if ecAnB 


(3) 


Definition 3.13 The union of two NSSs (F,A) , 
(G,B)eNSS(U), denoted by (F,A)U(G,B), is a NSSs 
(H,C), where C=AUB and forall eeC, 
F (e) if ecA\B 
H(e)= G(e) if eceB\A. 
F (e)UG(e) if ec ANB 


(3) 


Theorem 3.3. Let (F, A) ‘ (G,B) Ee NSS (U) , then we have 


the following properties: 
a) ((F,A)O(G,B)) =(F,A) U(G,BY ; 
b) ((F,A)U(G,B)) =(F,A) A(G,BY . 


Proof. a) Assume that(F,A)(G,B)=(H,C), with 
C=AUB, then 


((F,A)A(G,B)) =(H,C) =(H°,C). 


By Definition 3.13, 


F(e) if ec¢A\B 
min (yj (*)>min (Ay) (*)s "up (*))) “= ional / mane 
max (V4 ()smax (Vey) (2) (x)))}. sabes 
7 F‘(e) if e¢A\B 
K(a,B,7)(x) = (min (tpje)()sAlace) (*)-Hayy (*)), H® (e)=4G" (c) iP CSBWA. (5) 


min (774(.) () "ai (*)>ayy (*)) 
mar (V5 49)()sYaqe) (#)>% nu) (*))) 
By a similar argument, we get 
((F,A)A(G,B))A(H,C) =(K,AxBxC). 


This concludes the proof of a). 


The proof of b) is analogous. Oo 


F‘(e)UG*(e) if ecAnB 


Similarly, we denote (F ,A) U(G,B) = (K ee: ) with 
C=AUB. Since (K,C)=(F°,A)U(G*,B), 


F‘(e) if ecA\B 
K(e)= G*(e) if ee B\A . (6) 
F‘(e)UG*(e) if ecANB 


From (5) and (6), we get H° = K . Hence, 
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((F,A)A(G,B)) =(F.AY U(G.BY. Hoso,yoo, (29) = (Ho, (2) A Ho, (1) (Ho, (*) 4 Ho, (¥)) 
b) Similarly, we have b). o = Hoxo, (259) V Hono, (%Y) 
3.4 Cartesian product of neutrosophic soft sets ~  M(0,x05)4(030s) (2,9). 


Definition 3.14 Let O,¢SNS(X,) and O,¢SNS(X,). “lavoro, (2.9) = (7%, (2) AM, (2)) (Mo, 2) 0M, (2) 
The Cartesian product of these two NSSs is = No,xo, (oo Atie. (x,y) 


O, xO, € SNS(X,x X,) defined as = Mew enes (x,y), 


Hose: (9) = My (2) Ato, ()s 

ae, | a{ os | V(0,00>)xOy (x ,y) — (vo, (x (y))a (vo, (x) (y)) 
Mo, xo, (% Y) = Mo, (x) Ao, (¥), and = es : shes 2 a 
Y0\x0; (x, y) =O) (x)VVo, (); V(x, y) = x ns X,. — V(0,x0,)U(0,x0,) (x,y), V(x y) EX, xX). 
It is easy to check the validation of Definition 3.15. The proof is given. 

Theorem 3.4 For O, , O, eSNS(X,), O,¢SNS(X,), ad’iThe proof of d) is analogous. o 


O, = SNS (xX 2 Now we give the definition of the Cartesian product of 


a) O, xO, =O, xO,; neutrosophic soft sets. 
b) (0 v0 )xO _O x(O a ) Definition 3.15 Let X,, X, be two universes, E be the 
set of parameters, 4, BCE. Then the Cartesian product 
Cc) (O, UO, )x0O, = (0, xO, )U(O, xO; ) of (F,A) E NSS(X,) and (G,B) E NSS (X,) is denoted by 
d) (0, A0,)xO, _ (0, x0,)A(O, O,) . (F,A)x(G,B) and defined by (H, Ax B) , where 
Proof. a) and b) are straightforward. We consider c) and d). H (a, B)( x, y) — (min( Meta) ( x): Hawg) ( y)] 
c) We have 


min (774, (x). 7e(a) (»)). 
max er (x), YG(B) ())). 


V(a,B)eAxB, V(x, y)eX,xX,. 


Ho Lo, (x) - Ho, (x) ns, (x) p) 
Hojo, (*) =o, (x) Amo, (x), and 


Vo,u0, (x) =Vo (x)AVo, (x) , VxEX,. 


Theorem 3.5 Let X,, X,, X, be three universes, E be 
Thus, 


the set of parameters, A,, A,, B, DCE. For (F,,A\) , 
Ho oseo, (29) =p (2) Vly, (2)) Ate, ) (F,,A,)eNSS(X,) ,  (G,B)eNSS(X,) and 


H,D)€ NSS(X , 
0,L0,)xo, \* €? y)= (7, (x Ja A 1o, (x)) Amo, (y) : and ( 2 )e ( .) , We have 


V(0,00,)x0; (x, y) = (ve, (x) AVG, (x)) vYO, (y) , 


V(x, y)eX,xX,. 


a) (F,,4,)x(G, B)=(G,B)x(F,A)); 
b) ((F,4,)x(G,B))x(H,D) 

= (KA) =((G.B)x(H1,0)): 
©) (FA) (R.A) x(G.B 

= ((F.A))*(GB))U((FA) x(G.B)): 


’) ((F,A) (B.A) «(GB 


Using the properties of the operations ~ and v we obtain 
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=((F,4,)x(G,B))((F,,4,)x(G,B)). 
Proof. The proof of a) and b) is omitted. 
c) Use Definition 3.14, if (F", A, U A,) = (F,, 
then for all aE A, UA, : 
F,(a@) if a@eA\A, 
H'(a)=4 F,(a) if a@eA,\A, . 
F(a@)VUF (a) if aeA A, 


Let assume that (K,(A, UA,)xB)=(F'A, UA,)x(G,B). 


For all (x, y)€ X, x X,, there are following three cases : 
* Case 1: (a, 8) €(A,\A,)xB 

Hx(a,p) (x,y) =min Pe (x), Meg) (y)) , 

Ma (a,p) (% ¥) = min( 7, (4 (x) Meco (9 ) , and 

VK(a,B) (x,y)= max (V7. (. (x) Very (y)] 
* Case 2: (a,B)e(A,\A,)xB. 
Hx (ap) (x,y) min (1, ) (x) Hep) (y)] , 
Ix(a,p) (% Y) = min (7. (x) Maca) (Y )) , and 


Vk(a,£) (x, y) =max aes (x), VG(B) (y)) 
* Case 3: (a, 8) e(A,AA,)xB. 
My (a,p)(%Y) = “ee (), Hai) (Y ) 


= min(max X)s Hp (a) (x). ))> Heys )(y ) 


Hr (a 


(445 
olinlih ,(x)}. )) min (44, (x); Hay (v))] ) 
Me (a.p) (2%) = wine («) Maia) (9 ) 


= min (min( 7, (4), Meia (2) es (v)] 


A, )UCF, Ay), 
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= min max (V4) ()-Yaqa) (»))m9x (Vp (0)(*)-%oum (2) 


Let us denote (H,,A,xB)=(F,A,)x(G,B) and 
(H,,A,xB)=(F,,A,)x(G,B). We have: 

Lee | y) = min (pp) (x BO) 

Mu (ap) (29) = Min (7p (a) (2); Maye) (2) 

Va (49) = MAX (pio) (*)s¥eq0)(9)) 

V(a,B)eA xB and (x,y)eX, xX, 

Ha(a,p)\ y) = min (tc (¥ ate) (9) 

T,(a,p) ( y) = min (MI, (* (9) 

Vanja (49) = 0X (Vp) (2)s¥oe)(9)) 

V(a,B)eA,xB and (x,y)eX, xX). 


We consider, 
(K',(A, x B)U(A, x B)) =(H,,A, xB)U(H,,A, xB). 
Again, we have following three cases: 


* Case 1: (a, 8) e(A, x B)\(A, xB) =(A,\4,)xB. We 


have: 
Hyr(a.p) (% ¥) = Hin (ap) (%Y) 
7 min (44.4 () > Maja (Y ) 
Me (a.p) (%¥) = Mnja,p) (%Y) 
= min 1,4) ()-Maw ())s 


V Vin,(a,B) (x, y) 


x (ap) (9) = 
= max (V4) (2)-Veia)(9)): 

* Case 2: (a, 8B) €(A, xB)\(A,xB)=(A,\4,)xB 
Heap) (%Y) = Hyg(a.p) (9) 
- min( Hy (), He(ay (9 ) 


N'(a,p) (x, y) = M11, (a,B) (os y) 
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= min (77, (*) Mae) (9); 
VK'(a,B) (x,y)= Vin, (a8) (x, y) 
= max (Vp (x), Ve(a) (y)] 
* Case 3: (a, B)€(A, x B) (A, xB) =(A,A4,)xB. 
Hea.) (x,y) = M(11\(a.6))(H2(a6)) (x, y) 
= max (py 4p) (2.9) >Huslerp) (%9)) 
= max ( min Tee ea ae | y)) min (22, (2). Hota) (v))] 
Ik'(a,B) (x, y)= M11,(c,))(Ha(a.)) (x,y) 
= min(7, (0,9) (29) May(ae) (%Y)) 
= min (min (7754) (2) Mean (»))-min (Mo) (*)sMlae (2) 
= min (774 (a) ()-Ma(e) ()+Motay ()) 5 and 


Vx'(a,B) (x,y)= V(H,(a.B))U(H3(a,8)) (x,y) 
ee min (Vy. (0,9) (x; y) ? Vi, (a,8) (x y)) 


= min max (V4) (2)>Meta) (2?) MAX (Va) ()>Y eta) (¥))) 


We then obtain K = K’ which completes the proof of 
c). The proof of d) is analogous. Oo 


4 Standard neutrosophic soft relations 


4.1 Standard neutrosophic relations 


Fuzzy relations are one of the most important notions 
of fuzzy set theory and fuzzy system theory. The Zadeh’s 
composition rule of inference [2] is a well-known method 
in approximation theory and inference methods in fuzzy 
control theory. Intuitionistic fuzzy relations were received 
many results [21 ][22]. Xu [24] defined some new intuition- 
istic preference relations, such as the consistent intuition- 
istic preference relation, incomplete intuitionistic prefer- 
ence relation and studied their properties. Thus, it 1s neces- 
sary to develop new approaches to issues, such as multi- 
period investment decision making, medical diagnosis, 
personnel dynamic examination, and military system effi- 
ciency dynamic evaluation. In this section we shall present 
some preliminary results on standard neutrosophic rela- 
tions. 
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4.1.1 Standard neutrosophic relations 


Let X , Y and Z be ordinary non-empty sets. A 
standard neutrosophic relation is defined as follows. 


Definition 4.1 [18] A standard neutrosophic relation 
(SNR) R between X and Y isaSNSon X xY , Le. 


R=\((x,y).Me (x.y). (x, y).Vp (x.»))|(« 9) ex x¥} 9 
where Lp, 4p, Vp:X XY — [0,1] satisfy the condition 
Ha (x, y)+1_ (x y)+ve(x y) <1, (x,y)eXxY, 


We will denote by SNR(X xY) the set of all SNRs 
between X andy. 
Definition 4.2 [18] Let Re SNR(X xY), the inverse rela- 
tion R'' of R isaSNR between Y and X defined as 

He (y, x) = Hp (x, y) y) 7) 1 (y, x) = Dr (x, y) ) and 


V a (y, x) =Vp (x,y) ,V(y,x) eYxx. 
Now we will consider some simple properties of SNRs. 


Definition 4.3 [18] Let R , PeSNR(X xY), for every, we 


define: 
Mp (x, ¥) S Mp (x,y) 
a) R<S<PS (PLC son ES Coane 
Va (x, y)2Vp(x,y) 
RVP = (x9), He (49) Vv Hp (x9); 
b) Np (x,y) AN, (xy), 
Ve(2,y) Ave (x,y))|(a,9) €X x¥ |: 
RAP = {((2.9), He (2.9) A Mp (29), 
c) Me (xX y)AMp (x), 
Ve(2,)V Vp (xy) 9) eX x¥ |; 
R= {((x,y),ve (sy) 69) Ae (9) 
d) 


(x, y) EX xY} 
Proposition 4.1 [18] Let R, P, Qe SNS(X xY). Then 
a) (R') =R; 


b) RS<P>R'<P'; 
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cl) (RVP) =R'vP"; c2)(RAP) =R' AP"; 
dl) RA(PvQ)=(RAP)v(RAQ); 

d2) Rv(PAQ)=(RVP)A(RVQ); 

e) RAPSR, RAPSP; 

fl) If R>P and R>Q then R>PvQ; 

f2)If R< P and R<Q then RS PAQ. 


Proof. For the detail proof of this proposition, see [20]. 
4.1.2 Composition of standard neutrosophic 
relations 


In this sub-section we present some compositions of 


SNRs. 
Definition 4.4 [20] Let ReSNR(XxY) and 
PeSNR(YxZ). We will call max - min composed 


relation Po, Re SNR(X xZ) to the one defined by 


Mer (x z)=V {ea (A Mp (y.z)}, 
Mex (22) =A4Me (a5 ¥) Ap (yz) and 
Vig (Ge) = AWVe (x, y)V Vp (y.z)t, V(x,z)EeXxZ. 


Definition 4.5 [20] Let ReSNR(XxY) and 


PeSNR (Y xZ ) . We will call max - prod composed rela- 
tion Po, Re SNR(X xZ) to the one defined by 


Mp.,e (X52) = Vi ee (x, 9) Up (y.z)}, 
tesa 2) = [ta y)-Mo(2)] an 
Vp oR (x,z) =A\V, (x, y)+Vp(¥,2)—Ve (x,y)-vp(y,z)} , 


V (4:2) eX XZ. 


Definition 4.6 [20] Let @ bea t-norm, p bea ¢ -conorm, 
Re SNR(X xY) and Pe SNR(Y xZ). We will call 


max-t composed relation Re, P ¢ PFR(X xZ) to the 
one defined by 


Lp. p(X, Z)= V(B (us (2% Y)s Lp (»,z))] ) 
po, p(%Z) a AB (Me (x, y) sp (y, z))| , and 


Vee (%2)=A{P (Ve (29) s¥0(4z))f > 
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W (45 eX Z. 


The validation of Definitions 4.5-4.7 were given in 
[30]. 


4.2 Neutrosophic soft relations 


4.2.1 Some operations on neutrosophic soft 
relations 


In this sub-section, we give the definition of standard 
neutrosophic soft relation (SNSR) as a generalization of 
fuzzy soft relation and intuitionistic fuzzy soft relation. 
The novel concept is actually a parameterized family of 
standard neutrosophic relations (SNRs). 


In following definitions, X , Y are ordinary non- 
empty sets and F is a set of parameters. 
Definition 4.7 Let ACE. A pair (R,A) is called a 
standard neutrosophic soft relation (SNSR) over X xY if 


R assigns to each parameter e in E a SNR R(e) in 


SNR(X xY), that is 
R: A> SNR(X xY). 


The set of all SNSRs between X and Y is denoted by 
SNSR(X xY). 


Definition 4.8 Let A, BCE. The intersection of two 
SNSRs (R,,A) and (R,,B) over XxY is a SNSR 
(R;,C) over XxY such that C=AUB and for all 
eeC, 


if ecA\B, 
if ecB\A, 
R, (e) AR, (e) if e€ ANB. 


This relation is denoted by (R,,A)O(R,,B). 


Definition 4.9 Let A,B CE .The union of two SNSRs 
(R,,A) and(R,,B) over XxY is a SNSR (R,,C) over 
X xY,where C=AWVB and forall eeC, 


R, (e) if ecA\B, 
»(e) if eeB\A, 
R, (e)VR, (e) if ee ANB. 


R, (e) = 


This relation is denoted by (R,,A)U(R,,B). 


4.2.2 Composition of neutrosophic soft relations 
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We denote by SNSR,, (X xY) the set of all SNSRs on 
X xY with the corresponding parameter set FE, . Similarly, 
SNSR,, (Y xZ) denotes the set of all SNSRs on Y xZ 


with the corresponding parameter set E,. 


Definition 4.10 Let ReSNSR, (X xY ) and 
P €SNSR, (YxZ). We will call max-min composed 


relation Pe, RE SNSR 


E,xE, 


Pe, Rie.) = iz) lows (x.y )(e.e), 
pe R (x,z)(€,,€ ) 
Venn (22) (€042)|(42) eX xZI, 


V(e,,e))€A, x A, . Where 


(Xx xZ ) to the one defined by 


Hom (22) (C1362) =V big) 9) A Mey (2) 
Tran (% 2) (428) = A Vata) (xy) AM.) .2)| 


Vow R (x, z)(€,,€, ) = Wate) (x, y) VV 2(6,) (y,z)} ) 


for all (x, z)eXxZ, (e,,e,)e A x A, 


Definition 4.11 Let ReSNSR,(XxY) and 
P & SNSR,, (YxZ ) . We will call max - prod composed 


relation Pe, RE SNSR 


E, xk, 
Pe, R(e,,e) = {(x, 


bless (x, y)(€,e,), 
pe, R (% Z)(€,€ ) 


Venn (5 2)(€s€))|(x,2) € X XZ}, 


(X xZ)_ to the one defined by 


V(e,,€))€ A, x A, . Where 
Ha (%2)(€15€2) = ¥ (Hata (9) Maja) Dp 
Ter (G2 )(4e)) a Aa) (x, y) I P(e,) (y,z)} 2 


Wate) (x, yt V P(e,) (y.z) 
Ra (x, y) Vp(es) (y.2)}, 


z)EXxZ, (e,¢e,)eAxA,. 


Vian (%Z) (E1565) = 


for all (x, 
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Definition 4.12 Let ReSNSR, (X xY) 


P & SNSR,, (Y xZ) ,# isa t-norm and p isa ¢ -conorm. 


We will 
Pe, RESNSR 


call max - ft composed relation 


(X xZ) to the one defined by 


Pe, R(é,,€,) - oe) ees (x, y)(e,¢), 
pe, R (x,z)(€,,¢,) 
Venn (252) (€,262)|(x2) € X ZI, 


V(e,,e,) <A, x A, . Where 


E, xk, 


Y) More )(>.2))}. 


Hp. 3) ra (e,,e,) )=V{B (ua 


Tp. se aez) z) (e,,e,) )=A|B (in y) y(v.2)}} ) 
Vez gle )(e.e ) )=afol V’R(e:) x,y) ) )sVete (92))} 
for all (x,z)eX MeL, (ee, )EA x A, . 


The validation of Definitions 4.11-4.13 is trivial by fol- 


lowing arguments. For each pair (¢,e,)€A,xA, 


Pe, R(e,,e,) is max - min composition of two SNRs 


R(e,) and P(e,) 5 16, 
Pe, R(e,,e,)=P(e, Jo, P(e,). 


By the validation of °, , Pe, R(e,,e,)¢SNR(X xZ) 
which yields Pe, RE SNSR,, ,-- (X xZ ) . The validation of 


e, and ¢, are also obtained by analogous calculations. 


Conclusion 


In 2013, the new notion of picture fuzzy sets was in- 
troduced. The novel concept, which is also termed as 
standard neutrosophic set (SNS), constitutes an importance 
case of neutrosophic set. Our neutrosophic soft set (NSS) 
theory is a combination of the standard neutrosophic theo- 
ry and the soft set theory. In other words, neutrosophic 
soft set theory is a neutrosophic extension of the intuition- 
istic fuzzy soft set theory. The complement, “and’’, “or”, 
union and intersection operations are defined on the NSSs. 
The standard neutrosophic soft relations (SNSR) are also 
considered. The basic properties of the NSSs and the 
SNSRs are also discussed. Some future work may be con- 
cerned interval- valued neutrosophic soft sets and interval- 
valued neutrosophic relations should be considered. 
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Abstract. 

In this paper, a generalization of the neutrosophic 
topological space is presented. The basic definitions of 
the neutrosophic crisp a-topological space and the 
neutrosophic crisp a-compact space with some of their 


characterizations are deduced. Furthermore, we aim to 
construct a netrosophic crisp a-continuous function, with 
a study of a number its properties. 


Keywords: Neutrosophic Crisp Set, Neutrosophic Crisp Topological space, Neutrosophic Crisp Open Set. 


1 Introduction 


In 1965, Zadeh introduced the degree of membership5 
and defined the concept of fuzzy set [15]. A degree of non- 
membership was added by Atanassov [2], to give another 
dimension for Zadah's fuzzy set. Afterwards in late 1990's, 
Smarandache introduced a new degree of indeterminacy or 
neutrality as an independent third component to define the 
neutrosophic set as a triple structure [14]. Since then, laid 
the foundation for a whole family of new mathematical 
theories to generalize both the crisp and the fuzzy 
counterparts [4-10]. In this paper, we generalize the 
neutrosophic topological space to the concept of 
neutrosophic crisp a-topological space. Moreover, we 
present the netrosophic crisp a-continuous function as well 
as a Study of several properties and some characterization 
of the neutrosophic crisp a-compact space. 


2 Terminologies 


We recollect some relevant basic preliminaries, and in 
particular, the work of Smarandache in [12,13,14], and 
Salama et al. [4, 5,6,7,8,9,10,11]. Smarandache introduced 
the neutrosophic components T, I, F which respectively 
represent the membership, indeterminacy, and _ non- 
membership characteristic “ter of the space X into 


the non-standard unit interval | 1” 

Hanafy and Salama et al. [3,10] considered some 
possible definitions for basic concepts of the neutrosophic 
crisp set and its operations. We now improve some results 


by the following. 


2.1 Neutrosophic Crisp Sets 
2.1.1 Definition 

For any non-empty fixed set x, a neutrosophic crisp set 
A (NCS for short), is an object having the form 
A =(A;,Ay,A43) Where Aj, Ay and A; are subsets of X sat- 
isfying Ay OA =¢, A; MY Az =@ and A> MA; =@. 
2.1.2 Remark 


Every crisp set 4 formed by three disjoint subsets Of a 
non-empty set X is obviously a NCS _ having the 
form A = (A), A, A3). 


Several relations and operations between NCSs were de- 
fined in [11]. 

For the purpose of constructing the tools for developing 
neutrosophic crisp sets, different types of NCSs ¢, X,,, A‘ 


in X were introduced in [9] to be as follows: 
2.1.3 Definition 
@y may be defined in many ways as a NCS, as follows: 


i) by =(9,0,X), OF 
ll) gy =(¢,X,X), OF 
lil) dy =(¢,X,¢), OF 
Vv) by =(6.9.9). 


2.1.4 Definition 
X y may also be defined in many ways as a NCS: 


i) Xv =(X,9,9), 8 
li) Xy =(X,X,¢), Or 
111) ee = (X,g,X), 1 
WW) Pe ee 
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2.1.5 Definition 
Let A= ( Aj, Ao, A3 ) a NCS on x, then the complement 


of the set A , (A° for short ) may be defined in three dif- 
ferent ways: 
(C,\) Ae =(A’,A,°, A’), 
(C,) AS = (A,, A, A, ) 
(C,) A‘ = (A,,4,°, 4} 
Several relations and operations between NCSs were in- 
troduced in [9] as follows: 
2.1.6 Definition 
Let x be a non-empty set, and the NCSs A and Bin 
the form A= (A), Ay, 43), B = (B,,B,B;), then we may consid- 
er two possible definitions for subsets (A cB ) 
(A cB) may be defined in two ways: 
1) ACBSA, CB), A>) CB, and Az D> B30r 
2) ACBSA,CB),Ay DB» and A; DB; 
2.1.7 Proposition 


For any neutrosophic crisp set A , and the suitable 
choice of ¢,,, X,,, the following are hold: 


i) dy CA, Oy Con. 
i) ACXy, Xy CXy. 
2.1.8 Definition 
Let x is anon-empty set, and the NCSs A and B in the 
form A = (Aj, Ay, A3), B = (B,,B>, B;). Then: 
1) Af)B may be defined in two ways: 
I) ANB =(A, By, Ay Bz, A3 U Bz) OF 
Wl) ANB=(A, By, Az UBz, Az UB3) 


2) AUB may also be defined in two ways: 

I)AUB=(A, UB,,A, OB,,A, OB;) 

i) AUB=(A, UB,, A, UB,, A; OB;) 

2.1.9 Proposition 
For any two neutrosophic crisp sets A and B 

on X, then the followings are true: 

1) (ANB) =A‘ UBS. 

2) (AUB) =AS OBS. 

The generalization of the operations of intersection and 
union given in definition 2.1.8, to arbitrary family of neu- 
trosophic crisp subsets are as follows: 

2.1.10 Proposition 
Let (Aj: jeJ be arbitrary family of neutrosophic crisp 


subsets in X, then 
loan A, may be defined as the following types : 
j 


or 
MA - WIA, ) 9 


jl? 


) AA,=(OA 


fi) MA, =(O Ap: 


VUA,, UA, )- 
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2) wu A, may be defined as the following types : 
j 
i) VA; = (UL A 


ji? 


OA,, NA, ). 


VUA,, OA, ) or 
i) UA, =(UA 


ys 

2.1.11 Definition 

The Cartesian product of two neutrosophic crisp sets A 
and B is a neutrosophic crisp set A x B given by 

AxB = (A, x By, Az x By, A3 x B3). 

2.1.12 Definition 

Let (X,l) be NCTS and A=(A,,A>,A3) be a NCS in X . Then the 
neutrosophic crisp closure of A (NCcl(A) for short) and neutro- 
sophic crisp interior (NCint(A) for short) of A are defined by 

NCcl(A)=N{K:K is a NCCS in X and A € K} 

NCint (A)=U{G:G is a NCOS in X andG € A), 

Where NCS is a neutrosophic crisp set and NCOS is a neutro- 
sophic crisp open set. It can be also shown that NCclI(A) is a 
NCCS (neutrosophic crisp closed set) and NCint(A) is a NCOS 
(neutrosophic crisp open set) in X . 


3 Neutrosophic Crisp a-Topological Spaces 

We introduce and study the concepts of neutrosophic 
crisp a-topological space 
3.1 Definition 

Let (X,[) be a neutrosophic crisp topological space 
(NCTS) and A =(A),A>,A3) be a NCS in X, then A is said to 
be neutrosophic crisp a-open set of X if and only if the fol- 
lowing is true: AC NCint(NCcl(NCint(A)). 
3.2 Definition 

A neutrosophic crisp a-topology (NCaT for short) on a 
non-empty set X is a family ['® of neutrosophic crisp 
subsets of X satisfying the following axioms 


i) byXy eT. 
i) A, AA, €I“% for any A; and A, ET“. 
i) UAE Vi Aeper er. 

y 


In this case the pair (x,r7) is called a neutrosophic crisp 
a-topological space (NCarTS for short) inX . The ele- 


ments in I“ are called neutrosophic crisp a-open sets 
(NCa@OSs for short) in X . A neutrosophic crisp set F is a- 
closed if and only if its complement F © is an a@-open neu- 
trosophic crisp set. 
3.3 Remark 

Neutrosophic crisp a-topological spaces are very natural 
generalizations of neutrosophic crisp topological spaces, as 
one can prof that every open set in a NCTS 1s an a-open 
set ina NCaTS 
3.4 Example 

Let X = a,b, c,d} , dn, X vn be any types of the universal 
and empty sets on X, and A, B are two neutrosophic crisp 


sets on X_ defined by A = ({a}, {b, d}, (CH) ‘ 


A.A.Salama, |.M.Hanafy, Hewayda Elghawalby and M.S.Dabash, Neutrosophic Crisp a -Topological Spaces 


Neutrosophic Sets and Systems, Vol. 12, 2016 


B=(\a},ib}.tc}) , 7 ={g,,X,,A} then the family 
V% ={g,,X,,,A, B} 18 a neutrosophic crisp a-topology 
on X. 


3.5 Definition 
Let (x 07) (x7) be two neutrosophic crisp a- 


topological spaces on X . Then [” is said be contained 
int-Y (in symbolsl’ cy) if Gel for each GeT’. 
In this case, we also say that ioe is coarser than ‘age 
3.6 Proposition 

Let{ 7: jes} bea family of NCaTS on X . Then 
ales is a neutrosophic crisp a-topology on X . Further- 


more, UT“ is the coarsest NCaT on X containing all 


a-topologies. 
Proof 
Obvious. 


Now, we can define the neutrosophic crisp a-closure and 
neutrosophic crisp q@-interior operations on neutrosophic 
crisp a-topological spaces: 

3.7 Definition 
Let (xP) be NCaTS and A =(A,,A),43) be a NCS in 


X, then the neutrosophic crisp a- closure of A (NCa@Cl(A) 
for short) and neutrosophic crisp q@-interior crisp (NCaInt 
(A) for short) of A are defined by 
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A ag = {< A,.A4,,.A4,, >J¢€ J}. Then we see 
that we have two types defined as follows: 


Typel: NCaint(A) =< VA, UA, A, > 
(NCaInt(A))* =< NA; OAs, WU Aj > 
Hence NCaCl(A‘) =(NCaint(A))‘ 
Type 2: NCadnt(A) =< VA, AA, AA, > 
(NCaInt(A))© =< NAj UA; WA; >: 
Hence NCaCl(A‘ ) = (NCaint(A))‘ 
b) Similar to the proof of part (a). 


3.9 Proposition 
Let (x7) be a NCaTS and A,B are two neutrosoph- 


ic crisp a-open sets in X . Then the following properties 
hold: 


(a) 
(b) 
(C) 


NCalInt(A) cA, 

A < NCacCl(A), 

A < B= NCaiInt(A) < NCaint(B), 
(d) AC B= NCaCl(A) < NCaCl(B), 

(€) NCaint (AQ B) = NCaint(A) 0 NCaint(B), 
(f) NCaCl(AU B) = NCaCI(A)VU NCaCl(B), 
NCatnt(X vy) = Xn; 

NCaCl(dy ) = by « 

Proof. Obvious 


NC aCl(A) = {K : K is an NCS in X and A c K} 4 Neutrosophic Crisp a-Continuity 


NC aint (A) = {G:G is an NCOS in XandGcA} 


where NCS is a neutrosophic crisp set, and NCOS is a neu- 
trosophic crisp open set. 

It can be also shown that NCaC] (A) is a NCaCS (neu- 
trosophic crisp a-closed set) and NCalnt (A) is a NCaOS 
(neutrosophic crisp a-open set) in X . 


a) A is a NCa-closed in X if and only if 
A= NCQCI(A). 
b) A is a NCa-open in X if and only if 


A= NCamnt(A). 

3.8 Proposition 

For any neutrosophic crisp a@-open set A in (x,r) we 
have 
(a) NCaCl(A‘) =(NCamnt(A))‘, 
(b) NCalInt(A‘) =(NCacCl(A))°. 
Proof 
a) Let A=(A),A9,A3) and suppose that the family of all 


neutrosophic crisp subsets contained in A are in- 
dexed by the family 


In this section, we consider f:X—Y to be a map between 

any two fixed sets X and Y. 
4.1 Definition 

(a) If A=(Aj,A5,A3) isa NCS in X, then the 
neutrosophic crisp image of A under /, denoted by f(A), 
is the a NCS in Y defined by 

f (A) =(f(A,), f (Ao), f(As))- 

(b) If f isa bijective map then f': Y > X isa map 
defined such that: 
for any NCS B = (B,, Bz, B3) mY, the neutrosophic 
crisp preimage of B, denoted by ¢~'(B), isa NCS in X 


defined by ¢-'(B) =(f-'(B)), f' (Bp), f'(Bs)}: 


Here we introduce the properties of neutrosophic images 
and neutrosophic crisp preimages, some of which we shall 
frequently use in the following sections. 
4.2 Corollary 

Let A= {A; :ie J} , be NCa@OSs in X, and 

B= \B; jek} be NCa@OSs in Y, and f:X >~Ya 

function. Then 

(a) ACA) & f(A) C f(A), B.C By @ f'(B) Cf (By), 
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(b) Ac f \(f(A)) and if ¢ is injective, then A= f"|(f(A) ). 
(c) f-'(f(B)) cB and if f is surjective, then f-'(f(B) )=B. 
(d) f"(UB) )=Uf(B), FOB) COf (B). 

(e) FLA) =Uf(A)> F(0A) COPA): 

() ¢"Wy) =Xy. fy) =¢n- 

(g) f(dy) = dy, f(Xn) =Yy, If f 1s subjective. 


Proof 
Obvious. 
4.3 Definition 


Let (x07) and (y, iy ) be two NCQTSs, and let 
f :X — Y bea function. Then f is said to be 


-continuous iff the neutrosophic crisp preimage of each 
NCS in TY’ isa NCS inf’. 
4.4 Definition 

Let (x, i) and (y, ies ) be two NCQTSs and let 

f :X —Y bea function. Then f is said to be open iff 

the neutrosophic crisp image of each NCS in [(* isa NCS 
inl. 
4.5 Proposition 

Let (< io ) and (y, yo) be two NCaTSs. 
If f : X — Y 1s a-continuous in the usual sense, then in 
this case, f 1s a-continuous in the sense of Definition 4.3 


too. 
Proof 
Here we consider the NCaTs on X and Y, respectively, 


as follows: [* = (G, d, G°) 6a Ba \ and 
ee (H.¢,H°) Hew}, 
In this case we have, for each ( H,¢,H elTY, 
Hie. ; 
f HOH VF" GDF Ost 


=(f'H,¢,(f (AD) ) eT? 
4.6 Proposition 

Let f:(X,.T") >@.TY)- 
fis continuous iff the neutrosophic crisp preimage of each 
CNaCS (crisp neutrosophic a@-closed set) in [7 is a 
CNaCs inly. 
Proof 

Similar to the proof of Proposition 4.5. 
4.7 Proposition 

The following are equivalent to each other: 


(a) f :(X,T,7) ~(Y,T-7) is continuous . 

(b) f-'(CNaiInt(B) < CNaint( f'(B)) 
for each CNS Bin Y. 

(c) CNacl( f-'(B)) < f-'(CNaCl(B)) 


95 


for each CNC B in Y. 
4.8 Corollary 

Consider (x ,I”) and (yrs )to be two NCaTSs, and 
let f :X — Y bea function. 

i: fe {f-\(A) -H ar} . Then 7 will be the 
coarsest NCaT on X which makes the function f:X > Y 
a-continuous. One may call it the initial neutrosophic crisp 
a-topology with respect to f. 


5 Neutrosophic Crisp a-Compact Space 
First we present the basic concepts: 
5.1 Definition 

Let (x, r) be an NCaTS. 


(a) If a family (Gi; Gi, 


X satisfies the condition 
WU (G, ,G, ,G, ) pe yh= X,,, then it 1s called 


Gi, ) ge a} of NCa@OSs in 


an neutrosophic a-open cover of X. 
(b) A finite subfamily of an a@-open cover 


open cover of X , 1s called a neutrosophic crisp finite a- 


open subcover. 
5.2 Definition 


A neutrosophic crisp set A = (A , Ad, A3) ina NCQTS 
(x 3 v7) is called neutrosophic crisp a-compact iff every 


Gi, ) :i€ J; on X, which is also a neutrosophic a- 


neutrosophic crisp open cover of A has a finite 
neutrosophic crisp open subcover. 
5.3 Definition 


A family (K,,.Ki,. 


compact sets in X satisfies the finite intersection property 
(FIP for short) iff every finite subfamily 
(K, _K,.K, ) = 1,2,...n} of the family satisfies the 


K;;) ‘ie i} of neutrosophic crisp a- 


condition (K, ‘Kk la 1,2,....n}# dy - 
5.4 Definition 
A NCaTS (x,r7) is called neutrosophic crisp a- 


compact iff each neutrosophic crisp a@-open cover of X has 
a finite ~-open subcover. 
5.5 Corollary 

A NCaTS (x v7) is a neutrosophic crisp a@-compact 


iff every family (G, ,G, ,G, e ie a} of neutrosophic 
crisp a@-compact sets in X having the the finite intersection 
properties has nonempty intersection. 
5.6 Corollary 

Let (x17), (yr ) be NCaTSsand f:X + Y bea 
continuous surjection. If ( xX, Tr) is a neutrosophic crisp 


a-compact, then so is hanes 
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5./ Definition 

crisp a-compact sets in X satisfies the 
Gi, .Giy.Gis ) TLE i, then it is called a 
neutrosophic crisp open cover of A. 

(b) Let’s consider a finite subfamily of a neutrosophic 


crisp open subcover of {G;, ,G;, Giz) ie JS. 


If a family Gi; | Tes of neutrosophic 


condition A CU 


5.8 Corollary 

Let(x 17), (y.r¢) be NCaTSsand f:X —Y bea 
continuous surjection. If A is a neutrosophic crisp a- 
compact in (x7), then sois f(A) in (ye ): 
6. Conclusion 
In this paper, we presented a generalization of the 
neutrosophic topological space. The basic definitions of 
the neutrosophic crisp a-topological space and _ the 
neutrosophic crisp a-compact space with some of their 
characterizations were deduced. Furthermore, we 
constructed a netrosophic crisp a-continuous function, 
with a study of a number its properties. 
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Abstract: This paper represents a new multi- 
objective Neutrosophic goal programming and 
Lexicographic goal programming to solve a multi- 
objective linear programming problem. Here we 


describe some basic properties of Neutrosophic sets. 
We have considered a multi-objective Bank Three 
Investment model to get optimal solution for different 
weights. 


Keywords- Neutrosophic goal programming, Lexicographic goal programming, Bank Three model. 


1. Introduction 


been applied in many real applications to handle 
uncertainty. The traditional fuzzy sets uses one real 
value puyz(x)e€ [0, 1] to represents the truth 
membership function of fuzzy set A defined on 
universe X. Sometimes u,(x) itself is uncertain and 
hard to be defined by a crisp value. So the concept of 
interval valued fuzzy sets was proposed [2] to capture 
the uncertainty of truth membership. In some 
applications we should consider not only the truth 
membership supported by the evident but also the 
falsity membership against by the evident. That is 
beyond the scope of fuzzy sets and interval valued 
fuzzy sets. In 1986, Atanassov [3], [5] devolved the 
idea of intuitionistic fuzzy set A characterized by the 
membership degree (x) € [0, 1] as well as non- 
membership degreev,(x)€ [0, 1] with some 
restriction 0 < w,(x)+v,4(X) < 1. Therefore certain 
amount of indeterminacy 1 - (u,(x)+ v,(%)) remains 
by default. However one may also consider the 


The concept of fuzzy sets was introduced by Zadeh 
in 1965 [1]. Since the fuzzy sets and fuzzy logic have 


possibility u,(x)+v,(x) > 1, so that inconsistent 
beliefs are also allowed. In neutrosophic sets 
indeterminacy is quantified explicitly and _ truth 
membership, indeterminacy membership and falsity 
membership are independent. Neutrosophic set (NS) 
was introduced by Smarandache in 1995 [4] which is 
actually generalization of different types of FSs and 
IFSs. In 1978 a paper Fuzzy linear programming with 
several objective functions has been published by H.J 
Zimmermann [11]. In 2007 B.Jana and T.K.Roy [9] 
has studied multi-objective intuitionistic fuzzy linear 
programming problem and its application in 
Transportation model. In 1961 goal programming 
was introduced by Charnes and Cooper [13], Aenaida 
and kwak [14] applied goal programming to find a 
solution for multi-objective transportation problem. 
Recently the authors used the fuzzy _ goal 
programming approach to solve multi-objective 
transportation problem [15]. Other authors used fuzzy 
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goal programming technique to solve different types 
of multi-objective linear programming problems [16, 
17, 18, 19]. Recently a paper named “neutrosophic 
goal programming” has published by Mohamed 
Abdel-Baset, Ibrahim M. Hezam and Florentin 
Smarandache in the journal Neutrosophic sets and 
sysatems [20]. The motivation of the present study is 
to give computational algorithm for solving multi- 
objective linear goal programming problem and 
Lexicographic goal programming problem by single 
valued neutrosophic optimization approach. We also 
aim to study the impact of truth membership, 
indeterminacy membership and falsity membership 
functions in such optimization process. 


2. Some preliminaries 


2.1 Definition -1 (Fuzzy set) [1] 
Let X be a fixed set. A fuzzy set A of X is an object 
having the form A = {(x,w, (x)), x € X} where the 
function L,() xX — [0, 1] define the truth 
membership of the element x € X to the set A. 


2.2 Definition-2 (Intuitionistic fuzzy set) [3] 
Let a set X be fixed. An intuitionistic fuzzy set or IFS 
A' in X is an object of the form A!’ = {< 
X, [a (X), V4(x) > /x € X} where py (x) : X> [0, 1] 
and v,(x) : X-> [0, 1] define the Truth- 
membership and Falsity-membership respectively, 
for every element of xe X, 0S wy (X) + v4(X) <1. 


2.3 Definition-3 (Neutrosophic set) [4] 


Let X be a space of points (objects) andx € X. A 
neutrosophic set A” in X is defined by a Truth- 
membership functionu,(x), an  indeterminacy- 
membership function o,(x) and a falsity-membership 
function v,(x) and having the form Ao le 
X, May (Xx), O4(X), Vax) > /x € XS. 
Ly (x), 0,(x) and v,(x) are real standard or non- 
standard subsets of 
] 0, 1 [. that is 
a (x) :X>]0,1°[ 
o,(x):X2]07,17[ 
v4 (x): X>]0,1 
There is no restriction on the sum of 


La (Xx), 64(%) and v,(x), so 
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O- <supu,(x)+supo,(x)+sup 
v4(x)<3" 


2.4 Definition-4 (Single valued Neutrosophic 
sets) [6] 


Let X be a universe of discourse. A single valued 
neutrosophic set A” over X is an object having the 
form A” ={< X, uy (x), 04(X), Va(x) > /x © 
X}wherew, (x) : X> [0, l],o,(~) : X->[0, 1] 
andv, (x) : X—> [0, 1] with O< p, (x) +0,(x) + 
v4(x) <3 for all x € X. 


Example 1 Assume that X = [X;, Xo, x3]. Xj is 
capability, x2 1s trustworthiness and x; is price. The 
values of x), x,and x3 are in [0, 1]. They are obtained 
from the questionnaire of some domain experts, their 
option could be a degree of “good service’, a degree 
of indeterminacy and a degree of “poor service”. A” 
is a single valued neutrosophic set of X defined by 


A”  =(0.3,0.4,0.5)/x; + (0.5,0.2,0.3)/x. + 
(0.7,0.2,0.2)/x3.B" is a single valued neutrosophic 
set of X defined by B”"=(0.6,0.1,0.2)/x, + 
(0.3,0.2,0.6)/x, + (0.4,0.1,0.5)/x3 


2.5 Definition 5(Complement): [6]. 


The complement of a single valued neutrosophic set 
A” is denoted by c(A”) and is defined by 


E ¢(A") (x) — Van (x) 
0 ¢(An)(X) = |- o4n(Xx) 


V (Ary (X) = Lan (X) for all x in X 
Example 2 Let A” be a single valued neutrosophic 
set defined in example 1. Then 


c(A") =  (0.5,0.6,0.3)/x, + (0.3,0.8,0.5)/x. + 
(0.2,0.8,0.7)/X3 


2.6 Definition 6 (Union): [6] The union of two 
single valued neutrosophic sets A and B is a single 
valued neutrosophic set C, Written as C = A U B, 
whose truth-membership, indeterminacy-membership 
and falsity-membership functions are given by 
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Ue (x) = max {u4(x), Ue (x) $ 
Oc (x) = max {a,4(X), op(x) } 
for all x in 


Vc (x) = min {v4(x), vg(x) $ 
xX 


Example 3 Let A and B be two single valued 
neutrosophic sets defined in example 1. Then AU 
B = (0.6,0.4,0.2)/x,; + (0.5,0.2,0.3)/x. + 
(0.7,0.2,0.2) /X3 


2.7 Definition 7(Intersection): [7] The intersection 
of two single valued neutrosophic sets A and B is a 
single valued neutrosophic set C, Written as C = AN 
B, whose — truth-membership, _indeterminacy- 
membership and falsity-membership functions are 
given by 


Mc (x) = min {U4 (X), Up (Xx) } 
Oc (x) = min {o,4(x), og(x) } 


Vc (x) = max {v,(x), vp (x) } for all x in 


Example 4 Let A and B be two single valued 
neutrosophic sets defined in example 1. Then AN 
B = (0.3,0.1,0.5)/x; + (0.3,0.2,0.6)/x. + 
(0.4,0.1,0.5) /X3 


3. Multi-objective linear programming 
problem (MOLPP) [19] 
A general multi-objective linear programming 
problem with n objectives, m constraints and q 
decision variables may be taken in the following 
form 


Minimize f,(x) = c, X 
Minimize fo(x) =cz X 


Minimize f,(x) = cy, X 
Subjectto AX< b and X=>0 


Where C= Gn Cie eG) for 
1=1,2,.......... n. 


99 
fh 
A [aj ‘ns X _ (x1, X2) , t5) ’ 
b=(),, bo, , bm) 
for j=1,2,......... m; 1=1,2,.......... n 
4. A. Neutrosophic linear goal 
programming problem (NLGPP) [21] 

Find xX = Cate sides weesXq) 
(4.1) 
So as to 


Minimize f;() 


with target value c; , Truth tolerance a; , Falsity 
tolerance ¢t;, Indeterminacy' tolerance jp; 
| eal ER n. 


subjectto gj(x) <b; ie eee ee m. 
Xp 20 ke 12 treba thoes: q. 


With Truth-membership, Falsity-membership, 
Indeterminacy-membership functions are 


HiGi()) = 
if fi) S c 
ifc sfi(x)S atc (42) 
0 if fi(x) => ap tc; 


ajtcj_f {(x) 
aj 


0 if fi(x) < ¢; 


if ¢ <fp(x) S ¢, +t; 


fi)—ci 
viGfi(x)) a 


1 if fio) ecqat+t; 
(4.3) 
0i:(fi(x)) = 
; 1 if fi) < Cj 
peer if ci <fi(x) S pp tc; (4.4) 


0 if fix) = pete’ 
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(His Vi,9;) 


fi) 





Figl. Truth membership, Falsity membership 
and Indeterminacy membership functions of a 
minimization-type objective function. 


Neutrosophic goal programming can be transformed 
into crisp linear programming problem using Truth- 
membership, Falsity-membership, Indeterminacy- 
membership functions as 


Maximize Jij-1 Ww; HiGi(x)) 
(4.5) 


Minimize ee Wj Vj Si (x)) 


Maximize) 4 Wj Oj Si (x)) 


(=. Zoasckvosnos wn 
Subject to gj(x) <b; 
lie eee errr m 
Xp 20 
a eee q. 
i-1Wi = 1 


Which is equivalent to 


Max Yin Wi (Hii) — vii) 
+oi(fix))) (4.6) 


Subject to g(x) <b; 
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el ee ree ee ,m 
i=1Wj = 1 
B. Neutrosophic Lexicographic goal 
programming 


The Lexicographic optimization takes objective in 
order: optimizing one, then a second subject to the 
first achieving its optimal value, and so on. 


Step-1. Max LM, -Vv, +0; 


Subject to gj(x) <b j=l, 


xX, = 0 k= 1,2, ..eecceeee q. 


Solving we get optimal solution f, =F, 


Step-2 Max [My - V2 +05 
Subject to g(x) <b; j=l, 
Dts es ace ,m 
fisFi 
Xx = 0 k= L2, 
rer errs q. 


Step-3 Max [3 -V3 +03 
Subject to g(x) <b; j= 1, 
D yedeen sees ,m 
hi <F; 
fo <F 
Xx = 0) k= 1,2, 
poaee pewee! q. 


Solving we get optimal solution f; =F; 


And so on. 
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Proceeding in this way finally we get optimal 
decision variables and all the optimal objective 
values. 


5. Application of §Neutrosophic — goal 
programming to Bank Three Investment 
Problem 


Every investor must trade off return versus risk in 
deciding how to allocate his or her available funds. 
The opportunities that promise the greatest profits are 
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obligations demand that they avoid undue hazards, 
yet their goal as a business enterprise 1s to maximize 
profit. This dilemma leads naturally to multi- 
objective optimization of investment that includes 
both profit and risk criteria. 


Our investment example [12] adopts this multi- 
objective approach to a fictitious Bank Three. Bank 
Three has a modest $ 20 million capital, with $ 150 
million in demand deposits and $80 million in time 
deposits (savings accounts and certificates of 
deposit). Table 1 displays the categories among 


almost the ones that present the most serious risks. which the bank must divide its capital and deposited 


Commercial banks must be especially careful in funds. Rates of return are also provided for each 


balancing return and risk because legal and ethical Saeco Teer Wit Oe oman iad 


risk. 


Table 1 Bank Three Investment Opportunities 








Investment Return Rate Liquid Part Required Capital Risk 
Category, j (%) (%) Asset 

(%) 
1: Cash 0.0 100.0 0.0 No 
2: Short term 4.0 99.5 0.5 No 
3: Government: | to 5 years 4.5 96.0 4.0 No 
4: Government: 5 to 10 years 5.5 90.0 5.0 No 
5: Government: over 10 years 7.0 85.0 TS No 
6: Installment loans 10.5 0.0 10.0 Yes 
7: Mortgage loans 8.5 0.0 10.0 Yes 
8: Commercial loans 9.2 0.0 10.0 Yes 
The first goal of any private business 1s to maximize Max 0.04x, + 0.045x3 +0.055x, + 0.070xs5 + 


profit. Using rates of return from table 1, this 0.105x5 + 0.085x7 + 0.092xg (Profit) 


produces objective function 
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It is less clear how to quantify investment risk. We 
employ two common ratio measures. 


One is the capital-adequacy ratio, expressed as the 
ratio of required capital for bank solvency to actual 
capital. A low value indicates minimum risk. The 
“required capital” rates of table 1 approximate U.S. 
government formulas used to compute this ratio, and 
Bank Three’s present capital is $ 20 million. Thus we 
will express a second objective as 


Min =-(0.005x2 + 0.040x3 +0.050x4 + 0.075xs + 
0.100x¢ + 0.100x; + 0.100xs) 


(Capital - adequacy) 


Another measure of risk focuses on illiquid risk 
assets. A low risk asset/capital ratio indicates a 
financially secure institution. For our example, this 
third measure of success 1s expressed as 


Min — (X6 + x; + Xs) (Risk - 


asset) 


To complete a model of Bank Three’s investment 
plans, we must describe the relevant constraints. 


1. Investments must sum to the available 
capital and deposit funds. 
2. Cash reserves must be at least 14% of 
demand deposits plus 4 % of time 
Deposits. 
3. The portion of investments considered 
liquid should be at least 47 % of 
Demand deposits plus 36 % of time 
deposits. 
4. At least 5 % of funds should be invested in 
each of the eight categories. 
», At least 30 % of funds should be invested 
in commercial loans, to 
Maintain the bank’s community status. 


Combining the 3 objective functions above 
with these 5 constraints completes a multi-objective 
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linear programming model of Bank Three’s 
investment problem: 


Max 0.04x, + 0.045x3 +0.055x,4 + 0.070x5 + 0.105x¢ 
+ 0.085x7 + 0.092xg (Profit) 


Min ——(0.005x2 + 0.040x; +0.050x4 + 0.075xs + 
0.100x, + 0.100x; + 0.100xs) 


(Capital - adequacy) 
Min = (Xo + X7 + Xg) (Risk - asset) 


Such that x)+X9+x3+x 4t+x5+x¢t+x7+xg= (20+150+80) 
(Invest all) 


x} = 0.14 (150) +0.04 = (80) 
(Cash reserve ) 


1.00x)+0.995x>+0.960x3+0.900x,+0.850x5> 
0.47(150) +0.36(80) 


(Liquidity) 

xj 2 0.05 (20+150+80) for all 
me ee 58 (Diversification) 

Xg = 0.30 (20+150+80) 
(Commercial) 

Pes NOS: ee he eet ees »X8 > 0 


6. Numerical Example 


Cy > 12, Ay =6.67, C4 = 3, C,' = 13, Pi 


= 5.67 

Cp = 0.58, az = 0.22, t, = 0.20, co" = 
0.60, pz = 0.20 

Cz; = 5, az =1.5, tz = 1.0, cz’ = 5.5, 
Pp3 = 1.0 
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Table 1. Goal Programming Solution of the Bank Three Problem 


Optimal Primal Variables Optimal Objectives 


X1=24.2, X.=12.5, x3=12.5, x12.5, | f,=18.67363, 
f3=7.096 


W |=0.8, w2=0. ] 3 w3=0. 1 


X5=46.367665, xX6=54.4323, x7=12.5, 


Xg=/5 
W,=0.05, w=0.9, w3=0.05 


fo=0.942915, 


x=100, %5=12.5, x;=12.5, x=12.5, | f,=11.9, f,=0.60625, f=5.00 


X5=12.5, x6=12.5, X7=12.5, Xg=75 


W,=0. 1 5 w2=0. ] 5 w3=0.8 


X}=24.2, x»=88.30, x3=12.5, xs=12.5, | f,=14.932, f,=0.6252, f,=5.00 


X5=12.5, xg=12.5, X7=12.5, Xg=75 


W = 1/3, w2=1/3, w3=1/3 


X,=24.2, Xo=88.30, xX3=12.5, xg=12.5, 


fi=14.932, f,=0.6252, f2=5.00 


X5=12.5, x6=12.5, X7=12.5, Xg=75 





Table 2. Lexicographic Goal Programming Solution of the Bank Three Problem 


Optimal Primal variables 


X)=24.2, X2=22.51454, x3=12.5, xy=12.5, x5=34.64474, 


X6= 6. 14072, x7=12.5, Xg=/5 


Optimal Objective functions 


f,:=18.43299, f,=0.9100, f,=7.182036 





7. Conclusion 


In this paper, we presents simple Neutrosophic 
optimization approach to solve Multi-objective linear 
goal programming problem and Lexicographic goal 
programming problem. It can be considered as an 
extension of fuzzy and _ intuitionistic fuzzy 
optimization. This proposed method Neutrosophic 
Goal Programming can also be applied for multi- 
objective non-linear programming problem. 
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Abstract. In this paper, we have introduced neutrosophic 
hyperideals of a semihyperring and considered some op- 


erations on them to study its basic notions and properties. 
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1 Introduction 


Hyperrings extend the classical notion of rings, substi- 
tuting both or only one of the binary operations of addition 
and multiplication by hyperoperations. Hyperrings were 1n- 
troduced by several authors in different ways. If only the 
addition is a hyperoperation and the multiplication is a bi- 
nary operation, then we say that R is a Krasner hyperring 
[4]. Davvaz [5] has defined some relations in hyperrings 
and proved isomorphism theorems. For a more compre- 
hensive introduction about hyperrings, we refer to [9]. As a 
generalization of a ring, semiring was introduced by Van- 
diver [17] in 1934. A semiring is a structure (R;+;-;0) 
with two binary operations + and - such that (R;+;0) is 
a commutative semigroup, (R;-)a semigroup, multiplica- 
tion is distributive from both sides over addition and 
O-x=O0O=x-0 for all xe R. In [18], Vougiouklis 
generalizes the notion of hyperring and named it as semi- 
hyperring, where both the addition and multiplication are 
hyperoperation. Semihyperrings are a generalization of 
Krasner hyperrings. Note that a semiring with zero is a 
semihyperring. Davvaz in [12] studied the notion of semi- 
hyperrings in a general form. 


Hyperstructures, in particular hypergroups, were intro- 
duced in 1934 by Marty [11] at the eighth congress of 
Scandinavian Mathematicians. The notion of algebraic hy- 
perstructure has been developed in the following decades 
and nowadays by many authors, especially Corsini [2, 3], 
Davvaz [5, 6, 7, 8, 9], Mittas [12], Spartalis [15], Strati- 
gopoulos [16] and Vougiouklis [19]. Basic definitions and 
notions concerning hyperstructure theory can be found in 


[2]. 


The concept of a fuzzy set, introduced by Zadeh in his 
classical paper [20], provides a natural framework for gen- 
eralizing some of the notions of classical algebraic struc- 


tures.As a generalization of fuzzy sets, the intuitionistic 
fuzzy set was introduced by Atanassov [1] in 1986, where 
besides the degree of membership of each element there 
was considered a degree of non-membership with (mem- 
bership value + non-membership value)s 1. There are also 
several well-known theories, for instances, rough sets, 
vague sets, interval-valued sets etc. which can be consid- 
ered as mathematical tools for dealing with uncertainties. 


In 2005, inspired from the sport games (winning/tie/ 
defeating), votes, from (yes /NA /no),from decision mak- 
ing(making a decision/ hesitating/not making), from (ac- 
cepted /pending /rejected) etc. and guided by the fact that 
the law of excluded middle did not work any longer in the 
modern logics, F. Smarandache [14] combined the non- 
standard analysis [8,18] with a tri-component log- 
ic/set/probability theory and with philosophy and intro- 
duced Neutrosophic set which represents the main distinc- 
tion between fuzzy and intuitionistic fuzzy logic/set. Here 
he included the middle component, 1.e., the neutral/ inde- 
terminate/ unknown part (besides the truth/membership 
and falsehood/non-membership components that both ap- 
pear in fuzzy logic/set) to distinguish between ’absolute 
membership and relative membership’ or ’absolute non- 
membership and relative non-membership’. 


Using this concept, in this paper, we have defined neutro- 
sophic ideals of semihyperrings and study some of its basic 
properties. 


2 Preliminaries 


Let H be a non-empty set and let P(#) be the set of all 
non-empty subsets of H . A hyperoperation on Hf is a 
map °0:HxH —- P(A) and the couple (H,°) is 
called a hypergroupoid. 

If A and B are non-empty subsets of H and xeA , 


then we denote AoB= WU aob, 
acA,beB 
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xoA={x}oA and Aox=Aoc {x}. A hypergroupoid 

(H,°) is called a semihypergroup if for all x, y,z € H 

we have (xe y)oz=X0(yoz) which means that 
UU urZ= U Xoy. 


uexoy veyoz 

A semihyperring is an algebraic structure (R;+;-) which 
satisfies the following properties: 

(i) (R;+) is a commutative semihypergroup 

(ii) (R;-) is a semihypergroup 

(411) Multiplication is distributive with respect to hyperop- 
eration + that is X-(y+Z)=X-y+x-z , 
(LEV) LEY Z 

(iv) O-x=O=x-0 forall xER. 


A semihyperring (R3+;-) is called commutative if and on- 
lyifa-b=b-a forallasbeR. 
Vougiouklis in [18] and Davvaz in [6] studied the notion 


of semihyperrings in a general form, 1.e., both the sum and 
product are hyperoperations. 


A semihyperring (R;+;-) with identity 1, € R means 
that 1, -x=x-1, =x forallxe R. 
An element xER is called unit if there exists 
y €Rsuchthatl, =x-y=y-x. 
A nonempty subset § of a semihyperring (R3+;-) is 
called a sub-semihyperring ifa+bCcSanda-bcS$ 
for all a,b € S.. A left hyperideal of a semihyperring R 
is anon-empty subset / of FR satisfying 

(i) If aobelthna+bcl 

Gi) Ifael and seRthen s-acl 

Gii) JAR. 
A right hyperideal of R is defined in an analogous manner 
and an hyperideal of R is a nonempty subset which is both 


a left hyperideal and a right hyperideal of FR. 
For more results on semihyperrings and neutrosophic sets 
we refer to [6, 10] and [14] respectively. 


3. Main Results 


Definition 3.1. [14] A neutrosophic set A on the uni- 
verse of discourse X is defined as 


A={<x:A‘ (x),A‘ (x), A‘ (x) >,x eX} 
A’,A’,A’ :X >) Of" 


where 


and 
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“0 < A‘ (x)+ A‘ (x) +A‘ (x) <3" . From philosoph- 
ical point of view, the neutrosophic set takes the value 
from real standard or non-standard subsets of — ]0,1[~ . But 


in real life application in scientific and engineering prob- 
lems it is difficult to use neutrosophic set with value from 


real standard or non-standard subset of ~ ]0,I[~ . Hence we 


consider the neutrosophic set which takes the value from 
the subset of [0, 1]. 

Throughout this section unless otherwise mentioned R 
denotes a semihyperring. 


Definition 3.2. Let “2=(“’ , uu’, 1’ )be a non empty 
neutrosophic subset of a semihyperring RK (i.e. anyone of 
Li’ (x), (x) or wt" (x) not equal to zero for some 
x €R).Then £ is called a neutrosophic left hyperideal 
of R if 


(i) inf we (z)=min{w’ (x), u" (y)}, 


zext+y 


I I 
ay ne l(oy> HOFTE OD 
(ii) int us (Z)2 ; 


(iii) sup wv" (z) <max{w" (x), ue" (y)}, 


zEext+y 
(iv) inf w"(z) 2 HW" (y), 
(v) inf yo" (z) = we (y), 
(vi) sup ze" (z) Sw" (y). 
ZEXy 


forall x, VER. 
Similarly we can define neutrosophic right hyperideal of 


R. 


Example 3.3. Let R = {0,a,b,c} be a set with the hy- 


peroperation © and the multiplication @ defined as fol- 
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lc Os ee 


Then (R,@,¢) is a semihyperring. 

Define neutrosophic subset & of R_ by 
(0) =(1,0.6,0.1) —, L(a) = (0.7,0.4,0.3) 
L(b) = (0.8,0.5,0.2) “(c) = (0.6,0.2,0.4). Then 
is a neutrosophic left hyperideal of FR. 


Theorem 3.4. A neutrosophic set Z of R is a neutro- 
sophic left hyperideal of RK if and only if any level subsets 


le ={xeE Riu (x) =t,t €[0.1]} 
weo={xe Rip’ (x)=t,t€[0.1]} 
Le :={x ER: ww (x) <t,t €[0.1]} are left hyperide- 
alsof R. 


and 


Proof. Assume that the neutrosophic set 4 of FR is a neu- 
trosophic left hyperideal of R . 


Then anyone of ae ya "or Lu " is not equal to zero for 
ar j eee 
some xX € Ri.e., in other words anyone of MU, ,, or 


Ul, is not empty for some t € [0,1]. So, it is sufficient to 


consider that all of them are not empty. 


Suppose x,y € , = (Ul, Ll, sft, )and s €R.Then 
inf ys" (z) = min{ Zw’ (x), w’ (y)} = min{t,t} = 4 


zext+y 


wet HO), ttt _ 


inf uw’ (z)> t 
int (z) 5 ; 
sup “’ (z) <max{y" (x), uw" (y)} < max{t,t} =t 


zexty 
sede hee oc PT 
which implies X+yYCUuU, ,U ,f, Le,xXtyYCU. 
Also 
inf we (z) 2 pw" (x) 28, 
LESX 


inf yu’ (z) =’ (x) 8, 
sup ll" (z) Sw" (x) St, 


LESX 


Hence SX C UU. 
Therefore i, is a left hyperideal of R. 


Conversely, suppose LU, (+ @) is a left hyperideal of R . If 
possible is not a neutrosophic left hyperideal. Then for 
x, y © R anyone of the following inequality is true. 


inf ye" (z) < mint x" (2), u"(y)} 
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| I de. gg! 
ae (x) + (Y) 

zexty ) 

sup ze" (z) > max{y" (x), £" (y)} 
zExty 

For the first inequality, choose 


Lint, 40” (2) + ming" (x), 40" Then 


inf yw" (z) <t,< min{ uw" (x), “’ (y)} which implies 


zext+y 


t= 


xX,VE ie but x+y¢ L,, - a contradiction. 


For the second inequality, choose 


ifn 1 ee, ] 
bok EA SND Jes Rh 


I I 
X)+ 
inf LU’ (z) <f, < ZOE) which implies 
ZEX+TY 2, 
xX,yE L,, but x+y¢ ve - a contradiction. 
For the third inequality, choose 


t, = ~[sup (2) + max{u" (x), 1" (y)}]. Then 


2 ZeExty 


sup sl" (z) >t,> max{u" (x), uw" (y)}) which = im- 


ZExt+y 
plies x, ye Te but x+y¢ Ll; - a contradiction. 


So, in any case we have a contradiction to the fact that 
HU, is a left hyperideal of R . 


Hence the result follows. 


Definition 3.5. Let and V be two neutrosophic subsets 
of R. The intersection of 4 andis V defined by 
T T 
(a! AV" x) = min{ A" (x),V" (x)} 
I I 
(a! AV" (x) = min {we (x),V" (x)} 


(u" Av" \(x) = max{u" (x),v" (x)} 
forall xE R. 


Proposition 3.6. Intersection of a nonempty collection of 
neutrosophic left hyperideals is a neutrosophic left hyper- 
ideal of R. 


Proof. Let {u, :1 € I} be a non-empty family of neutro- 
sophic left hyperideals of R and x,yeR. Then 


inf (A 4; )(z) 


zext+y iel 


= inf inf Lt, (z) 


zexty iel 
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> inf {min { 44; (x), 4; (y)}} 
= min{inf 477 (x),inf 427 (y)} 
= ming 4; (x), 04; ()} 


inf ( 44; )(z) 


zext+y tel 


= inf inf yu! (z) 


zex+y iel 
sine H Oth ©) 
ie] 2 
inf y1! (x) +inf 4! (y) 
Sn 
OM O)+ OH; (9) 
2 


sup (9 Li; \(z) 


ZEX+TY iel 


= sup sup £4; (z) 


zext+y tel 


< sup{max{u" (x), ; (y)}} 


iel 


= ee H; (x), sep Mi; (y)} 
= max{ 1; (x), ui (y)} 


inf (> 44) (2) 


inf inf a (2) 
= inf LL, (x) 
=O LL, (x) 

inf ( ; )(z) 

= inf inf 4; (2) 


2 inf 41; (x) 


= OH; (2) 
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sup( a (Zz) 


LESX 


= supsup 41," (z) 


zesx iel 


< sup 4; (x) = ie H; (x) 


iel 


Hence 1 LU, is a neutrosophic left hyperideal of R . 
iel 


Definition 3.7. Let RK , S be semihyperrings and 
f :R—S be a function. Then f is said to be a homo- 


morphism if for all a,b Ee R 
()f(at+b)c fla)+ fO) 
(ii) f (ab) < f(a) f() 
(iii) f(O,) =0s 


where 0, and Q, are the zeros of R and S' respectively. 


Proposition 3.8. Let f :R—S be a morphism of 
semihyperrings. Then 

(i) If @ is a neutrosophic left hyperideal of S , then 
f ~'() [13] is a neutrosophic left hyperideal of R 

(ii) If f is surjective morphism and £ is a neutronsophic 
left hyperideal of R, then f (2) [13] is a neutrosophic 
left hyperideal of S. 


Proof. Let f : R — S be a morphism of semihyperrings. 
Let @ be a neutrosophic left hyperideal of S and 
rseER. 


inf f"(G" (2) 


= inf ¢”(f(2)) 
= inf p(F() 


f()EfO)+ f(s) 
> min{ $” (f(r). 9" (Fs) 
= mint f(r), fs). 
inf £92) 
= inf ¢'(f(2) 
= inf 6'(F(2) 


F(OSLO)+ f(s) 
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GLO) +9 LO) 
2 
L1G) + LGN) 
Z 
sup f(b" \(2) 
= sup ¢" (f(2)) 
= sup $*(f(2) 


FOEFO)+ FCs) 
<max{¢" (f(r), o" (F(s))} 
<max{f '(¢" \(r), f “(G" Y(s)}. 


Again 
inf f-'(6" (2) 
= inf 4 (f(z) 
ae )F(s e (F)) 
= 6' (f(s) =f Ms). 
inf f (6! \(2) 
= inf ‘ (f(<)) 
re ae FCs ie (F@) 
= 6° (f(s) =f Ms). 
sup f '(¢* \(z) 
= sup¢" (f(z) 
= sup ¢° (f(z) 


FOEFOF(S) 


<$" (f(s) =f Vs). 


Thus f' (P) is aneutrosophic left hyperideal of R . 
(ii) Suppose LZ be a neutrosophic left hyperideal of R and 


e y eS. Then 


a RCAC aCe, 


= inf sup 4 “(z) 


ZEXTY pep lz’) 
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T 
= inf sup lu (z) 
ZEXtY yef(x')yef(y) 


= sup fin 24°) 2 O33 
xef (x )yef(y 


=min{ sup “’ (x), sup “' (y)} 


xef'(x) yef"(y) 
= min{( f(z" (x), (FC My DI. 
int (FE) 


= inf sup mw (z) 


ZExt+y zef '(z) 


= inf sup w'(z) 
ESM ger "(at ef) 


I ib I 
: sup Le (x)+ u(y) 
mg \(x),yef"(y) 2 


== sup 4 ‘(x) + sup ‘(y)) 
xef ‘(x ) yef ‘(y) 


= 1H Mx) +FDO. 
sup (f(u" Mz) 


zex+y 


eo ee “@) 


pera « 


< sup inf LL’ (Zz) 
Jexsy 26f (ef) 


< inf timate" (2), (O91) 
xef “(x ),yef (y ) 


=max{ inf 4" (x), inf 4" (y)} 
= maxt( fu" x) F DO}. 


Again 


Ee (FUE VIZ) 
= ar sup 4 *(z) 
PEXY cep lz’) 


T 
= sup ft (Z) 
xef (x ),yef '(y) 


2 el wy =(f(u" )(y ). 
aay (u' )\(z ) 


= = inf sup ‘(z) 


ZEXY zepol (z) 


Debabrata Mandal, Neutrosophic Hyperideals of Semihyperrings 


Neutrosophic Sets and Systems, Vol. 12, 2016 110 


7 sup jt’ (Z) = inf Ma) +V' (%) 
xef (x ),yef (y) 7 2 E(X, + Y,),Z (XQ +2) Z 

> ‘(y)= ‘)\(y ). 

= sup HOD = (FH DY) 5 Lata + en) VG) +0! (9), 
F ' ae) 2 2 

sup (f(u" ))(Z ) F i I i 

= Laie Gn), O40" On), 

=sup inf yw’ (z) 2 2 2 


zexy zef'(z) 


< 


. F 
Inf “ &) 
xef (x ),yef (y) 


7 =u! XV" \M%1,%_)+ CL XV" MY, Yo). 
< inf w'(y=(S(" Ny) 


yef “(y) : 
sup ( XV" \(Z5Zy) 
Thus f (JZ) is a neutrosophic left hyperideal of S . (21 522 YEO» ¥2 40192) 
FOF 
= sup (fl XV" YZ, 2) 
Definition 3.9. Let 4 and V be two neutrosophic sub- ASO) eas y2) 
sets of KR. Then the Cartesian product of 4 and Vv isde- = SUpMax {ue (Z,), ve (Z5)5 
fined by %E(4+Y; ) 522 ee : : 2 
Cu x v' \(x, y)= min{ 1" (x),v’ (y)} = max {max { // (x, )» He (y, )},max {Vv (x, ),V (yo )fs 
ginepetd = max {max {11" (x,),v" (x,)}smaxt wl" (yy) (ya)}} 
CVG) = = Pieagh beet 
2 =max{(uo XV" )(X,,%5),( XV" WV, Vo DF 


(u" xv" \(x, y) = max{u" (x),V" (y)} 


inf MV? \ Zig h 
forall x, VER. eapte opcg MZ1> Zz) 
i T 
= inf (uo XV" (ZZ) 
Theorem 3.10. Let 4/ and Vv be two neutrosophic left 2 EX 922 X22 
hyperideals of Rk. Then XV is a neutrosophic left hy- = inf min {u' (z,),V' (z,)} 


21 EX V1 2% EX2 V7 
perideal of Rx R. 
2 min{ zw" (y,),V" (y>)} = (ue XV" W159): 


Proof. Let (x,,x,), (¥,,¥,) € RX R. Then 


inf ‘xv’ \(z,,Z 
Cu" xv \(z PG ) Eee ae x 2) 
1 2 
(21 22 JE(%) .X2 )+(1.92) = inf ( ‘xv! \(z Z ) 
= inf Cu’ XV" \(Z)5Z>) Zp EX V1 Z2 XQ V2 e ie 
21 (4) + Y, ),2%2 €(%. +2) ‘(z yt vi (z ) 
= infin {u"(z,),v"(z,)} = of OO 
2, E(X1 +, ),Z €(X2 +2) Z EX] VY] 5% 2 XQ V2 2 
> min{min{ su’ (x,), 4° (y,)},min{v’ (x,),v" (y,)}} . Hdtv Or) _ Pai Ga 
=min{min{ 4" (x,),v" (x,)},min{ zu" (y,),v" (y2)}} 2 = 
=min{(y" xv" )(x,,x)),(u" XV" (592) SUP HE XY Me 22) 
1 9% JEUX XQ NV» V2 
_ F F 
(10! xv! Wz1529) I 
(21 22 JE(% .X2 )+(1 2) <p SX V1 9% X27 V2 
= inf (we x" )(Z,, 2) = supmax {w" (z,),v"(z)} 
2 E(X, +, ),Z2 (X72 + V2) Zy EX Vy »Z EX V2 
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<max{y"(y,),V" (y.)} = CH" XV"). 92): 
Hence XV is aneutrosophic left hyperideal of Rx R. 


Definition 3.11. Let “and V be two neutrosophic sets 
of asemiring R . Define composition of L/ and V by 

ij i 
(uu ov" )(x) = sup {min { " (a;),v" (B;)}} 


n 


xe) a,b, 


i=l 
= Q if x cannot be expressed as above 


2 wu (a. ‘ (b. 
(u'ov'!\(x) = sup ye ait (D;) 


>} a,b; it 


i=l 


= Q if x cannot be expressed as above 
(uu ov" )(z) = inf{max {42° (a;),v" (b;)}} 


n 


xe) a;b; 


i=] 


= Q if x cannot be expressed as above 
where x,a,,b, € R for 1 =1,...,n. 


Theorem 3.12. If 4 and Vv be two neutrosophic left hy- 


perideals of , R then L/OV is a neutrosophic left hyper- 
ideal of RK. 


Proof. Suppose 4,V be two neutrosophic hyperideals of 

R and x,yvER. If x+y € > a,b, for 
i=l 

a,,b, € R, then there is nothing to proof. So, assume that 


x+y eE > 4b, for a,,b, € R,. Then 
i=l 


inf (w' ov" \(z) 


zEexty 
= inf sup {min{y' (a;),v' (b)}} 
ZEX+yY L 
xtye) a,b; 


i=] 


> sup{min {u' (c,),V' (d,s (eV (F)33 


xe) cd;,ye> ef, 


i=] i=] 
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= min {sup {min {u" (c,),v' (d;)}} ? 


fe Dee 
sup {min {u" (¢,),v" (F335 
reel 
=min{( 4" ov" )(x),(M' ov" \(y)} 
inf (w1'ov'\(2) 
= inf sup yee 
° ; tye ah o ui 


xeV 6d," eS; it an 


i=l i=] 


n I ya I d. 
2 sy os ish 2n 
I I 
Me (e)+V (fi) 
sup > Fs 
ye) eifisi - 


i=l 


_ (w'ov' (x) +(wiov’ Wy) 
2 


sup (4" ov" )(z) 


zeExty 


sup inf {max { 4" (a,),V° (dD: ) 


ZExt+y 


n 


By a 
inf{max {0° (¢;),V" (d;), LH (e)sv" (F)}3 


n 


reV eds.ve ef 


= iiealinttiomnin® ev A, 
inf{max {u" (e,),v" (f,)}33 


n 


ye) efi 


i=] 


lA 
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= max {(“" ov" \(x),(u" ov" \(y)} 
inf (w' ov" \(z) 


= int sup {min {40° (a;),v" (b;)}} 


xye)) a,b; 


> sup {min { 1" (xe, Vv’ (F)}3 


n 
zexye) xe; f; 


i=l 


> sup {min { w" (e;),v" (f,)}3 


ye) ef, 


i=] 


=(u' ov’ Vy) 
inf (4’ ov’ )(z) 
ZExy 

nu (a. ‘(b, 
cint sup SL@I4Y'H) 
atcs wed a,b; et ae 


> 
zexye)) xe; f; a 


i=l 


n I y+ vl ; 
> sup yo 
ye> efj,; ize 


= (u'ov' \(y) 


sup(“’ ov” )(z) 
= supinf{max{ " (a;),v" (b;)}} 


xye> a;b; 


< inf {max {y0" (xe,),v" (f,)}3 


wed xe, f 


i=] 


< inf {max {u" (e,),v° (f;)}3} 


ye) efi 


i=] 


=(u" ov" Wy). 
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Hence MOV is a neutrosophic left hyperideal of R . 


Conclusion 

This is the introductory paper on neutrosophic hyperideals 
of semihyperrings in the sense of Smarandache[14]. Our 
next aim to use these results to study some other properties 
such prime neutrosophic hyperideal, semiprime neutro- 
sophic hyperideal,neutrosophic bi-hyperideal, neutrosophic 
quasi-hyperideal, radicals etc. 


Acknowledgement: The author is highly thankful to the 
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Salama et. al.. In this paper, we introduce the concept of Nw- closed sets and 
their properties in Neutrosophic topological spaces. 


Abstract. Neutrosophic set and Neutrosophic Topological 
spaces has been introduced by Salama[5]. Neutrosophic Closed 
set and Neutrosophic Continuous Functions were introduced by 


Keywords: Intuitionistic Fuzzy set, Neutrosophic set, Neutrosophic Topology, N,-open set, N,-closed set, N,- closed set, N,- 


open set and Nw-closure. 


1. Introduction 


Many theories like, Theory of Fuzzy sets[10], 
Theory of Intuitionistic fuzzy  sets[l1], Theory of 
Neutrosophic sets[8] and The Theory of Interval 
Neutrosophic sets[4] can be considered as tools for dealing 
with uncertainities. However, all of these theories have 
their own difficulties which are pointed out in[8]. 

In 1965, Zadeh[10] introduced fuzzy set theory as 
a mathematical tool for dealing with uncertainities where 
each element had a degree of membership. The 
Intuitionistic fuzzy set was introduced by Atanassov[1] in 
1983 as a generalization of fuzzy set, where besides the 
degree of membership and the degree of nonmembership 
of each element. The neutrosophic set was introduced by 
Smarandache[7] and explained, neutrosophic set is a 
generalization of intuitionistic fuzzy set. 

In 2012, Salama, Alblowi[5] introduced the 
concept of | Neutrosophic topological spaces. They 
introduced neutrosophic topological space as a 
generalization of intuitionistic fuzzy topological space and 
a neutrosophic set besides the degree of membership, the 
degree of indeterminacy and the degree of nonmembership 
of each element. In 2014 Salama, Smarandache and Valeri 
[6] were introduced the concept of neutrosophic closed 
sets and neutrosophic continuous functions. In this paper, 
we introduce the concept of N,- closed sets and their 
properties in neutrosophic topological spaces. 


2. Preliminaries 


In this paper, X denote a topological space (X, ty) 
on which no separation axioms are assumed unless 
otherwise explicitly mentioned. We recall the following 
definitions, which will be used throughout this paper. For 
a subset A of X, Necl(A), Nint(A) and A®* denote the 
neutrosophic closure, neutrosophic interior, and the 
complement of neutrosophic set A respectively. 


Definition 2.1.[3] Let X be a non-empty fixed set. A 
neutrosophic set(NS for short) A is an object having the 
form A = {<x, Wa(xX), 6a(X), Va(x)>: for all x € X}. Where 
Ua(x), Oa(X), vVa(x) which represent the degree of 
membership, the degree of indeterminacy and the degree of 
nonmembership of each element x € X to the set A. 


Definition 2.2.[5] Let A and B be NSs of the form A = 
{<x, Ha(X), Ga(X), Va(x)>: for all x € X} and B = {<xx, 
Up(X), Op(X), Va(X)>: for all x € X} . Then 
1. A © Bif and only if wa(x) S up(X), 6a(X) = Op(X) 
and va(x) = vp(x) for all x € X, 
il. A =Bifand only if A © Band BCA, 
Ill. A® = {<x, va(x), 1— 6a(X), Wa(x)>: for all x € X }, 
IV. A U B= {<x, Ha(x) V uUp(x), Oa(X) A p(X), 
va(X) A vp(x): for all x € X >}, 
v. AM B= {<x, Ha(X) Aps(x), Oa(X) V p(x), 
va(X) V Up(x): for all x € X >}. 


Definition 2.3.[5] A neutrosophic topology(NT for short) 
on anon empty set X 1s a family t of neutrosophic subsets 
in X satisfying the following axioms: 

1) On, ly E ts 

1) GN G) €T, for any G;, Gp €T, 

111) UG; €T, forall G:ieEJCt 
In this pair (X, Tt) 1s called a neutrosophic topological space 
(NTS for short) for neutrosophic set (NOS for short) t in 
X. The elements of t are called open neutrosophic sets. A 
neutrosophic set F is called closed if and only if the 
complement of F(F* for short) is neutrosophic open. 


Definition 2.4.[5] Let (X, t) be a neutrosophic 
topological space. A neutrosophic set A in (X, T) 1s said to 
be neutrosophic closed(N-closed for short) if Ncl(A) © G 
whenever A € G and G 1s neutrosophic open. 
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Definition 2.5.[5] The complement of N-closed set is N- 
open set. 


Proposition 2.6.[6] In a neutrosophic topological space 
(X, T), T = 3 (the family of all neutrosophic closed sets) 
iff every neutrosophic subset of (X, T) is a neutrosophic 
closed set. 


3. N, -closed sets 


In this section, we introduce the concept of N,- 
closed set and some of their properties. Throughout this 
paper (X, Ty) represent a neutrosophic topological spaces. 


Definition 3.1. Let (X, ty) be a neutrosophic topological 
space. Then A is called neutrosophic semi open set(N,- 
open set for short) if A C Ncl(Nint(A)). 


Definition 3.2. Let (X, ty) be a neutrosophic topological 
space. Then A 1s called neutrosophic semi closed set(N,- 
closed set for short) if Nint(Ncl(A)) C A. 


Definition 3.3. Let A be a neutrosophic set of a 
neutrosophic topological space (X, ty). Then, 


1. The neutrosophic semi closure of A is defined as 
N,cl(A) = N {K: K is a N,-closed in X and A © 
Ky 

il. The neutrosophic semi interior of A is defined as 


N,int(A) = U {G: Gis a N,-open in X and G € A} 


Definition 3.4. Let (X, ty) be a neutrosophic topological 
space. Then A is called Neutrosophic @ closed set(No- 
closed set for short) if Ncl(A) © G whenever A € G and G 
is N,-open set. 


Theorem 3.5. Every neutrosophic closed set is No-closed 
set, but the converse may not be true. 
Proof: If A is any neutrosophic set in X and G is any N,- 
Open set containing A, then Ncl (A) © G. Hence A is N,- 
closed set. 

The converse of the above theorem need not be 
true as seen from the following example. 


Example 3.6. Let X = {a,b,c} and ty = {0n,G), In} is a 
neutrosophic topology and (X, Ty) is a neutrosophic 
topological spaces. Take G, = <x, (0.5, 0.6, 0.4), (0.4, 0.5, 
0.2), (0.7, 0.6, 0.9)>, A = <x, (0.2, 0.2, 0.1), (0, 1, 0.2), 
(0.8, 0.6,0.9)>. Then the set A is N,-closed set but A is 
not a neutrosophic closed. 


Theorem 3.7. Every N,-closed set is N-closed set but not 
conversely. 

Proof: Let A be any N,-closed set in X and G be any 
neutrosophic open set such that A € G. Then G is N,-open, 
A © G and Ncl (A) & G. Thus A is N-closed. 
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The converse of the above theorem proved by the 
following example. 


Example 3.8. Let X = {a,b,c} and ty = {0n,G),1n} is a 
neutrosophic topology and (X, Ty) is a neutrosophic 
topological spaces. Let G, = <x, (0.5, 0.6, 0.4), (0.4, 0.5, 
0.2), (0.7, 0.6, 0.9)> and A = <x, (0.55, 0.45, 0.6), (0.11, 
0.3, 0.1), (0.11, 0.25, 0.2)>. Then the set A is N-closed but 
A 1s not aN, -closed set. 


Remark 3.9. The concepts of N,-closed sets and N,- 
closed sets are independent. 


Example 3.10. Let X = {a,b,c} and ty = {0n,Gy, In} is a 
neutrosophic topology and (X, ty) is a neutrosophic 
topological spaces. Take G; = <x, (0.5, 0.6, 0.4), (0.4, 0.5, 
0.2), (0.7, 0.6, 0.9)>, A = <x, (0.2, 0.2, 0.1), (0, 1, 0.2), 
(0.8, 0.6,0.9)>. Then the set A is N,-closed set but A is 
not a N,-closed set. 


Example 3.11. Let X = {a,b} and TN — {On,Gy, G, In} 1S 
a neutrosophic topology and (X, Ty) is a neutrosophic 
topological spaces. Take G,; = <x, (0.6, 0.7), (0.3, 0.2), 
(0.2, 0.1)> and A = <x, (0.3, 0.4), (0.6, 0.7), (0.9,0.9)>. 
Then the set A is N,-closed set but A is not a N,.-closed. 


Theorem 3.12. If A and B are N,-closed sets, then A U B 
is N,,-closed set. 

Proof: If A UB C& G and G is N,-open set, then A € G 
and B € G. Since A and B are N,-closed sets, Ncl(A) © G 
and Ncl(B) € G and hence Nel(A) U Necl(B) © G. This 
implies Ncl(A U B)& G. Thus A U B 1s N,-closed set in 
X. 


Theorem 3.13. A neutrosophic set A is N-closed set 
then Ncl(A) — A does not contain any nonempty 
neutrosophic closed sets. 
Proof: Suppose that A is N,-closed set. Let F be a 
neutrosophic closed subset of Ncl(A) — A. Then A € F*. 
But A is N,-closed set. Therefore Ncl(A) © F. 
Consequently F © (Ncl(A))°. We have F © Ncl(A). Thus F 
© Nel(A)N(Ncl(A))° = o. Hence F is empty. 

The converse of the above theorem need not be 
true as seen from the following example. 


Example 3.14. Let X = {a,b,c} and ty = {0n,Gy, In} is a 
neutrosophic topology and (X, ty) is a neutrosophic 
topological spaces. Take G, = <x, (0.5, 0.6, 0.4), (0.4, 0.5, 
0.2), (0.7, 0.6, 0.9)> and A = <x, (0.2, 0.2, 0.1), (0.6, 0.6, 
0.6), (0.8, 0.9,0.9)>. Then the set A is not a N,-closed set 
and Ncl(A) — A = <x, (0.2, 0.2, 0.1), (0.6, 0.6, 0.6), (0.8, 
0.9,0.9)> does not contain non-empty neutrosophic closed 
sets. 


Theorem 3.15. A neutrosophic set A is N,-closed set if 
and only if Ncl(A) — A contains no non-empty N,-closed 
Set. 
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Proof: Suppose that A is N,-closed set. Let S be a N,- 
closed subset of Ncl(A) — A. Then A © S*. Since A is N,- 
closed set, we have Ncl(A) © S*. Consequently S 
(Ncl(A))°. Hence S © Nel(A)N(Ncl(A))° = o. Therefore S 
is empty. 

Conversely, suppose that Ncl(A) — A contains no non- 
empty N,-closed set. Let A © G and that G be N,-open. If 
Nel(A) € G, then Ncl(A) N G* is a non-empty N,-closed 
subset of Ncl(A) — A. Hence A is N,-closed set. 


Corollary 3.16. A N,-closed set A is N,-closed if and 
only if N,cl(A) — A is N,-closed. 

Proof: Let A be any N,-closed set. If A is N,-closed set, 
then N,cl(A) — A = 9. Therefore N,cl(A) — A is N,-closed 
Set. 

Conversely, suppose that Ncl(A) — A is N,-closed set. But 
A is N,-closed set and Ncl(A) — A contains N,-closed. By 
theorem 3.15, N,cl(A) — A = 0. Therefore N,cl(A) = A. 
Hence A 1s N,-closed set. 


Theorem 3.17. Suppose that BG A C€ X, B is a N,- 
closed set relative to A and that A is N,-closed set in X. 
Then B is N,-closed set in X. 

Proof: Let B © G, where G is N,-open in X. We have B 
© ANG and ANG is N,-open in A. But B 1s a N,-closed set 
relative to A. Hence Nel,(B) © ANG. Since Nel,(B) = A 
N Ncl(B). We have ANNcl(B) © ANG. It implies A © 
GU(Ncl(B))° and GU(Ncl(B))° is a N,-open set in X. Since 
A is N,-closed in X, we have Nel(A) © GU(Ncl(B)). 
Hence Nel(B) © GU(Ncl(B))° and Ncl(B) © G. Therefore 
B is N,-closed set relative to X. 


Theorem 3.18. If A is N,-closed and A € B € Ncl(A), 
then B is N,-closed. 

Proof: Since B © Ncl(A), we have Ncl(B) © Ncl(A) and 
Ncl(B) — B © Nel(A) — A. But A is N,-closed. Hence 
Ncl(A) — A has no non-empty N,-closed subsets, neither 
does Ncl(B) — B. By theorem 3.15, B is No-closed. 


Theorem 3.19. Let A © Y € X and suppose that A is N,- 
closed in X. Then A is N,,-closed relative to Y. 

Proof: Let A © YNG where G is N,-open in X. Then A G 
G and hence Nel(A) © G. This implies, Y N Nel(A) © 
YNG. Thus A is N,-closed relative to Y. 


Theorem 3.20. If A is N,-open and N,-closed, then A is 
neutrosophic closed set. 

Proof: Since A is N,-open and N,-closed, then Ncl(A) © 
A. Therefore Ncl(A) =A. Hence A is neutrosophic closed. 


4. N,-open sets 


In this section, we introduce and study about N,- 
open sets and some of their properties. 


Definition 4.1. A Neutrosophic set A in X is called N,- 
open in X if A* is N,-closed in X. 
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Theorem 4.2. Let (X, tx) be a neutrosophic topological 
space. Then 
(1) Every neutrosophic open set is 


N,-open but not conversely. 
(11) Every N,-open set is N-open 
but not conversely. 


The converse part of the above statements are 
proved by the following example. 


Example 4.3. Let X = {a,b,c} and ty = {0n,G), Iv} is a 
neutrosophic topology and (X, ty) is a neutrosophic 
topological space. Take G,; = <x, (0.7, 0.6, 0.9), (0.6, 0.5, 
0.8), (0.5, 0.6, 0.4)> and A = <x, (0.8, 0.6, 0.9), (1, 0, 0.8), 
(0.2, 0.2, 0.1)>. Then the set A is N,-open set but not a 
neutrosophic open and B = <x, (0.11, 0.25, 0.2), (0.89, 0.7, 
0.9), (0.55, 0.45, 0.6)> is N-open but not a N,-open set. 


Theorem 4.4. A neutrosophic set A is N,-open if and 
only if F © Nint(A) where F is N,-closed and F € A. 
Proof: Suppose that F © Nint(A) where F is N,-closed and 
FC A. Let A® © G where G is N,-open. Then G* € A and 
G* is N,-closed. Therefore G* © Nint(A). Since G* GC 
Nint(A), we have (Nint(A))° © G. This implies Ncl((A)*) 
C G. Thus A* is N,-closed. Hence A is N,-open. 
Conversely, suppose that A is N,-open, F € A and F is N,- 
closed. Then F° is N,-open and A* € F*. Therefore 
Nel((A)‘) © F*. But Nel((A)‘) = (Nint(A))°. Hence F G 
Nint(A). 


Theorem 4.5. A neutrosophic set A is N,-open in X if 
and only if G = X whenever G is N,-open and 
(Nint(A)UA*) € G. 

Proof: Let A be a N,-open, G be N,-open and 
(Nint(A)UA‘) © G. This implies G* € (Nint(A))° N((A)*)* 
= (Nint(A))° — A® = Nel((A)*) — A®. Since A® is N,-closed 
and G* is N,-closed, by Theorem 3.15, it follows that G* = 
o. Therefore X = G. 

Conversely, suppose that F is N,-closed and F € A. Then 
Nint(A) U A® © Nint(A) U F*. This implies Nint(A) U F° = 
X and hence F € Nint(A). Therefore A is N,-open. 


Theorem 4.6. If Nint(A) © B © A and if A is N,-open, 
then B is N,-open. 

Proof: Suppose that Nint(A) © B © A and A is N,-open. 
Then A* CB*€ Ncl(A*) and since A* is N,-closed. We 
have by Theorem 3.15, B* is N,-closed. Hence B is N,- 
open. 


Theorem 4.7. A neutrosophic set A is N,-closed, if and 
only if Ncl(A) — A is No-open. 

Proof: Suppose that A is N,-closed. Let F © Ncl(A) —-A 
Where F is N,-closed. By Theorem 3.15, F = 0. Therefore 
F © Nint((Ncl(A) — A) and by Theorem 4.4, we have 
Nel(A) — A is N,-open. 
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Conversely, let A © G where G is a N,-open set. Then 
Ncl(A) N G* © Nel(A) N A® = Nel(A) — A. Since Nel(A) 
C G is N,-closed and Ncl(A) — A is N,-open. By Theorem 
4.4, we have Ncl(A) N G* © Nint(Ncl(A) — A) = 6. Hence 
A is N,-closed. 


Theorem 4.8. For a subset ACX the following are 


equivalent: 
(1) A 1s N,-closed. 
(11) Ncl(A) — A contains no non-empty N,- 
closed set. 
(111) Ncl(A) — A is Ng-open set. 


Proof: Follows from Theorem 3.15 and Theorem 4.7. 
5. N, closure and Properties of N,-closure 


In this section, we introduce the concept of No- 
closure and some of their properties. 


Definition 5.1. The N,-closure (briefly N,cl(A)) of a 
subset A of a neutrosophic topological space (X, ty) 1s 
defined as follows: 

N,cl(A) =N { F & X/A CF and F is N,-closed in (X, 
Tn)}- 


Theorem 5.2. Let A be any subset of (X, ty). If A is N,- 
closed in (X, Ty) then A = N,cl(A). 

Proof: By definition, N,cl(A) =N {FS X/A CF and F 
is a N,-closed in (X, ty)} and we know that A € A. Hence 
A=N,cl(A). 


Remark 5.3. For a subset A of (X, ty), A © N,cl(A) & 
Ncl(A). 


Theorem 5.4. Let A and B be subsets of (X, ty). Then 
the following statements are true: 
1. N,cl(A) = 6 and Nacl(A) = X. 
il. If A CB, then N,cl(A) © N,cl(B) 
lil. N,cl(A) U Nocl (B) € N,cl (A U B) 
IV. Nacl (A N B) C Nocl(A) N Noacl (B) 
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Abstract. By using Neutrosophy and Quad-stage Method, 
the expansions of comparative literature include: com- 
parative social sciences clusters, comparative natural sci- 
ences clusters, comparative interdisciplinary sciences 
clusters, and so on. Among them, comparative social sci- 
ences clusters include: comparative literature, compara- 
tive history, comparative philosophy, and so on; compar- 
ative natural sciences clusters include: comparative 
mathematics, comparative physics, comparative chemis- 
try, comparative medicine, comparative biology, and so 
on. In addition, comparative literature itself can also be 
expanded. Under the two main categories of research and 


practice, comparative literature can be expanded into: 
comparative literature research, comparative literature 
practice (including comparative essay, comparative fic- 
tion, comparative poetry, comparative drama, and so on), 
comparative literature research and practice, and so on. 
This paper discusses the applications of comparative 
method in comparative sciences clusters and their various 
branches. Point out that in the existing fields of social 
sciences and natural sciences, many sprouts of compara- 
tive sciences clusters can be found, but a wide range of 
the achievements of comparative sciences clusters, still 
are the virgin lands to be developed. 


Keywords: Comparative, comparative sciences clusters, comparative social sciences clusters, comparative natural sciences 
clusters, comparative interdisciplinary sciences clusters, comparative literature, comparative history, comparative philosophy, 
comparative mathematics, comparative physics, comparative chemistry, comparative medicine, comparative biology, compar- 
ative essay, comparative fiction, comparative poetry, comparative drama. 


1 Introduction 


Comparative literature 1s the literary branch running 
comparative study (research) about the relationship be- 
tween two or more kinds of literatures. It consists of influ- 
ence study, parallel study, interdisciplinary study, and so 
on. 

At present, the research method of comparative litera- 
ture has expanded into other areas, and establish many dis- 
ciplines such as comparative sociology, comparative juris- 
prudence, and so on. But the expansion is not enough. In 
this paper, we try to expand comparative literature into 
comparative sciences clusters (including comparative so- 
cial sciences clusters, comparative natural sciences clusters, 
comparative interdisciplinary sciences clusters, and so on). 


2 Basic Contents of Neutrosophy and Basic Con- 
tents of Quad-stage 


Neutrosophy is Florentin 
Smarandache in 1995. 

Neutrosophy is a new branch of philosophy that studies 
the origin, nature, and scope of neutralities, as well as their 
interactions with different ideational spectra. 

This theory considers every notion or idea <A> togeth- 


er with its opposite or negation <Anti-A> and the spectrum 


proposed by Prof. 


of "neutralities" <Neut-A> (i.e. notions or ideas located be- 
tween the two extremes, supporting neither <A> nor <An- 
ti-A>). The <Neut-A> and <Anti-A> ideas together are re- 
ferred to as <Non-A>. 

Neutrosophy is the base of neutrosophic logic, neutro- 
sophic set, neutrosophic probability and statistics used in 
engineering applications (especially for software and in- 
formation fusion), medicine, military, cybernetics, and 
physics. 

Neutrosophic Logic is a general framework for unifica- 
tion of many existing logics, such as fuzzy logic (especial- 
ly intuitionistic fuzzy logic), paraconsistent logic, intui- 
tionistic logic, etc. The main idea of NL 1s to characterize 
each logical statement in a 3D Neutrosophic Space, where 
each dimension of the space represents respectively the 
truth (T), the falsehood (F), and the indeterminacy (I) of 
the statement under consideration, where T, I, F are stand- 
ard or non-standard real subsets of |-0, 1+[ without neces- 
sarily connection between them. 

More information about Neutrosophy can be found in 
references [1, 2]. 


Quad-stage (Four stages) is presented in reference [3], 
it is the expansion of Hegel’s triad-stage (triad thesis, an- 
tithesis, synthesis of development). The four stages are 


Fu Yuhua, Expanding Comparative Literature into Comparative Sciences Clusters with Neutrosophy and Quad-stage 


Method 


Neutrosophic Sets and Systems, Vol. 12, 2016 


mon 


"general theses", "general antitheses", "the most important 
and the most complicated universal relations", and "general 
syntheses". They can be stated as follows. 

The first stage, for the beginning of development (the- 
sis), the thesis should be widely, deeply, carefully and re- 
peatedly contacted, explored, analyzed, perfected and so 
on; this is the stage of general theses. It should be noted 
that, here the thesis will be evolved into two or three, even 
more theses step by step. In addition, if in other stage we 
find that the first stage’s work is not yet completed, then 
we may come back to do some additional work for the first 
Stage. 

The second stage, for the appearance of opposite (an- 
tithesis), the antithesis should be also widely, deeply, care- 
fully and repeatedly contacted, explored, analyzed, per- 
fected and so on; this is the stage of general antitheses. It 
Should be also noted that, here the antithesis will be 
evolved into two or three, even more antitheses step by 
step. 

The third stage is the one that the most important and 
the most complicated universal relations, namely the seed- 
time inherited from the past and carried on for the future. 
Its purpose is to establish the universal relations in the 
widest scope. This widest scope contains all the regions re- 
lated and non-related to the "general theses", "general an- 
titheses", and the like. This stage's foundational works are 
to contact, grasp, discover, dig, and even create the oppor- 
tunities, pieces of information, and so on as many as possi- 
ble. The degree of the universal relations may be different, 
theoretically its upper limit is to connect all the existences, 
pieces of information and so on related to matters, spirits 
and so on in the universe; for the cases such as to create 
science fiction, even may connect all the existences, pieces 
of information and so on in the virtual world. Obviously, 
this stage provides all possibilities to fully use the com- 
plete achievements of nature and society, as well as all the 
humanity's wisdoms in the past, present and future. There- 
fore this stage is shortened as "universal relations" (for 
other stages, the universal relations are also existed, but 
their importance and complexity cannot be compared with 
the ones in this stage). 

The fourth stage, to carry on the unification and syn- 
thesis regarding various opposites and the suitable pieces 
of information, factors, and so on; and reach one or more 
results which are the best or agreed with some conditions; 
this is the stage of "general syntheses". The results of this 
stage are called "synthesized second generation theses", all 
or partial of them may become the beginning of the next 
quad-stage. 

For realizing the innovations in the areas such as sci- 
ence and technology, literature and art, and the like, it 1s a 
very useful tool to combine neutrosophy with quad-stage 
method. For example, in reference [4], expanding Newton 
mechanics with neutrosophy and quad-stage method, and 
establishing New Newton Mechanics taking law of conser- 
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vation of energy as unique source law; in reference [5], ne- 
gating four color theorem with neutrosophy and quad-stage 
method, and "the two color theorem" and "the five color 
theorem" are derived to replace "the four color theorem"; 
in reference [6], expanding Hegelian triad thesis, antithesis, 
synthesis with Neutrosophy and Quad-stage Method; in 
reference [7], interpretating and expanding Laozi’s govern- 
ing a large country is like cooking a small fish with Neu- 
trosophy and Quad-stage Method; in reference [8], inter- 
pretating and expanding the meaning of “Yi” with Neu- 
trosophy and Quad-stage Method; in reference [9], Creat- 
ing Generalized and Hybrid Set and Library with Neu- 
trosophy and Quad-stage Method. 

Applying Neutrosophy and Quad-stage Method, will 
significantly help us to consider all possible situations. 
Therefore, Neutrosophy and Quad-stage Method can play a 
very important role to expand comparative literature. 


3 Expanding Comparative Literature with Neu- 
trosophy and Quad-stage Method 


The process of expanding comparative literature can be 
divided into four stages. 

The first stage (stage of "general theses"), for the be- 
ginning of development, the thesis (namely "comparative 
literature") should be widely, deeply, carefully and repeat- 
edly contacted, explored, analyzed, perfected and so on. 

Currently, "comparative literature" has become a com- 
plex subject. Its research achievements absorb the research 
results of traditional world literature, as well as a variety of 
other areas even including natural science research; in fact, 
the inherent discipline bounds have been broken, and be- 
yond the limitations of region and time, put the Asian- 
African literature, European-American literature, and so on, 
as well as classical literature, modern literature, and so on, 
into one or more overall structures or frames. 

For example, in the research (study) of comparative lit- 
erature, the literature can be compared with social sciences 
(philosophy, psychology, linguistics, history, sociology, 
anthropology, and so on), and the natural sciences (math- 
ematical statistics, computer technology, system theory, 1n- 
formation theory, and so on), as well as other artistic disci- 
plines (painting, sculpture, architecture, music, film, and so 
On). 

Of course, we should also see that different scholars 
may have different viewpoints and interpretations for 
"comparative literature" and the related problems, and the 
different opinions and arguments will be endless from gen- 
eration to generation. 

In the second stage (the stage of "general antitheses"), 
the opposites (antitheses) should be discussed carefully. 
Obviously, there are more than one opposites (antitheses) 
of comparative literature here. 

For example, according to the viewpoint of Neu- 
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trosophy, if "comparative literature" is considered as the 
concept <A>, the opposite <Anti-A> may be: "non- 
comparative literature" (such as comparative sociology, 
comparative jurisprudence, and so on); while the neutral 
(middle state) fields <Neut-A> including: "undetermined 
comparative literature" (neither "comparative literature", 
nor "non-comparative literature"; or, sometimes it is "com- 
parative literature", and sometimes it is "non-comparative 
literature; and so on". 

In the third stage, considering the most important and 
the most complicated universal relations to link with 
"comparative literature". The purpose of this provision 
stage is to establish the universal relations in the widest 
scope. 

For "comparative literature", different people will have 
different research methods and findings; even if for the 
same person, at different times and in different situations, 
he or she may also apply different research methods and 
reach different research results. Therefore, pursuing the 
unique right research method and research result do not 
seem to make sense. So the advisable method of work 1s to 
collect all people’s research methods and research results 
from ancient times to modern times, and plus own research 
methods and research results, to form the so-called "full re- 
search methods and research results", and to store up them 
as Think Tank; while once we need to apply them, then 
immediately the one or several best research methods and 
research results can be elected, or according to the infor- 
mation in Think Tank and the reality to obtain one or sev- 
eral best programmes temporarily, thus we can be invinci- 
ble. 

Now we list some specific research methods and re- 
sults. 

The first school of comparative literature in the world 
is France school. Characterized by respecting the facts, and 
emphasizing the textual studies; and the research achieve- 
ments occupy a glorious page in the history of world litera- 
ture. 

Later, United States school is appeared and takig "par- 
allel study" as the symbol, the scholars of this school con- 
sider that literature as a discipline should compare with 
other disciplines. 

At present, in United Kingdom, Russia, China and oth- 
er countries, comparative literature studies have achieved 
fruitful results. 

In the fourth stage, the comprehensive results of the 
front three stages can be used to expand "comparative lit- 
erature" with a variety of ways and means. Here we mainly 
according to Neutrosophy and Quad-stage method to seek 
expanded results. 

According to Neutrosophy and Quad-stage method, if 
the social sciences can be considered as <A>, then the nat- 
ural sciences can be considered as the opposite <Anti-A>, 
and the interdisciplinary sciences can be considered as 
<Neut-A> (neutral A). 

Firstly, link to social sciences, "comparative literature" 
should be expanded into "comparative social sciences", or 


"comparative social sciences clusters" including compara- 
tive literature, comparative history, comparative philoso- 
phy, and so on. 

Secondly, link to natural sciences, "comparative litera- 
ture" should be expanded into "comparative natural scienc- 
es", or "comparative natural sciences clusters" including 
comparative mathematics, comparative physics, chemistry, 
comparative medicine, comparative biology, and so on. 

Thirdly, link to interdisciplinary sciences, "compara- 
tive literature" should be expanded into "comparative in- 
terdisciplinary sciences", or "comparative interdisciplinary 
sciences clusters" including comparative mathematical 
medicine, comparative mathematical biology, and so on. 

In addition, the "comparative literature" itself can also 
be expanded. In addition, comparative literature itself can 
also be expanded. In references [10], under the two main 
categories of research and practice, comparative literature 
can be expanded into: comparative literature research, 
comparative literature practice (Including comparative es- 
say, comparative fiction, comparative poetry, comparative 
drama, and so on), comparative literature research and 
practice, and so on. For the sake of convenience of classi- 
fication, and to distinguish with other forms of work, nam- 
ing the essay created by comparative method as compara- 
tive essay, the fiction created by comparative method as 
comparative fiction, the poetry created by comparative 
method as comparative poetry, the drama created by com- 
parative method as comparative drama, and so on. 


4 Applications of comparative method in compar- 
ative sciences clusters and their branches 


"Comparison" means: according to the certain stand- 
ards and methodologies, to identify advantages and disad- 
vantages, same and different, beauty and ugliness, and so 
on between two or more things. 

The principle of comparison: there shall be the object 
to be compared with, as well as the common comparative 
foundation, and the certain standards and methods, and so 
on; aS comparing, we should try to consider all possible 
situations. 

Based on the above concepts and principles, compara- 
tive method can be widely used in comparative sciences 
clusters and their various branches, and provide a variety 
of ways and broad space for development. 

Firstly we discuss the comparative objects. In com- 
parative sciences clusters and their various branches, the 
comparative objects can be selected within the large range, 
the medium range, and the small range. 

Secondly we discuss the comparative standards. The 
comparative standards can be selected as: advantages and 
disadvantages, same and different, beauty and ugliness, 
and so on. As taking advantages and disadvantages as the 
comparative standard, the comparative result can be decid- 
ed by experts, by ordinary scholars and readers, and by all 
the people (including experts, ordinary scholars and read- 
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ers). 

As for the methods and ways for comparison, they are 
also numerous. For example, to compare according to the 
time sequence, according to the different spatial locations; 
or according to the longitudinal direction and transverse d1- 
rection; as well as qualitative comparison, quantitative 
comparison, macro-comparison, micro-comparison; and 
the combination of different methods and ways. 

It needs to be emphasized that, when comparing, we 
should try to consider all possible situations. This is also 
the great feature of comparative sciences clusters and their 
various branches. 

As for how to consider all possible situations, we will 
discuss this problem in another paper. 

It should be noted that, in the existing fields of social 
sciences and natural sciences, many sprouts of comparative 
sciences clusters can be found, but a wide range of the 
achievements of comparative sciences clusters, still are the 
virgin lands to be developed. 


Conclusions 


Applying comparative methods and ways in compara- 
tive sciences clusters and their various branches, will play 
an extremely important role to promote the development of 
social sciences, natural sciences, interdisciplinary sciences, 
and so on; and continue to make new achievements. 
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Abstract. In this paper we present the concept of neutro- 
sophic quadruple algebraic structures. Specially, we 


study neutrosophic quadruple rings and we present their 
elementary properties. 
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1 Introduction 


The concept of neutrosophic quadruple numbers was 
introduced by Florentin Smarandache [3]. It was shown in 
[3] how arithmetic operations of addition, subtraction, mul- 
tiplication and scalar multiplication could be performed on 
the set of neutrosophic quadruple numbers. In this paper, 
we studied neutrosophic sets of quadruple numbers togeth- 
er with binary operations of addition and multiplication 
and the resulting algebraic structures with their elementary 
properties are presented. Specially, we studied neutrosoph- 
ic quadruple rings and we presented their basic properties. 


Definition 1.1 [3] 


A neutrosophic quadruple number is a number of the 
form (a, bT,cI,dF), where T,/, F have their usual neutro- 
sophic logic meanings and a,b,c,d € Ror C. The set NQ 
defined by 


NQ = {(a,bT,cI,dF ): a,b,c,d € RorC} (1) 


is called a neutrosophic set of quadruple numbers. For a 
neutrosophic quadruple number (a, bT,cl,dF), represent- 
ing any entity which may be a number, an idea, an object, 
etc., ais called the known part and (bT, cI, dF) is called 
the unknown part. 


Definition 1.2 
Let 
a = (a4,a2T,a3Il,a4F), 
b = (by, boT, b3I, baF ) € NQ. 
We define the following: 
at+tb= (2) 
(a1 + by, (a2 + b2)T, (az + b3)I, (a4 + b4)F) 
a-—b= (3) 


(a1 — bi, (a2 — b2)T, (a3 — b3)I, (a4 — b4)F). 


Definition 1.3 


Let 
a = (a1, a2T,a3l,a4F )E NQ 


and let a be any scalar which may be real or complex, the 
scalar product a.a is defined by 


a.a = a.(a4,a2T,a3I,a4F ) = 
(aay, aa2T, aa3I,aa4F ) (4) 


If a@=0, then we have 0.a = (0,0,0,0) and for 
any non-zero scalars m and n and b= 
(b,, bzT, b3I, b,F), we have: 

(m+n)a = ma +na, 

m(a+b)=ma+mb, 

mn(a) = m(na), 

—a = (—a,, —apT, —a3I,—a,F). 


Definition 1.4 [3] [Absorbance Law] 


Let X be a set endowed with a total order x < y, 
named “x prevailed by y” or “x less strong than y” or “x 
less preferred than y”. x < y is considered as “x prevailed 
by or equal to y” or “x less strong than or equal to y” or “x 
less preferred than or equal to y”’. 

For any elements x, y € X, with x < y, absorbance law 
is defined as 


x*y = yx = absorb(x,y) 
= max{x,y} = y (5) 
which means that the bigger element absorbs the smaller 


element (the big fish eats the small fish). It 1s clear from (5) 
that 


xx =x? = absorb(x,x) = max{x,x}=x (6) 
and 


N° X_g 0X, = Max{X,, Xz," Xn}. (7) 


S.A. Akinleye, F. Smarandache, A.A.A. Agboola, On Neutrosophic Quadruple Algebraic Structures 


Neutrosophic Sets and Systems, Vol. 12, 2016 


Analogously, if x > y, we say that “x prevails to y” or “x 
is stronger than y” or “x is preferred to y”. Also, if x2y, 
we Say that “x prevails or is equal to y” or “x is stronger 
than or equal to y” or “x is preferred or equal to y”. 


Definition 1.5 


Consider the set {T,/, F}. Suppose in an optimistic way 
we consider the prevalence order T >I] >F. Then we 
have: 


TI = IT = max{T, 1} =T, (8) 
TF = FT = max{T,F} =T, (9) 
IF = FI = max{I, F} = 1, (10) 
TT =T2=T, (11) 
Il = 12 =], (12) 
FF = F? =F. (13) 


Analogously, suppose in a pessimistic way we consider 
the prevalence order T < I < F. Then we have: 


TI = 1T = max{T,I} = 1, (14) 

TF = FT = max{T,F} = F, (15) 

IF = FI = max{l,F} = F, (16) 

[=e =F. (17) 

if =) =, (18) 

FF = F* = F (19) 
Definition 1.6 

Let 

a = (a,,a,T,a3I,a,F), 

b = (b,, bT, bal, b,F) E NQ. 

Then (20) 


a.b = (a,,Q;T, a3I1,a,F). (b,, boT, b3I, b,F) 
= (a,b,,(a,b2 + anh, 
+ ayb,)T, (a ,b3 + az,b3 + azb, 
+ a3bz + a3b3)I, (a,b, + Azb4,a3b, 
+ a,b, + a,b. + a,b3 + a,b,)F). 


2 Main Results 


All neutrosophic quadruple numbers to be considered 
in this section will be real neutrosophic quadruple numbers 
1.e a,b,c,d € R for any neutrosophic quadruple number 
(a, bT,cl,dF) € NQ. 


Theorem 2.1 
(NQ, +) is an abelian group. 
Proof. 


Suppose that 


a = (a,,a,T,a3I,a,F), 
b _ (b,, bT, bs, 
C = (C4, C2T,C3I,c,F € NQ 
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are arbitrary. 
It can easily be shown that 


atb=b+t+a-:at+(b+c)= 
(a+ b)+c-:a+(0,0,0,0) = (0,0,0,0) =a 


and 
a+(—a) = —a+a = (0,0,0,0). 


Thus, 0 = (0,0,0,0) is the additive identity element in 
(NQ,+) and for any a € NQ,—a is the additive inverse. 
Hence, (NVQ, +) is an abelian group. 


Theorem 2.2 


(NQ,.) is acommutative monoid. 


Proof. 
Let 


a = (a,,a,T,a3I1,a,F), 
b = (bi, boT, bal, 
C = (C1, C2T,C3I,c,F 


be arbitrary elements in NQ. It can easily be shown that 
ab = ba: a(bc) = (ab)c:- a: (1,0,0,0) =a. 


Thus, e = (1,0,0,0) is the multiplicative identity ele- 
ment in (NVQ,.). Hence, (VQ,.) is a commutative monoid. 


Theorem 2.3 


(NQ,.) is not a group. 


Proof. 
Let 


x = (a,bT,cl,dF) 
be any arbitrary element in NQ. 

Since we cannot find any element y = (p,qT,rI,sF) € 
NQ such that xy = yx =e =(1,0,0,0), it follows 
that x — 1 does not exist in NQ for any givena,b,c,d ER 
and consequently, (NQ,.) cannot be a group. 


Example 1. 
Let X = {(a,bT,cl,dF): a,b,c,d € Z,}. Then (X, +) 
is an abelian group. 


Example 2. 
Let 


ras (e, fT, gI,hF)]_ 
(Moss) = (Gi, jT,kI,lF) (m,nT,pl,qF)\ 
a,b,c, d,e,f,g,h,i,j,k,1,m,n,p,q €R 


Then (M3,,,.) 18 anon-commutative monoid. 


Theorem 2.4 


(NQ,+,.) 1S a commutative ring. 
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Proof. 
It is clear that (VQ, +) is an abelian group and (NQ,. ) 
is a semigroup. To complete the proof, suppose that 


a = (a,,a,T,a3I,a,F), 
b = (b,, boT, bal, 
C = (C4,C2T,C3I1,c,F € NQ 


are arbitrary. It can easily be shown that a(b +c) =ab+ 
ac,(b + c)a=ba+ca and ab = ba. Hence, (NQ,+,.) 
is a commutative ring. 

From now on, the ring (VQ, +,.) will be called neutro- 
sophic quadruple ring and it will be denoted by NQR. The 
zero element of NQR will be denoted by (0, 0, 0, 0) and the 
unity of NQR will be denoted by (1, 0, 0, 0). 


Example 3. 

(1) Let X be as defined in EXAMPLE 1. Then (X,+,. ) 
is a commutative neutrosophic quadruple ring called a neu- 
trosophic quadruple ring of integers modulo n. 

It should be noted that NQR(Z,,) has 4" elements and 
for NQR(Z,)we have 

NQR(Zz) = 

= {(0,0,0,0), (1,0,0,0), (0, 7, 0,0), (0,0, 7, 0), (0,0,0, F), 

(0, 7,1, F), (0,0,/, F), (0, 7,1, 0), (0,T, 0, F), (1, T, 0,0), 

(1,0, /, 0), (1,0,0, F), (1,7, 0, F), (4,0, /, F), 4, T, J, 0), 

(1,T,1, F)}. 

(11) Let Mz, be as defined in EXAMPLE 2. Then 
(M,,2,..) 1S a non-commutative neutrosophic quadruple 
ring. 


Definition 2.5 
Let NQR be a neutrosophic quadruple ring. 


(i) An element a € NQR is called idempotent if a” = a. 


(ii) An element a € NQR 1s called nilpotent if there 
exists n € Z* such that a” = 0. 


Example 4. 

(i) In NQR(Z,), (1,T, 1, F) and (1,T,1,0) are idempo- 
tent elements. 

(ii) In NQR(Z,), (2,2T, 21, 2F) is a nilpotent element. 


Definition 2.6 


Let NQR be a neutrosophic quadruple ring. 

NQR is called a neutrosophic quadruple integral do- 
main if for x,y€NQR, xy=0 implies that x = 0 
ory = 0. 


Example 5. 
NQR(Z) the neutrosophic quadruple ring of integers is 
a neutrosophic quadruple integral domain. 


Definition 2.7 


Let NQR be a neutrosophic quadruple ring. 
An element x € NQR is called a zero divisor if there 
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exists a nonzero element y € NQR such that xy = 0. For 
example in NQR(Z,), (0,0,/,F) and (0,7,/,0) are zero 
divisors even though Z, has no zero divisors. 

This is one of the distinct features that characterize 
neutrosophic quadruple rings. 


Definition 2.8 


Let NQR be a neutrosophic quadruple ring and let NQS 
be a nonempty subset of NQR. Then NQS 1s called a neu- 
trosophic quadruple subring of NQR if (NQS,+,.) is itself 
a neutrosophic quadruple ring. For example, NQR(nZ) is a 
neutrosophic quadruple subring of NQR(Z) for n= 
23 fee 


Theorem 2.9 


Let NQS be a nonempty subset of a neutrosophic quad- 
ruple ring NQR. Then NQS is a neutrosophic quadruple 
subring if and only if for all x,y € NQS, the following 
conditions hold: 


G)x—-yENQS 
and 


(1) xy € NQS. 


Proof. 
Same as the classical case and so omitted. 


Definition 2.10 


Let NQR be a neutrosophic quadruple ring. 
Then the set 


Z(NQR) = {x ENQR: xy = yx Vy € NQR} 
is called the centre of NQR. 
Theorem 2.11 


Let NQR be a neutrosophic quadruple ring. 
Then Z(NQR) is a neutrosophic quadruple subring of 
NQR. 


Proof. 
Same as the classical case and so omitted. 


Theorem 2.12 


Let NQR be a neutrosophic quadruple ring and let 
NQS; be families of neutrosophic quadruple subrings of 


NQR. Then 
( ) nNQS; 
j=l 


is a neutrosophic quadruple subring of NQR. 


Definition 2.13 


Let NQR be a neutrosophic quadruple ring. 
If there exists a positive integer n such that nx = 0 for 
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each x € NQR, then the smallest such positive integer 1s 
called the characteristic of NQR. If no such positive integer 
exists, then NQR is said to have characteristic zero. For 
example, NQR(Z) has characteristic zero and NQR(Z,,) 
has characteristic n. 


Definition 2.14 


Let NQJ be a nonempty subset of a neutrosophic quad- 
ruple ring NQR. NQJ is called a neutrosophic quadruple 
ideal of NQR if for all x,y € NQJ, r € NQR, the following 
conditions hold: 


(jx —y € NQJ. 
(ii) xr € NQJ and rx € NQJ. 


Example 6. 

(1) NQR(3Z) is a neutrosophic quadruple ideal of 
NQR(Z). 

(11) Let 

NQJ = 

{(0,0,0,0), (2,0,0,0), (0,2T, 21, 2F), (2,2T, 21, 2F)} 


be a subset of NQR(Z,). Then NQJ is a neutrosophic 
quadruple ideal. 


Theorem 2.15 


Let NQJ and NQS be neutrosophic quadruple ideals of 
NQR and let 
{NQJj}j=1 


be a family of neutrosophic quadruple ideals of NQR. 
Then: 


(1) NQJ + NQJ = NQJ. 
(1) x + NQJ = NQJ for all x € NQJ. 
(111) 


( ) nNQS; 
j=l 
is a neutrosophic quadruple ideal of NQR. 


(iv) NQJ + NQS is a neutrosophic quadruple ideal of 
NQR. 


Definition 2.16 


Let NQJ be a neutrosophic quadruple ideal of NQR. 
The set 


NOR/NQJ] ={x + NQJ: x € NQR} 


is called a neutrosophic quadruple quotient ring. 

If x + NQJ and y + NQJ are two arbitrary elements of 
NQR/NQJ and if @ and © are two binary operations on 
NQR/NQJ defined by: 


(x + NQJ) OY +4NQJ) = (x + y) + NQ, 
(x + NQIVOWY + NQ) = (xy) + NQI, 
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it can be shown that @ and ©) are well defined and that 
(NQR/NQJ, @, ©) is a neutrosophic quadruple ring. 


Example 7. 
Consider the neutrosophic quadruple ring NQR(Z) and 
its neutrosophic quadruple ideal NQR(2Z). Then 
NQR(Z) 
NQR(2Z) — 
{NQR(2Z), (1,0,0,0) + NQR(2Z), (0,T, 0,0) 
+ NQR(2Z), (0,0, 7,0) + NQR(2Z), (0,0,0, F) 
+ NQR(2Z),(0,T,1,F) + NQR(2Z), (0,0, /, F) 
+ NQR(2Z), (0,T, 1,0) + NQR(2Z), (0,T, 0, F) 
+ NQR(2Z), (1,T,0,0) + NQR(2Z), (1,0, /,0) 
+ NQR(2Z), (1,0,0, F) + NQR(2Z), (1,T, 0, F) 
+ NQR(2Z), (1,0,1,F) + NQR(2Z),(1,T,1,0) + 
NQR(2Z), (1,T,1,F) + NQR(2Z)}. 


which is clearly a neutrosophic quadruple ring. 


Definition 2.17 

Let NQR and NQS be two neutrosophic quadruple 
rings and let@: NQR — NQS be a mapping defined for 
allx,y € NQR as follows: 


(i) p(x + y) = G(x) + GY). 

(ii) P(xy) = P(xX)p(y). 

Gu) p(T) = T,@gU) = Iand@g(F) = F. 
(iv) y(1,0,0,0) = (1,0,0,0). 


Then g is called a neutrosophic quadruple homomor- 
phism. Neutrosophic quadruple monomorphism, endomor- 
phism, isomorphism, and other morphisms can be defined 
in the usual way. 


Definition 2.18 


Let gp: NQR — NQS be a neutrosophic quadruple 
ring homomorphism. 

(i) The image of g denoted by Im@ is defined by the 
set Imm = {y € NQS: y = p(x) , for some x € 
NQR}. 

(11) The kernel of g denoted by Ker¢ is defined by the 
set Kerp = {x € NQR: g(x) = (0,0,0,0)}. 


Theorem 2.19 


Let 9: NQR — NQS be a neutrosophic quadruple 
ring homomorphism. Then: 

(1) Im@ is a neutrosophic quadruple subring of NQS. 

(11) Ker@ is not a neutrosophic quadruple ideal of NQR. 


Proof. 

(1) Clear. 

(41) Since T,/, F cannot have image (0,0,0,0) under g, 
it follows that the elements (0, 7, 0,0), (0,0, J, 0), (0,0,0, F) 
cannot be in the Kerg. Hence, Kerg cannot be a neutro- 
sophic quadruple ideal of NQR. 
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Example 8. 
Consider the projection map 
y+ NQR(Z2) X NQR(Z2) > NQR(Zz) 
defined by g(x,y) = x forallx,y € NQR(Z,). 
It is clear that g is a neutrosophic quadruple homo- 
morphism and its kernel is given as 
Kerg = 
{{((0,0,0,0), (0,0,0,0)), ((0,0,0,0), (1,0,0,0)), 
(0,0,0,0), (0, T, 0,0) ), ((0,0,0,0), (0,0, J, 0)), 
(0,0,0,0), (0,0,0, F)), ((0,0,0,0), (0, 7, I, F)), 
(0,0,0,0), (0,0, /, F) ), ((0,0,0,0), (0, T, I, 0)), 
(0,0,0,0), (0, T, 0, F)), ((0,0,0,0), (4, T, 0,0)), 
(0,0,0,0), (1,0, I, 0) ), ((0,0,0,0), (1,0,0, F)), 
(0,0,0,0), (1,7, 0, F)), ((0,0,0,0), (1,0, 1, F)), 
((0,0,0,0), (1, T, J, 0)), (C0,0,0,0), (1, T, J, F))}. 


Theorem 2.20 

Let @: NQR(Z) — NQR(Z)/NQR(nZ) be a mapping de- 
fined by (x) = x + NQR(nZ) for all x € NQR(Z) and n = 
1, 2, 3, ... . Then @ is not a neutrosophic quadruple ring 
homomorphism. 
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Abstract: The objective of the paper ARE to introduce single-valued 
trapezoidal neutrosophic numbers(SVTrNNs), which is a special 
case of single-valued neutrosophic numbers and to develop a ranking 
method for ranking SVTrNNs. Some operational rules as well as cut 
sets of SVITNNs have been introduced. The value and ambiguity 
indices of truth, indeterminacy, and falsity membership functions of 


SVTrNNs have been defined. A new ranking method has been pro- 
posed by using these two indices and applied the ranking method to 
multi attribute decision making problem in which the ratings of the 
alternatives over the attributes are expressed in terms of TrNENs. Fi- 
nally, an illustrative example has been provided to demonstrate the 
validity and applicability of the proposed approach. 


Keywords: Single-valued neutrosophic number(S VNN), Single-valued trapezoidal neutrosophic number, Value index, Ambiguity index, Ranking of SVTIrNNs, 


Multi attribute decision making. 


1 Introduction 


Fuzzy set [1] is capable of dealing with imprecise or vague 
information in decision making process, whose basic compo- 
nent is a membership function lying in the unit interval [0, 1]. 
Fuzzy number [2, 3] is a fuzzy subset of real numbers rep- 
resenting the expansion of assurance. Fuzzy numbers can be 
used to represent vagueness in multi-attribute decision making 
(MADM) [4, 5, 6, 7], data mining, pattern recognition, medical 
diagnosis, etc. However, in fuzzy numbers independence of non- 
membership function is not considered although it is equally im- 
portant to represent imprecise numerical values in a flexible way. 
Intuitionistic fuzzy number [8], a generalization of fuzzy num- 
bers, can present ill-known information with membership and 
non-membership function in the case where the available infor- 
mation is not sufficient to be expressed with fuzzy numbers. Shu 
et al.[9] defined a triangular intuitionistic fuzzy number(TIFN) 
and applied to fault tree analysis on printed board circuit as- 
sembly. Wang [10] extended TIFN to the trapezoidal intuition- 
istic fuzzy number(TrIFN) in a similar way as that of the fuzzy 
number. The concept of ranking of intuitionistic fuzzy numbers 
[11, 12, 13, 14, 15] has been employed in MADM under intu- 
itionistic fuzzy environment. Li [16] proposed a ranking method 
for TIFNs by defining a ratio of value index to ambiguity index 
of TIFNSs and applied it to MADM problem. Zeng et al.[17] ex- 
tended this ranking method by incorporating TrIFN and utilized 
itin MADM problems. For intuitionistic fuzzy number, indeter- 
minate information is partially lost although hesitant information 
is taken into account by default. Therefore, indeterminate infor- 


mation should be considered in decision making process. 


Smarandache [18, 19] defined neutrosophic set that can handle 
indeterminate and inconsistent information. Wang et al.[20] de- 
fined single valued neutrosophic set (SVNS), an instance of neu- 
trosophic set, which simply represents uncertainty, imprecise, in- 
complete, indeterminate and inconsistent information. However, 
the domain of SVNSs is a discrete set where the truth member- 
ship degrees, indeterminacy membership degrees, and the falsity 
membership membership degrees are only expressed with fuzzy 
concept like “very good’”,“good’, “bad”, etc. Taking the uni- 
verse as a real line, we can develop the concept of single val- 
ued neutrosophic number (SVNN) whose domain is to be con- 
sidered as a consecutive set. Hence, we can consider SVNNs as 
a special case of single-valued neutrosophic sets. These numbers 
can express ill-known quantity with uncertain numerical values 
in decision making problems. The nature of truth membership, 
indeterminacy membership, and falsity membership functions of 
SVNN may have different shape such as triangular shaped, trape- 
zoidal shaped, bell shaped, etc. In the present study, we present 
only the case of trapezoidal shaped and leave others for future 
work. We define single-valued trapezoidal neutrosophic numbers 
(SVTrNN) in which its truth membership, indeterminacy mem- 
bership, and falsity membership functions can be expressed as 
trapezoidal fuzzy numbers. Recently, the research on SVNNs has 
received a little attention and several definitions of SVNNs and 
its operational rules have been proposed. Ye [21] studied multi- 
ple attribute decision making problem by introducing trapezoidal 
fuzzy neutrosophic set. In his study Ye [21] also defined score 
function, accuracy function, and some operational rules of trape- 
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zoidal fuzzy neutrosophic sets. Biswas et al. [22] defined trape- 
zoidal fuzzy neutrosophic number and their membership func- 
tions. Biswas et al. [22] also proposed relative expected value 
and cosine similarity measure for solving multiple attribute deci- 
sion making problem. 

Ranking method of SVIrNNs can play an important role 
in decision making problems involving indeterminate informa- 
tion which is beyond the scope of fuzzy numbers, intuitionis- 
tic fuzzy numbers. Literature review reflects that little attention 
has been received to the researchers regarding ranking method 
of SVIrNNs. Recently, Deli and Subas [23] proposed a rank- 
ing method for generalized SVTIrNNs and presented a numeri- 
cal example to solve multi-attribute decision making problem in 
neutrosophic environment. In the present study, We define nor- 
malized SVTrNNs and develop a ranking method of SWTrNNs 
to solve multi attribute decision making problem in neutrosophic 
environment. 

Rest of the paper has been organized as follows: Section 2 pro- 
vides some basic definitions of fuzzy sets, fuzzy numbers, single- 
valued neutrosophic sets. In Section 3, we propose SVNNs, 
SVTrNNs and study some of their properties. In Section 4, we 
present some arithmetic operations of SVIrNNs. Section 5 is de- 
voted to present the concept of value index and ambiguity index 
of SVTIrNNs and a ranking method of SVIrNNs. In Section 6, 
we formulate MADM model with the proposed ranking method 
of TrNNs. Section 7 presents an illustrative example. In Section 
8, we present concluding remarks and future scope of research. 


2 Preliminaries 


In this Section, we recall some basic concepts of fuzzy sets, fuzzy 
number, single valued neutrosophic set. 


Definition 1. //, 3/ A fuzzy set A ina universe of discourse X is 
defined by A={(x, 14 ;(x)) |x € X}, where, wz(x): X — [0,1] 
is called the membership function of A and the value of [4 4 (x) is 
called the degree of membership for x € X. 

The a—cut of the fuzzy set A is the crisp set Ag, given by Ag = 


{fe EX : wa(x) > a}, a € [0,1]. 


Definition 2. [3] A fuzzy set A of the real line IR with membership 
function [4 x(a) : R — [0,1] is called a fuzzy number if 


1. A is normal, i.e. there exists an element Zo such that 
LA (Xo) = if 
2. A is convex, i.e. PAG se LS aNg). oS 


min(w4(21), 4(%2)) for all x1, 22 € Rand 2 € (0, 1], 
3. jtq is upper semi continuous, and 


4. the support of A, ie. S(A)={x © X : wy(x) > 0} is 
bounded. 
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Definition 3. /2] A fuzzy number Ais called a trapezoidal fuzzy 
number(TrFN), if its membership function is defined by 


XL — ay 
——, 4 S&S a2 
a2 — aj 
_ i a2 < S 3 
js q(x) _ a4 — X 
——,, a3 5 254% 
a4 — a3 
0, otherwise. 


Figure 1: Trapezoidal fuzzy number A 


The TrFN A is denoted by the quadruplet A=(a1, a2, a3, a4) 
where a1,Q9,03,a4 are the real numbers and a, < ag < a3 < 
a4. The value of x at |a2, a3] gives the maximum of [1 ;(Z), i.e., 
tu 4(x) =1; it is the most probable value of the evaluation data. 
The value of x outside the interval |a,,a4| gives the minimum 
of 6x(@), ie. x(a) = 0; it is the least probable value of the 
evaluation data. Constants a, and a4 are the lower and upper 
bounds of the available area for the evaluation data. The a—cut 
of TrFN A=(a1, a2, 43, a4) is the closed interval 


~ ~ 


Ay = [L*(A), R°(A)] 
= |(a@g — a1)a + a1, —(a4 — a3)a + ag], a € [0,1]. 


Definition 4. [20] A single valued neutrosophic set A ina uni- 
verse of discourse X is given by 


A= { (x, Ta(2), La(@), Fa(2)) | C x}, 


where, T; : X — [0,1], 13 : X — [0,1] and Fx : X — [0,1], 
with the condition 


0< Ty(2)+1;(2) + Fale) < 3, forallz € X. 


The numbers T x(x), [z(a) and Fx (x) respectively represent the 
truth membership, indeterminacy membership and falsity mem- 
bership degree of the element x to the set A. 


Definition 5. An (a, 3, y)-cut set of SVNS A, a crisp subset of R 
is defined by 


An gery Cae a (8 aa) ep 1) 


where,O<a<10<6<10<y<lLand0O<a+6+7< 
5. 


Definition 6. A single-valued —_ neutrosophic set 
A=} (x, Tq(2), L4(2), F4(2))|a E x} is called neut- 
normal, if there exist at least three points %9,%1,X2 © X such 
that TL 720) =, I ai) 1 eo) ST. 

Definition 7. A single-valued —_ neutrosophic set 
A=} (x, Tq (2), La(2), F4(2))|a < x} is a subset of the 


P. Biswas, S. Pramanik and B.C. Giri, Value and ambiguity index based ranking method of single-valued trapezoidal neutrosophic numbers and its 


application to multi-attribute decision making. 


Neutrosophic Sets and Systems, Vol. 12, 2016 


real line, called neut-convex if for all x1,x%2 € Rand X € {0,1| 
the following conditions are satisfied 


1. Tx(Ar1 Sa (1 = A)x2) - min(T; (1), 14 (x2)); 
Zz. Tx(An1 + (1 — A)a2) < max(I 4 (a1), 14(#2)); 
3. Fy(Av, + (1 — Ajax) < max(Fy (a1), F4(x2)). 


That is A is neut-convex if its truth membership function is fuzzy 
convex, indeterminacy membership function is fuzzy concave and 
falsity membership function is fuzzy concave. 


3 Single-valued neutrosophic number 
and some arithmetic operations 


Single valued neutrosophic set is a flexible and practical tool to 
handle incomplete, indeterminate or uncertain type information. 
However, it is often hard to express this information with the 
truth membership degree, the indeterminacy degree, and the fal- 
sity degree represented by the exact real values. Thus extension 
of SVNSs is required to deal the issues. 


Definition 8 A single-valued —_ neutrosophic set 
A=} (x, Tq (2), 14(2), F4(2))|2 E x}, subset of the real 
line, is called single-valued neutrosophic number if 


I. A is neut-normal, 
2. A is neut-convex, 


3. T(x) is upper semi continuous, I4(x) is lower semi con- 
tinuous, and F'4(x) is lower semi continuous, and 


4, the support of A, i.e. S(A)={a € X : T;z(ax) > 0,14 (a) < 
1, Fj(x) < 1} is bounded. 


Thus for any SVNNs A, there exist twelve numbers 11, G21, 
@31, G41, 611, ba1, 631, ba1, C11, C21, C31, C41 © JR such that 
Cy S 01. < Gay < cgi < bai < Goi < ag, < 031 < cgi < 
Qa, < ba, < ca and the six functions T3(x), Da) Te), 
[% (a), 7 (a), F3(a) : R — [0,1] to represent the truth mem- 
bership, indeterminacy membership,and falsity membership de- 
gree of A. The three non decreasing functions T2(x), I 4 (2), 


and Fo (2) represent the left side of truth, indeterminacy, and 


falsity membership functions of a SVNN A respectively. Simi- 
larly, the three non increasing functions T (x), I 2 (2), F F(a) 
represent the right side of truth membership, indeterminacy, and 
falsity membership functions of a SVNN A, respectively. 

Then the truth membership, indeterminacy membership and 
falsity membership functions of A can be defined in the following 
form: 


D(z); Gti 2X ahi, 
I, agi <2 < agi, 
T(x) = ru Z 
4 (f), G31 <2 San, 
0, otherwise. 
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I3(2), b4, SU < ba), 
I; (2), bs, < @ < bay, 
0, otherwise, 
Poa), ine Seo, 
= F(t), erie Seu, 
0, otherwise. 


The sum of three independent membership degrees of a SVNN 
A lie between the interval |0, 3] i.e, 


~ 


0< T(x) + Ti (2) + F% (a) <3,0EA. 


Definition 9. A single-valued trapezoidal neutrosophic number 
(SVIrNN) A with the set of parameters cy, < bi, < ay, < 
C21 < bo1 < agi < a31 < 031 < c31 < aa < a1 < Cai Is 
denoted as 

A= ((@11, G21, 431, G41), (611, b21, 631, b41), (C11, C21, C31, C41) 
in the set of real numbers Ik. The truth membership, indeter- 
minacy membership and falsity membership degree of A can be 
defined as follows: 


tv — 11 

anes Se ois 
21 — Q11 

i? a2, [XS a31, 

LZ) Qa, — 2 (5) 

ALwoee Se Sa, 
41 — 431 

0, otherwise. 
x — 641 

i OR bi, Sv < ba1, 
2 0741 

1 bo, <a<b 

ae 631 <2 < bai, 
A 1034, 

0, otherwise. 
&— Ci1 

ae Se a 
7a 

1 Cy) = 2S C31 

Ea) . aaa (7) 

Peer C31 as 
41 — C31 

0, otherwise. 


For a SVTrNN A, a21=a31 for truth membership, b2,=b31 


(2) for indeterminacy membership, and c21=c3; for falsity member- 


ship degree yield a single-valued triangular neutrosophic num- 
bers which is a special case of SVITNNs. 
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3.1 Cuts of single-valued trapezoidal neutro- 
sophic numbers 

Let A = ((@11, @21, 431, @41), (b11, bar, b31, ba1), 

(C11, C21, C31; Cal ) be the SVTrNN in the set of real numbers R, 

where 7"; (a), 1; (x), and Fj (a) be the truth, indeterminacy and 

falsity membership functions. 


Definition 10.. A a-cut set of SVTrNN 
A=((a11, @21, 431, @41), (bi1, ba1, bg1, bar), (C11, C21, C31, C41) is 
a crisp subset of R defined by Aq= {a\ x(a) = a}, whereO <a <1. 
According to the definition of SVIrNN of A and Definition I, it can 
be shown that Aj is a closed interval. This interval is denoted by 


Aa= Pee (A), R° (A)] and defined by 
[L°(A), R*(A)| — [a1 og a(a21 os aii), a4a1 — a(aa1 = a3i)| : (8) 


Definition 11. A GB-cut set of SVTIrNN 
A=((a11, 421,431, a4i), (bi1, bai, b31, ba1), (ci, C21, C31, Gi.) is 
a crisp subset of R defined by Ag= {x|T; (x) < Bs whereOQ <6 <1. 

Similarly, the close interval is denoted by Ag= LBP (A), RP (A)] and 
defined by 


LL (A); R’(A)| = [bat + B(ba1 — b11), 631 + B(ba1 — bs1)|. (9) 


Definition 12, +A y-cut set of SVTIrNN 
A=((@11, G21, 431, 441), (b11, bai, bs1, bai), (C11, C21, C31, C41) is 
a crisp subset of R defined by Aq= CL le) < yh, whereOQ<y <1. 


The close interval obtained from A is denoted by Ay={L7(A), R™(A)| 
and defined by 


[L7(A), R”(A)] = [c21 + y(ca1 — €11), 31 + ¥(Ca1 — €31)]. (10) 


_ The (a, 8, y)-cut set of SVTrNN 
A=((@11, @21, 431, @41), (611, b21, 631, ba1), (C11, C21, C31, €41)) 
can be defined by using Eqs.(8),(9), and (10) simultaneously. 


Definition 13. An (a, 8, y)-cut set of  SVIrNN 
A=((a@11, G21, 31, @41), (b11, 621, 631, 641), (C11, C21, C31, C41)) is 
a crisp subset of IR, which is defined by 


Aa,p,7 = {2|T (x) > a, 1z(x) < B, Fx(2) <7} 


_ { [E*(A), R*(A)],[L7(A), R1(A) | ans 
[LL (A), RY(A)| 
lait oe a(a21 = ai1), G41 — a(aa1 = asi)|, 
= [b21 + 8(b21 — b11), b31 + B(ba1 — b31)], (12) 


( 
[cat + ¥(c21 — €11),€31 + ¥(c41 — c31) | 


where,O<a<10<6<1LO0<y<land0O<a+64+7<3. 
We observe for the (a, 0, y)-cut set of SVIrNN A that 


L dL“ (A) dR“ (A) 








jo > 0 GQ < O for all a € [0,1], thus L'(A) > 
R'(A), 

2, HA < 0, EA > 0 for all 8 € [0,1], thus L(A) < 
R°(A), 

3, ETA) < 0, HOA 5 0 for all y € [0,1], thus L°(A) < 
R°(A). 
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4 Some arithmetic operations of single- 
valued trapezoidal neutrosophic num- 
bers 


In this section, some arithmetic operations of SVIrNNs have been 
presented by using neutrosophic extension principle and (a, 3, y)-cuts 
method. 


4.1 Arithmetic Operations of single-valued neu- 
trosophic numbers based on extension princi- 
ple 


The arithmetic operation (*) of two SVTrNNs is a mapping of an input 
vector X = [1,22] defined in the Cartesian product space R x R on to 
an output y defined in the real space IR. Let A and B be two SVTrNNs, 
then their outcome of arithmetic operation is also an SVITNN defined 
by the form 


(y, sup [min (74 («1), T (21) | 


YH=X1*XD 


inf 
Y=21*xLQ 


(Ax B)(y) = (13) 


[max (I4(#1), Ig(1))], 


[max (F4(21), F3(21))]), 


inf 
Y=2X1*XD 


for all 71, x2 in R. 
To calculate the arithmetic operation of NTrFNs, it is sufficient to 


determine truth, indeterminacy and falsity membership function of re- 
sultant NTrFN as 


Taealy) = sup [min(T;(e),Ta(es))); 
Ti.a(y) = , inf [max(Zq(1), Tg (01)) 
and F'z,a(y) = ee [max (F4(21), Fs (21)) | 


4.2 Arithmetic operations of single-valued trape- 
zoidal neutrosophic numbers based on 
(a, 0, y)-cuts method 


Some properties of SVTrNNs in the set of real numbers are presented 
here. 


Property 1. If A=((an1, 421,431, @41), (611, ba1, b31, ba1), 


(Cit; C21, C31, c41)) and B=((a12, 422, 432, A42), 
(dio, bo2, b32, baz), (C12, C22, C32, c42)) be two SVTrNNs in the set of 


real numbers WR then, C-—A ® Bis alsoa SVIrNN and 





~ 


Aé (b11 + b12, b21 + bee, b31 + b32, bai + ba2), 


(cia + C12, Co1 + C22, C31 + C32, C41 + C42) 





(a11 + G12, 21 + G22, 31 + G32, G41 + G42), 
B= ( (14) 


Proof. Based on the extensible principle of single valued neutrosophic 
set and (a, 3, y)-cut sets of A and B for a, 8,y € [0,1], it sufficient 
to prove that Ag.s,y + Ba,s,y = (A+ B)a,g,y. Using Eq.(12), the 
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summation of (a, 3, y)-cut sets of Aand B is 


Aa,b,7 + Ba,B,7 


lan SE a(a21 = aii), QA41 — a(aa1 = a3i)], 


= [bar + B(be1 — 611), b31 + B(bai1 — bsi)|, (15) 
[eat + y(c21 — €11),¢€31 + ¥(C41 — c31) | | 
la12 + a(az2 — a12), @a2 — a(aag — a32)], 
eg |b22 + 3(b22 — bi2), b32 + B(ba2 — bs2) |, 
[C22 + (C22 — C12), C32 + y(c42 — C32) | 
lan + ai2 + a(a21 + a22 — ai1 — a12), 
dai + dag — a(a4i + G42 — a31 — a32) |, 
7 [bat + b22 + B(ba1 + be2 — b11 — bi), 
- b31 + b32 + B(ba1 + baz — b31 — b32) |, 
[cat + C22 + y(c21 + C22 — C11 — C12), 
C31 SP C395 Cal Cao — 31 c32) | 
= (A+ Bha,g,y- (16) 
This establishes the property. LJ 


Property 2 If A=((a11, @21, 431, @41), (b11, bar, b31, bax), 
(C11, C21, ¢31,C41)) be a SVITNN in the set of real numbers R 
and k; be a real number then, kA is also a SVIrNN and 


(kai, kai, kasi, kaa1), (kbi1, kba1, kbsi, ba1), 
(kei, keat, kes, kca1) 
(kaa, kasi, kaa, kai), (kba1, kbsi, kb, b11), 


(kea1, ke3i, kea1, kei) 


kA = 


(17) 
fork > Oandk < 0 respectively. 


Proof. To establish — this it has 
k Aa, p,y¥=(KA)a,8,7- = 
From Eq.(12), the (a, 8, y)-cut sets of A multiplied with the real num- 


ber & > O can be taken as 


property, to be proved that 


lau + a(a21 — a11),@41 — a(aa1 — a3i)], 
RAv eck [b21 + 8(b21 — b11), b31 + B(ba1 — b31)], 
[eat + y(c21 — €11),¢31 + y(ca1 — ai 
[kai1 + a(ka21 — kai), kaa — a(kaa — kasz1)], 
[Aba + B(kbe1 — kbi1), kb31 + B(kba1 — kbs1)), 
Pa + y(kea1 — kei1), ke3i1 + y(kea1 — kes1)) | 
= (KA)a,6,7: 


Similarly, it can be shown that kAg,¢,y=(kA)o,s,7 for real number k < 
0. The two results for k > 0 and k < 0 prove this property. L 


Now we define some arithmetical operation of SVTrNN. 


Definition 14. If A=((a11, 021,431, aai), (bi1, b21, b31, ba1), 
(C11, C21, C31, c41)) be a SVTYNN in the set of real numbers R and k be 
a real number, then the following operations are valid: 





Tc Ae (b11 + bi2, b21 + b22, 631 + b32, ba1 + baz), 


(di1 + Gi2, G21 + G22, a31 + A32, A41 + G42), 
DB= ( 
(cia + C12, Co1 + Ca2, C31 + C32, C41 + C42) 


13] 


i: e (€11012, €21422, 431032, 441442), 
= ( (b11b12, b21b22, 631632, bai1b42), 
ad ( 


(C11C12, C2122, C31C32, C41 C42) 
4 A= ( 


5 Value and ambiguity index based 
ranking method for SVIrNNs 


(Abii, Abai, Absi, Aba1), 


(Adit, A@ai, Asi, Aaa1), 
(Aci1, Acai, AC31, A€a1 ) 


N N N x X 920 “Pe aX 
(A271, 421, 431, A241), (611, 21, 631, b21), ; 


Re Ne Ne Ok 
(C115 Corns Ca13-Ci1) 


Definition 15. Let Ax. Ag, and A, be the a-cut, B-cut, and y-cut sets 
of aSVTrNN A. Then the value of truth(T ;(a)), indeterminacy(I ;(x)), 


ow 


and falsity(T x(x)) membership degree of A are respectively defined by 


ved) = [ (0°(d) + RA) Flas (18) 
Vi(A) = / j (L” (A) + R°(A))9(8) dB; (19) 
Vr(A) = i, (L(A) + R7(A))h(y)dy. (20) 


Weighting functions f(a), g((@) and h(y) can be set according to na- 
ture of decision making in real situations. The function f(@) = a(a € 
[0, 1]) gives different weights to elements in different a-cut sets which 
make less the contribution of the lower a-cut sets as these cut sets aris- 
ing from values of 7; (a) have a considerable amount of uncertainty. 
Thus, Vr (A) synthetically reflects the information on every membership 
degree and may be regarded as a central value that represents from the 
membership function point of view. Similarly, the function g(G) = 1—6 
has the effect of weighting on the different -cut sets. g() diminishes 
the contribution of the higher -cut sets, which is reasonable since these 
cut sets arising from values of [;(x) have a considerable amount of 
uncertainty. Vr (A) synthetically reflects the information on every inde- 
terminacy degree and may be regarded as a central value that represents 
from the indeterminacy function point of view. Similarly, the function 
h(y) = 1—~y has the effect of weighting on the different y-cut sets. g(7) 
diminishes the contribution of the higher y-cut sets, which is reasonable 
since these cut sets arising from values of F';(x) have a considerable 
amount of uncertainty. Vr (A) synthetically reflects the information on 
every falsity degree and may be regarded as a central value that repre- 


sents from the falsity membership function point of view. 


Taking f(a) = a in Eq.(18), the value of truth membership function 
can be obtained as: 


Vr = [ (1.4 (0) + R4(a)) f(a) aa 
= [ fans + a(a21 — a11) + a41 — a(a21 — au) as 


(21) 


1 
6 (a11 + 2a21 + 2a31 + aa1). 


Similarly, considering g(8) = 1 — @ in Eq.(19), the value of indetermi- 
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nacy membership function can be defined as: 
1 
Vi = f (Lala) + Ra(a))9(8) a8 
0 


1 
= | bos a y(b21 = bi1) + b31 + y(ba1 me ber) (1 a 6)dB 
O 


1 
= —(b11 + 2621 + 2631 + ba). 


6 (22) 


and by considering h(y) = 1 — y in Eq.(20), the value of falsity mem- 
bership function is defined by 


Ve = f (Lala) + Raln))o) dy 
= [ lear — y(ca1 — C11) + 31 + (C41 — cat) | (lay dy 


(C11 + 2c21 + 2c31 + a1). (23) 


|e 


Definition 16. Let Aq, As, and Ac be the a-cut, B-cut, and y- 
cut sets of a SVIrNN A. Then the ambiguity of truth(T x(x)), 
indeterminacy(I x(x)), and falsity(Tx(x)) membership function of a 
SVTIrNN A are respectively defined by 


Ar(A) =f (R*(A) — £°(A)) fa)aas (24) 
Ar(A) =f (R°(A) — £°(4))9( 8) 25) 
Ar(A) =f (R°(A) - £1(A) aaa. 26) 


It is observed that R°(A) — L®(A), R°(A) = L*(A), and R? (A) = 


~ 


L(A) represent the length of the intervals of Aj, Ag, and A, respec- 
tively. Thus, Ar (A), Ar(A), and Ap(A) can be regarded as the global 
spreads of the truth, indeterminacy, and falsity membership function re- 
spectively. The ambiguity of three membership functions determine the 


measure of vagueness of A. 


Now, putting the values of a-cut of A and f(a) = a in Eq.(24), the 
ambiguity of membership function Tj (a) can be determined as: 


| 
os 
jon 
1 
Q 
nN 
eS 
| 
2) 
—N 
Q 
K 
pad 
| 
Q 
oo 
ai 
—”_ 
| 
Q 
ja 
jt 
| 
2) 
aor™ 
Q 
Ne) 
ji 
| 
Q 
a 
eS 
—”"_ 
Ly 
2) 
Qu. 
2) 


(27) 


Similarly, putting the values of G-cut of A and f(8) = 1— 6 in Eq.(25), 
the ambiguity of membership function J ; (a) can be determined as: 


eee / (R°(A) — £°(A)) f(B)d8 


=[ b31 + B(ba1 — b31) — bai 
0 


+ B(be1 — b11) eee 





(—b11 — 2b21 + 2631 + bar); (28) 


O| 


and setting the values of y-cut of A and f(y) = 1 — ¥ in Eq.(26), the 
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ambiguity of membership function J ; (x) can be determined as: 
1 
Ar(A) = f (RP(A) - L(A) Fen 
0 
1 | b31 + y(ba1 — 631) — b21 
= : (1 — y)dy 
0 + y(ba1 — b11) 
1 
=e (—c11 — 2c21 + 2c31 + ca1). (29) 


Definition 17. Let A = ((a11, G21, 431, 241), (b11, b21, b31, 641), 
(C11, C21, C31, c4a1)) be a SVTrNN. A value index and ambiguity index 
for A can be defined by 


Wy = AVr + [Vir + UVF (30) 


Xr 
=] (au + 2a21 + 2a31 + au) 


+ E (ou + 2621 + 2631 + bas) (31) 


V 
+ 6 (cx + 2ca1 + 2c31 + cas) 


Pxaiie = Art Ar +vApr (32) 


r 


7 (-an — 2a21 + 2a31 + au) 


+ E(-bu — 2b21 + 2631 sa bss) 


+ = (—en — 2c91 + 2c31 + cas) 


(33) 


where, the co-efficients X, 4, V Of Vy,n,, and Ay, ,,, represent the deci- 
sion makers’ preference value with the condition \ + 1 +v = 1. The 
decision maker may intend to take decision pessimistically in uncertain 
environment for X € [0, =] and 4 +v € [3,1]. On the contrary, the 
decision maker may intend to take decision optimistically in uncertain 
environment for X € [4,1] and 4 +v € [0,4]. The impact of truth, 
indeterminacy, and falsity degree are same to the decision maker for 
NMS LHS] VS .. Therefore, the value index and the ambiguity index 
may reflect the decision makers attitude for SVTrNN. 


In the following, some properties regarding value and ambiguity in- 
dex have been presented. 


Theorem 3. Let A, = ((a11, @21, 431, @41), (b11, b21, 631, ba1), 


(C11, C21, €31, C41) ) and Ao =((d12, 422, 432, 442), 
(di2, bo2, b32, baz), (cio, C22, C32, c42)) be two SVTIrNN in the set 
of real numbers R. Then for X, u,v € [0,1] and w € R, the following 
results hold good. 


Voce (Ai aS A2) = Voy (A1) ag Va,u,r (Az) 
Vy,u,v (PA1) =V\,n,v(A1) 


(34) 
(35) 


Proof. From definition-14, the sum of two NTrFNs A, and A» can be 
written as follows: 


~ ~ 


A®B= (au + G12 — 411412, G21 + A22 — 421422, 





a31 + a32 — 031432, G41 + G42 — A41442), 


(biibia, b21b22, 631632, ba1ba2), 


(c11C12, C21C22, C31C32, C41 c12)) 


Now, by Eq.(31) the value index of the sum of two SVIrNNs A, and 
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Ay can be written as follows: 


Viwie (Ai al Ao) 
= We (Ai + Az) + wVr(Ai + Aa) + vVe (Ar + Ad) 


(36) 
(37) 
r 
6 (ai + a21) + 2(a12 + a22) + 2(ai3 + Ge3) + (aia + a2a)| 
=|] + 5 (bus + boi) + 2(b12 + b22) + 2(b13 + b23) + (b14 + boa) 


ci F (cu + C291) + 2(ci2 + C22) + 2(c13 + C23) + (C14 + co) 
(38) 


A 

6 (a1 + 2ai2 + 2a13 + au) + Q21 + 2a22 + 2a23 + aza) 
6 6 
V V 

+ 6 (cu: + 2c12 + 2c13 + C14 — (car + 2c22 + 2ce3 + co) 


A 
6 

+ P (b11 + 2612 + 2613 + bis) + i (ba: + 2b22 + 2623 + bos) 
eae 

— Vy, u,v (Ar) i Vig (Az) 


(39) 
For the second part of the theorem, 


Vou,» (PA1) 
= Vr (¢A1) + Vr (GA1) + vVi(A1) 


(40) 


Xr 
5 (dai + 26a12 + 26a13 + dara) 
— + 5 (eb + 20612 + 20613 te bia) 


a = (gens + 2bc12 + 2¢c13 + bc14) 


A 
6 (a11 + 2a12 + 2a13 + a14) 


=@| + 5 (bu + 2b12 + 2b13 + bia) 


V 
=P 6 (cir + 2c12 + 2c13 + c14) 


= $V, n,(A1) (41) 


Therefore, Vi AG + A2)=V3,u,7(A1) + Va, u,v (Aa) and 
Viewy (pA1)= PV) u,v (A1). LJ 


Theorem 4. Let Ai=((an, 021,431, aai), (bi1, b21, 631, ba1), 


(C11, C21, €31, Ca1)) and Ao =((d12, 422, 432, 442), 
(bio, b22, b32, ba2), (cio, C22, C32, c42)) be two SVIrNNs in the set 
of real numbers R. Then for , u,v € [0,1] and w € R, the following 
equations hold good. 


Ay, nv (At am A2) SAS iy (A1) =e A), y,v (Az) 
Ay, pv ($A1) =A), y,v(A1) 


(42) 
(43) 


Proof. From definition-14, the sum of two SVTrNNs A and As , the 
ambiguity index of the sum of two SVTrNNs A, and Ag can be written 
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as: 
A) pv (Ai =r Ao) (44) 
= \Ar (Ai + A2) + AT (Ai + A2) +vVAPF (Ai + A2) (45) 


rv 
6 (an + a21) — 2(ai2 + G22) + 2(a13 + a23) + (a14 + a2a)| 


an ee ; [—(bus + bo1) — 2(bi2 + b22) + 2(b13 + beg) + (b14 + bos) 
-- . (eu + €21) — 2(c12 + c22) + 2(c1s + cas) + (era + czs)| 
(46) 
= A (au — 2a12 + 2a13 + aus) + : (—aa1 — 2022 + 2a23 + a24) 
6 6 
sft = (—bus — 2b12 + 2b13 + bis) + (bos — 2b22 + 2b23 + bo1) 
+ = (—cu1 2619 2018.5 cis) + = (—ex1 — 2€22 + 2c23 + ca4) 
= Ay (A1) ai Ax aris (Az) 
For the second part of the theorem, 
Pn (¢A1) (47) 
= AAr(oA1) + wAr($A1) + VAT (GAL) 
rN 
ral — ~a11 — 2¢a12 + 2¢a13 + aa) 
= + 5 (bi = 2ob12 ay 26b13 = bi) 
+ = (—dens = 20C12 a 20C13 ie cia) 
m 
6 (—a11 — 2a12 + 2a13 + a4) 
= Or", 2 5 (—bit — 2b12 + 2613 + bi4) 
+ 5 (-e1 —_— 2C12 + 2¢13 =e c14) 
= PA), pv (A1) (48) 


Therefore, Ay, nv (At + A2)=A), nu, (A1) + Va,u,v (Az) and 
AX (¢A1)= PA), u,v (A1) . LJ 


Proposition 1. Let Ai=((an, 21,431, a4i), (b11, b21, b31, ba1), 
(C11, C21, €31, C41)) and Ao =((a12, 22, 432, 442), 
(bi2, b22, b32, ba2), (cio, C22, C32, c42)) be two SVIrNNs in the set 
of real numbers IR. Then ranking of two SVIrNNs A, and Az can be 
done by using the value and ambiguity of SVIrNN. The procedures have 
been defined as follows: 


Pl. If Vin (A1) < Vajyv(A1), then A, is smaller than Az, i.e, 


Ay ~< Ao. 

P2. If Vou (A1) > Va,pv(A1), then A, is greater than Ap, i.e, 
Ai > Ao. 

Po If Vy,u,v (A1) a Vy, u,v (A1) and Ay, y,v (Ar) 2 Vy,u,v (Ar), 
then A, is smaller than Ao, 1.€, Aix As, 

P4. If Vy,u,v (At) = Vy, pv (A1) and Ay, p,v (Ar) Vi aw (Av), 
then Aj is grater than Ao, ie, Ar > Ao. 

PS. Tf Vd,uv (A1) = Vy,uv (Ar) and AX ci (A1) = Vip (A1), 


then A, is equal Ag, i.e, Ay © Az. 
(b11, b21, 631, bar), 


Theorem 5. _ Let Ai=((a11, 21, 431, 441), 
=((a12, 22, 432, 42), 


(C11, C21, C31; ca1)) and Ag 
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(biz, b22, b32, baz), (C12, C22, C32, C42) ) be two NIrFNs in the set 
of real numbers R.If ai, > a2, 611 > 642 and ci1 > Caz then 


Ai > Ao. 


Proof. We can obtain the following results from Eq.(21), (22) and (23): 


Vr(A1) = (an + 2a21 + 2a31 + aa1) > ais, 
Vr(A2) = > (ais + 2a22 + 2a32 + daz) < daz 
Vi(A1) = (bus + 2b21 + 2b31 + ba1) > bir, 
Vi(A2) = > (bre + 2b22 + 2b32 + baz) < baz 
and Vr(Ai) = * (cx + 2c21 + 2c31 + ca1) > e112, 
Vr(Az) = (c12 + 2c22 + 2c32 + C42) < ca2 


With the relations a11 > Ga2, bi11 > b42 and ¢c11 > C42, it follows 
that Vr(A1) > Vr(Ag2), V7(A1) = Vr(Aa2), and Vr(A1) 2 Vr (Az). 
Therefore from Eq.(30), we can obtain 

Vy, 1,7 (A1) = AVr(A1) + wVr(A1) + vVr(A1) 


> AVp(Az) + wV1( Az) + VVr(A2) = Vy.u,v(A2) 


This completes the proof. L 


Theorem 6. Let Ai, Ag and A3 be three SVTIrNNs, where 
Aji=((A1i, A2i, A3i, A4i), (b1i, bai, bsi, bai), (Crs, C2i, Cai, Cai )) for t = 
Ls 2s: If Ay > Ao, then A; + A3 > Ao + As. 


Proof. For Ai, Ag and A3, we can write the following results from 
Eq.(30): 


os Vise w(Ar) a Vy, u,v (Az) 
(A2) = Va,u,v(As). 


Vea Ag a Ao) 
and Vy,,.(A2 + As) = Vopr 


Since An > Ay, then we have 


= Vy, u,v (A1) + Vy, u,v (Az) 
- Vy, u,v (Az) ae Vy, u,v (Az) 
— Vy, uv (Az ae As). 


Vy, uv (At ar Ao) 


This completes the proof. L 


6 Formulation of MADM model under 
SVTrNNs information 


In this section, we present value and ambiguity based ranking 
method to MADM in which the ratings of alternatives over the at- 
tributes have been expressed with NIrFNs. Assume that for a 
MADM problem, A = {Aji,A2,...,Am} be a set of m alter- 
natives, C = {Ci,C2,...,Cn} be a set of n attributes. The 
weight vector of the attributes provided the decision makers is W 
= (w1,We,...,Wn)’, where w; € [0,1], ja Wi = 1 and w; 
is the degree of importance for the attribute C';. The rating of al- 
ternative A; with respect to attribute C’; has been expressed with 
NTrFN  di;= ((a ij O55 ar, a; a) (b;,, b3, b3 be Fak Cig Cig) Coys Cig) )» 


ae) is eds 4 


2 3 1 2 3 A 2 mS) A 
where Qis, Ai7> Ajj, a ve Gens bi, Oe bi5, Ci ij? Ciz> Ciz> Cij € R and 
Cis S by Say S cy aby. SG, 2G SU Se, = 
ais S i < ci; ake Pe a oe ..,n. The compo- 
2 3 1 2 3 A 2 3 A 
nent (a Qi; , Ai, Ajj,@ iy) (b;;, Dies B b; Bs and (cj Cijs Caz: Ci5s Ci5) repre- 


sent the truth Taembershin degree, the ndetermindcy membership de- 
gree and the falsity membership degree, respectively, of the alternative 
A; with respect to the attribute C’;. 


_ In a a problem, the rating values 
dig=((ai;, 03;,03;, 0% as (bi; , bi, , bz, , bi; . ( Cj» Coys Coys Cag) ) can 


be arranged in a matrix format, we call it neutrosophic decision matrix 


D= Cage where, 
Ch C2 Cn 
A, di1 diz diz 
3 = Ap doi dae dan (49) 
Avy dea ee vase 
for? = 1,2,...,mand7 = 1,2,...,n. Here, value index and ambi- 


guity index of SVITrNN have been applied to solve a MADM problem 
with SVTITNN by the following steps: 

Step 1. Normalization of SVTrNNs based decision matrix 

The (di j ) eee 
into (Fi i ) mxn © eliminate the effect of different physi- 
cal dimensions ous nna eecrsion making process, where 
gta cine te » vu a) (yi, ’ Yi; ’ Yiy ’ Yii)s ( Zig ’ Zey Ze, Zi;)). Linear 
normalization achnigue has been used to normalize the decision matrix 
for the benefit type attribute (B) and cost type attribute (C) by the 
following formulas: 


1 2 3 4 1 2 3 A 
a =(( Cig Vig Vig Li ) ( Vij Vig Vig Vig ) 
wy At oo Ate Pan AN A 9 4+ ’ A ’ 4+ i At 9 


decision matrix needs to be normalized 


























XL 


1 2 3 4 (S50) 
pc Rd ce f cB: 
ght? git? git? 2 ed 
7 J oI a 
1— 1— 1— 1— 1— 1— 1— 1— 
fy =((% Oy Os; ) (# Ui YG YS ) 
gq — 1? 2) 3) 4 ’ 1? 2) 3) 4 ’ 
vig hig UG UG Vij Vig Vig Vg 
je. Sc ee (S1) 
a a a a ; 
ie Oe i eee for7 EC 
4+ _ A 4+ _ A 4+ _ A 
Where, x; =max(2;,), yy =max(y;;), 2; '=max(z;;), 
—— 1 ae 1 a 1 
x; =max(xj;), yj; =max(yi;), and =z; =max(zj;)_—_ for 


— i ee eee 
Step 2. Aggregation of the weighted rating values of alternatives 


,mand7 = 1,2,...,n 


According to definition-14, the aggregated weighted rating values of the 
alternatives A;(i = 1,2,...,m) can be determined as 


nm 
a ) WT i5 s 
j=l 


(52) 


oo Here, the aggregated weighted rating values Si a 
1,2,...,7) are considered as SVTrNNs. 


Step 3. Ranias of all alternatives 


According to Eq.(52) and Proposition-1, ranking of all alternatives 
can be determined to the non-increasing order of SVTrNNs A;(i = 
1,2,...,m) by using the value and ambiguity index of SVTrNN. 
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7 An illustrative Example 


Consider a decision making problem in which a customer intends to 
buy a tablet from the set of primarily chosen five tablets A;(i = 
1,2,3,4,5).The customer takes into account of the four attributes 
namely: 


1. features (C1); 

2. hardware specification (C2); 
3. affordable price (C3); 

4. customer care (C's). 


Assume that the weight vector of the four attribute is 
W={0.25, 0.25, 0.30,0.20} and the evaluations of the five alter- 
natives with respect to the four attributes have been considered as 
SVTrNNs. Then we have a SVIrNNs based decision matrix (di 5) 
presented in Table-1. 


5X4 


Table 1: NTrFNs based decision matrix 
Cy 














A, ((0.5,0.6, 0.7, 0.8), (0.1, 0.1, 0.2, 0.3), (0.1, 0.2, 0.2, 0.3) 
Ay ((0.3, 0.4, 0.5, 0.5), (0.1, 0.2, 0.2, 0.4), (0.1, 0.1, 0.2, 0.3) 
Az  ((0.3, 0.3, 0.3, 0.3), (0.2, 0.3, 0.4, 0.4), (0.6, 0.7, 0.8, 0.9) 
Ay, ((0.7,0.8, 0.8, 0.9), (0.1, 0.2, 0.3, 0.3), (0.2, 0.2, 0.2, 0.2) 
As ((0.1,0.2, 0.2, 0.3), (0.2, 0.2, 0.3, 0.4), (0.6, 0.6, 0.7, 0.8) ) 
C2 
A; (0.1, 0.1, 0.2, 0.3), (0.2, 0.2, 0.3, 0.4), (0.4, 0.5, 0.6, 0.7)) 
Ay ((0.2, 0.3, 0.4, 0.5), (0.1, 0.1, 0.2, 0.3), (0.2, 0.2, 0.3, 0.3) 
As ine 0.2, 0.2, 0.3), (0.2, 0.3, 0.3, 0.4), (0.4, 0.5, 0.6, ee 
Az ~((0.5,0.6,0.7,.077);.(0.2; 0:2, 0:2, 0:2), (0:1, 0.1,.0.2;,0.2) 
As ie 0.6, 0.6, 0.7), (0.1, 0.2, 0.3, 0.4), (0.2, 0.2, 0.3, 7 
C3 
A, ((0.3,0.4, 0.4, 0.5), (0.1, 0.2, 0.2, 0.3), (0.2, 0.2, 0.3, 0.4) 
Ay ((0.2, 0.2, 0.2, 0.2), (0.1, 0.1, 0.1, 0.1), (0.6, 0.7, 0.8, 0.8) 
Az ((0.2,0.3, 0.4, 0.5), (0.2, 0.3, 0.3, 0.4), (0.3, 0.4, 0.4, 0.5) 
A, ((0.3, 0.4, 0.4, 0.5), (0.1, 0.2, 0.2, 0.3), (0.1, 0.2, 0.3, 0.4) 
As es 0.7, 0.8, 0.8), (0.2, 0.2, 0.3, 0.3), (0.1, 0.1, 0.2, ny 
C4 
A, ((0.4,0.5, 0.6, 0.7), (0.2, 0.2, 0.3, 0.4), (0.1, 0.2, 0.3, 0.4) 
Ay ((0.4, 0.5, 0.6, 0.6), (0.2, 0.2, 0.3, 0.3), (0.2, 0.3, 0.4, 0.4) 
Az (0.2, 0.2, 0.3, 0.4), (0.3, 0.3, 0.3, 0.3), (0.3, 0.4, 0.5, 0.6) 
Aq, ((0.1, 0.2, 0.3, 0.4), (0.2, 0.2, 0.3, 0.3), (0.5, 0.6, 0.7, 0.8) 
As ie 0.3, 0.4, 0.4), (0.1, 0.2, 0.3, 0.4), (0.3, 0.4, 0.4, oh 


Step 1. Normalization of SVTrNNs based decision matrix 


Using Eq.(50), the decision matrix (a, i has been normalized to the 
5x4 
decision matrix (aN ) by considering the selected four attributes as 
5x4 


benefit type attributes. Then the normalized decision matrix (as ) 
5x4 


can be obtained in Table-2. 


Step 2. Aggregation of the weighted normalized rating values of alter- 
natives 


The weighted normalized rating values of the alternative A;(¢ = 
1,2,3,4,5) can be determined by using Eq.(52). Table-3 shows the 
aggregated weighted normalized rating values of alternatives. 


Step 3. Ranking of all alternatives 
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The value index and ambiguity index of NTrFNs A;(i = 1,2,... 
are determined by using Definition-17 and Proposition-1 as 


Vy ,v (At) = 0.5428A + 0.5542u + 0.45361; 
Vy wv (Az) = 0.6041, + 0.43896u + 0.53651; 
Vy u,v (As) = 0.5667, + 0.7708u + 0.58981; 
Vy ,v (Aa) = 0.58714 + 0.7278 + 0.36561; 
View (As) = 0.6083, + 0.6354 + 0.45421; 
and 
Ay y,v(A1) = 0.0802A + 0.1417 + 0.0941v 
Ay y,v(A2) = 0.0847, + 0.0979u + 0.1260v 
Ay y,v(As) = 0.0933, + 0.0875u + 0.0713v 
A) y,v(A4) = 0.0574, + 0.1222 + 0.0677v 
Ay y,v(As) = 0.0625, + 0.1729 + 0.0750v. 


To rank the alternatives A;(¢ = 1, 2,3, 4,5), the value index and ambi- 
guity index of each alternative have been examined for different values 
for A, u,v € [0,1]. The results have been shown in the Table-4. For 
different values of A, u,v € [0,1], the ranking order of alternatives has 
been obtained as follows: 


A3 > As > Aa > Ao > Aj. 


Thus As is the best alternative. 


$8 Conclusions 


In the present study, we have introduced the concept of SVTrNN and de- 
fined some operational rules. We have also defined value index and am- 
biguity index of SVITNN and established some of their properties. Then 
we have proposed a ranking method SVTTrNN by using these two indices 
of SVIrNN. The proposed method has been applied to MADM problem 
with SVTIrNN information. The method is simple, attractive and effec- 
tive to determine the ranking order of alternatives used in neutrosophic 
MADM problems. The proposed concept can be easily extended to rank 
single-valued triangular neutrosophic numbers. The proposed MADM 
approach can be extended to solve the problem of medical diagnosis, 
pattern recognition, personal selection, etc. 
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Table 2: SVIrNNs based normalized decision matrix 


Ci 





\( 
\( 
A, (( 
(( 


(0.6250, 0.7500, 0.8750, 1.000), (0.2500, 0.2500, 0.5000, 0.7500), (0.1429, 0.2857, 0.2857, 0.4286) 


0.5000, 0.6667, 0.8333, 0.8333), (0.2500, 0.5000, 0.5000, 1.0000 
0.6000, 0.6000, 0.6000, 0.6000), (0.5000, 0.7500, 1.0000, 1.0000 
0.7778, 0.8889, 0.8889, 1.0000), (0.3333, 0.6667, 1.0000, 1.0000 
0.1250, 0.2500, 0.2500, 0.3750), (0.5000, 0.5000, 0.7500, 1.0000 


C2 


, (0.1250, 0.1250, 0.2500, 0.3750) ) 
, (0.6667, 0.7778, 0.8889, 1.0000) ) 
, (0.2500, 0.2500, 0.2500, 0.2500) ) 
, (0.7500, 0.7500, 0.8750, 1.0000) ) 


ee See” Nee ee 





( 
\( 
As (( 
\( 
(( 


0.1250, 0.1250, 0.2500, 0.3750), (0.5000, 0.5000, 0.7500, 1.0000), (0.5714, 0.7143, 0.8571, 1.0000) 

0.3333, 0.5000, 0.6667, 0.8333), (0.2500, 0.2500, 0.5000, 0.7500), (0.2500, 0.2500, 0.3750, 0.3750) 

0.2000, 0.4000, 0.4000, 0.6000), (0.5000, 0.7500, 0.7500, 1.0000), (0.4444, 0.5556, 0.6667, 0.6667) 

0.5556, 0.6667, 0.7778, 0.7778), (0.6667, 0.6667, 0.6667, 0.6667), (0.1250, 0.1250, 0.2500, 0.2500) 

0.6250, 0.7500, 0.7500, 0.8750), (0.2500, 0.5000, 0.7500, 1.0000), (0.2500, 0.2500, 0.3750, 0.5000) 
C3 


) 





( 

\( 
As (( 

\( 

((0.7500, 0.8750, 1.0000, 1.0000), (0.5000, 0.5000, 0.7500, 0.7500), (0.1250, 0.1250, 0.2500, 0.3750 
C4 


0.3750, 0.5000, 0.5000, 0.6250), (0.2500, 0.5000, 0.5000, 0.7500), (0.2857, 0.2857, 0.4286, 0.5714) 
0.3333, 0.3333, 0.3333, 0.3333), (0.2500, 0.2500, 0.2500, 0.2500), (0.7500, 0.8750, 1.0000, 1.0000) 
0.4000, 0.6000, 0.8000, 1.0000), (0.5000, 0.7500, 0.7500, 1.0000), (0.3333, 0.4444, 0.4444, 0.5556) 
), ( yy ) 
al ),( ) 








0.3333, 0.4444, 0.4444, 0.5556), (0.3333, 0.6667, 0.6667, 1.0000), (0.1250, 0.2500, 0.3750, 0.5000 


) 





Alternative Aggregated rating values of Attributes 





( 
\( 
A3 (( 
\( 
(( 


0.2500, 0.3750, 0.5000, 0.5000), (0.2500, 0.5000, 0.7500, 1.0000), (0.3750, 0.5000, 0.5000, 0.6250 


0.5000, 0.6250, 0.7500, 0.8750), (0.5000, 0.5000, 0.7500, 1.0000), (0.1429, 0.2857, 0.4286, 0.5714) 
0.6667, 0.8333, 1.0000, 1.0000), (0.5000, 0.5000, 0.7500, 0.7500), (0.2500, 0.3750, 0.5000, 0.5000) ) 
0.4000, 0.4000, 0.6000, 0.8000), (0.7500, 0.7500, 0.7500, 0.7500), (0.3333, 0.4444, 0.5556, 0.6667) ) 
0.1111, 0.2222, 0.3333, 0.4444), (0.6667, 0.6667, 1.0000, 1.0000), (0.6250, 0.7500, 0.8750, 1.0000)) 
eel Va )) 


Table 3: Aggregated rating values of attributes 


0.4000, 0.4938, 0.5813, 0.7063), (0.3625, 0.4375, 0.6125, 0.8625), (0.2929, 0.3928, 0.5000, 0.6429 
0.4417, 0.5583, 0.6750, 0.7166), (0.3000, 0.3625, 0.4750, 0.6625), (0.38688, 0.4313, 0.5563, 0.8750 


0.4556, 0.5667, 0.6167, 0.7000), (0.4833, 0.6667, 0.8167, 0.9167), (0.2563, 0.3188, 0.4125, 0.4750 
0.4625, 0.5875, 0.6500, 0.7125), (0.3875, 0.5000, 0.7500, 0.9250), (0.3625, 0.3875, 0.4875, 0.6125 


( ) ) 
( ), ( ); ( ) 
an 0.5100, 0.6100, 0.7600), (0.5500, 0.7500, 0.8125, 0.9500), (0.4444, 0.5556, 0.6333, 0.7167) 
(( ), ( ),( ) 
(( ),( ), ( 
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Table 4: Ranking results for alternatives 


Alternative ValueofA,u,v  Valueindex Ambiguity index Ranking order 
Ay 0.5027 0.1117 
Ag 0.5045 0.1107 
A3 N= AO: S40; 0.6599 0.0800 Ag > As > Ay > Ao> Aj 
A4 y = .d0 0.5327 0.0885 
As 0.5421 0.1129 
Ay 0.5125 0.1051 
Ag 0.5258 0.1046 
A3  —— Us L252: (0.6408 0.083 1 A3 > As > Ay > Ao > Ay 
A4 as io) 0.5480 0.0821 
As 0.5584 0.1026 
Ay 0.5168 0.1053 
Ag 0.5267 0.1029 
A3 N= 45M = 5; 0.6424 0.0840 A3 > As > Ag > Ag > Ay 
A4 p= ‘ 0.5602 0.0824 
As 0.5660 0.1035 
Ay 0.5283 0.1014 
Ag 0.5412 0.0969 
As A = .50; pu = .30; 0.6325 0.0872 A3 > As > Ay > Ao > Ay 
A4 y = .20 0.5850 0.0789 
As 0.5856 0.0981 
Ay 0.5361 0.0939 
Ag 0.5645 0.0915 
A3 N= tO = 220, 0.6098 0.0900 A3 > As > Ay > Ag > Al 
A4 Y=A0 0.5931 0.0714 
As 0.5983 0.0858 
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Abstract. Brick plays a significant role in building con- 
struction. So we should use the effective mathematical 
decision making tool to select quality clay-bricks for 
building construction. The purpose of this paper is to pre- 
sent a projection model of neutrosophic numbers and its 
decision-making method for the selecting problems of 
clay-bricks with neutrosophic number information. The 
projection method of neutrosophic numbers is one useful 


tool that can deal with decision-making problems with 
indeterminacy data. By the projection measure between 
each alternative and the ideal alternative, all the alterna- 
tives can be ranked to select the best one. Finally, an ac- 
tual example on clay-brick selection in construction field 
demonstrates the application and effectiveness of the pro- 
jection method. 


Keywords: Neutrosophic number, projection method, clay-brick selection, decision making. 


1 Introduction 


As we know, in realistic decision making situations, 
some information cannot be described only by unique crisp 
numbers, and then may imply indeterminacy. In order to 
deal with this situation, Smarandache [1-3] introduced 
neutrosophic numbers. To apply them in real situations, Ye 
[4, 5] proposed the method of de-neutrosophication and 
possibility degree ranking order of neutrosophic numbers 
and the bidirectional projection method respectively, and 
then applied them to multiple attribute group decision- 
making problems under neutrosophic number 
environments. Then, Ye [6] developed a fault diagnosis 
method of steam turbine using the exponential similarity 
measure of neutrosophic numbers. Further Kong et al. [7] 
presented the misfire fault diagnosis method of gasoline 
engine by using the cosine similarity measure of 
neutrosophic numbers. 

Clay-brick selection problem in construction field is a 
multiple attribute decision-making problem. Hence, 
Mondal and Pramanik [8] presented a quality clay-brick 
selection approach based on multiple attribute decision 
making with single valued neutrosophic grey relational 
analysis. However, so far neutrosophic numbers are not 
applied to decision making problems in construction field. 
To do it, this paper introduces a projection-based model of 
neutrosophic numbers and applies it to the multiple 
attribute decision-making problem of clay-brick selection 
in construction field under neutrosophic number 
environment. 

The rest of the paper is organized as the following. 
Section 2 reviews basic concepts of neutrosophic numbers. 
Section 3 introduces a projection measure of neutrosophic 


numbers. Section 4 presents a multiple attribute decision- 
making method based on the projection model under 
neutrosophic number environment. In section 5, an actual 
example is provided for the decision-making problem of 
clay-brick selection to illustrate the application of the 
proposed method. Section 6 presents conclusions and 
future research direction. 


2 Basic concept of neutrosophic numbers 


A neutrosophic number, proposed by Smarandache [1- 
3], consists of the determinate part and the indeterminate 
part, which is denoted by N=d + ul, where d and u are real 
numbers and / is indeterminacy, such that /”= J for n > 0, 
0x7 = 0, and wl/kI = undefined for any real number k. 

For example, assume that there is a neutrosophic 
number N= 2 + 2/. If I € [0, 0.2], it is equivalent to N ¢€ [2, 
2.4] for sure N > 2, this means that its determinate part 1s 2 
and its indeterminate part 1s 2/ with the indeterminacy Je 
[O, 0.2] and the possibility for the number ‘‘N’’ 1s within 
the interval [2, 2.4]. In general, a neutrosophic number 
may be considered as a changeable interval. 

Let N = d + ul be a neutrosophic number. If d, u > 0, 
then WN is called positive neutrosophic numbers. In the 
following, all neutrosophic numbers are considered as 
positive neutrosophic numbers, which are called 
neutrosophic numbers for short, unless they are stated. 
Based on the cosine measure and projection model [5, 7], 
we introduce the following definitions. 

Let N; = d, + ul and N, = dy + ul be two neutrosophic 
numbers, then there are the following operational relations 
of neutrosophic numbers [1-3]: 
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(1) Ni + Nz =d, + do + (uy + wm); 
(2) Ni -—N2=d, ur)I;; 
(3) N, x No = dydy + (din + ujyds + Uyuy); 
(4) Ni =(d) + wl? = 4)? + Qa, + uy); 


(5) Nite _ dy Ay for d, # 0 
N, d,+u,l d,_ d,(d,+u,) 
and d, #— uo 


V4, -Gid, +d, +4) 
Va, - Gi, Vd te 
— fd, +G/d,+Jd,+u)i 

— fd, +G/d, -Jd,+m) 
Definition 1 [7]. Let a = (a), a, ..., a,) and b = (by, ho, ..., 
b " oe two nSUirOsopMe number vectors, where a; = [d,; + 


“e Eds + Ugl “) and b; = [dp + Upjl dy; + Upl “| for J € [I", 
I’| and j = 1, 2, ..., n. Then, the modules of a and b are 


defined as “A Ye (dy tuyl’) +d, tut”) 


0) IN, = fd, FT = 


and 





the inner product 


YG, +m ad ean 


and b 1S 
a b= (dy + ugl Ndy tut) + (dy tu gl” Nd, +,0°)) - 


between a defined as 


Thus, a cosine measure is defined as 


cos(a,b) = (1) 


[al y 


which is called the cosine of the included angle between a 
and b. 


3 Projection measure of neutrosophic numbers 


Definition 2 [5]. Let a = (a), ad, ..., a,) and b = (by, ho, ... 
b,) be two neutrosophic number vectors, where a; = [dz - 
Hg daj + Ugl “’] and b; = [dij + Upjl dy; + Up “| for I € [I", 
| andj = 1, 2, ..., n. Then the projection of the vector a 
on the vector b is defined as 


Proj, (a) =|a|cos(a,b) = —- 
lal i 
Dujaildaj + Mail VA + Uy] )+(d,,+u ail dy, +u,I° J] 

Di jail(day + Mal” 5 + (dy, + Uyl” 7] 
(2) 
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If one considers the importance of each element in 
neutrosophic number vectors a and b, the weight of each 
element can be introduced by w; (j = 1, 2, ..., m) with w; € 
(0, 1] and S$“ w. =1. Thus, we introduce the following 
definition. "~~ 


Definition 3. Let a = (aq), ad, ..., d,) and b = (bj, bo, ..., b n) 
be two REO SOD number vectors, where a; = [d,; + ve 
dy + Ugjl”| and bj = [dy + upl”, dy + upl”] for I € (I, I] 
andj = 1, 2, ..., n. The weight of the elements is w; (= I, 


ae sil w; € [0, 1] and Da —]|. Then the 
projection of the vector a on the vector b is defined as 
(a-b),, 

Pl. 

oD wi[(d,, tu, 1” \(d,, +u,l")+(d, +ugl” (dy, +Uf° )I 


ae wildy; + Mp1 y +(d,+u,t° )"] 


W Proj, (a) = lal. cos, (a,b) = 





(3) 


Based on the projection model of interval numbers 
improved by Xu and Liu [9], the projection model of Eq. 
(3) is improved as the following form: 


(a:b), 


ep 





; = wild, + Mp1 y ea al 


(4) 


Obviously, the closer the value of WP;,(a) is to 1, the 
closer the vector a is to the vector b. 


4 Decision-making method based on the projec- 
tion measure 


In this section, we present a handling method for 
multiple attribute decision-making problems by using the 
proposed projection measure under neutrosophic number 
environment. 

In a multiple attribute decision-making problem, let S = 
{S;, So, .... S,} be a set of alternatives and A = {Ay, Ao, ..., 
A,,} be a set of attributes. If the decision maker provides an 
evaluation value of the attribute A; (j=1,2,....n) for the 
alternative S;(i = 1, 2,..., m) by using a scale from | (less 
fit) to 10 (more fit) with indeterminacy J, which is 
represented by the form of a neutrosophic number a; = dj 
+ ujl for I ¢€ [l’, I°] and constructed as a set of 
neutrosophic numbers S$; = {dj,, Gj, ..., Gin} for i= 1, 2,..., 
m and j = 1, 2,..., n. Thus, we can establish the 
neutrosophic number decision matrix M = (dj) mxn- 
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If the weights of attributes are considered as the 
different importance of each attribute A; (j = 1, 2, ..., n), 
the weight vector of attributes is W = (w), Wo, ..., w,) with 


w; > 0 and a —|. Then, the procedure of the 


decision-making problem is described as follows: 


Step 1: Specify the indeterminacy J € [I 1°] 
according to decision makers’ preference and _ real 
requirements, each neutrosophic number a; = dj + ujl in 
the neutrosophic number decision matrix M can _ be 
transformed into an interval numbers a, = [dj + ul”, dy + 
ul | for I ¢ [F, 1°] fori=1, 2, ..., m andj =1, 2, ..., n. 
BY aj =[a;",ai"]=[max(d, +u,1"),max(d, +u,1")] U = I, 


2, ..., n), the ideal solution (ideal neutrosophic numbers) 
can be determined as_ the _ ideal _ alternative 


Sy ee ee 


Step 2: According to Eq. (4), the projection measure 
between each alternative S$; (i= 1, 2, ..., m) and the ideal 
alternative S can be calculated by 


Ges); 


2 
(5) 


wary +a"y) 


WP..(S,) = 


* 














Step 3: The alternatives are ranked in a descending 


order according to the values of WPs+(S;) for i= 1, 2, ..., m. 


The greater value of WPs.(S;) means the better alternative 
Si. 


Step 4: End. 


5 Actual example of clay-brick selection 


In this section, an actual example on clay-brick 
selection in construction field adapted from [8] illustrates 
the application of the projection method. 

Let us consider a set of four possible alternatives 
(providers of clay-bricks) S$ = {S), So, ..., Sm} in 
construction field, which need to satisfy six attributes 
(criteria) of clay-bricks: solidity (A,), color (A2), size and 
shape (A3), and strength of brick (A4), brick cost (As), 
carrying cost (A¢) [8]. Then, the weighting vector of the six 
attributes is W = (0.275, 0.175, 0.2, 0.1, 0.05, 0.2). 

When the four alternatives with respect to the six 
attributes are evaluated by the expert corresponding to a 
scale from | (less fit) to 10 (more fit) with indeterminacy J, 
we can obtain the evaluation values of neutrosophic 
numbers. For example, the expert give the neutrosophic 
number of an attribute A, for an alternative S, as a,, = 7+ 
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2I by using a scale from | (less fit) to 10 (more fit) with 
indeterminacy J, which indicates that the evaluation value 
of the attribute A, for the alternative S, is the determinate 
degree 7 with the indeterminate degree 27 with some 
indeterminacy I ¢ [J/’, I’]. By the similar evaluation 
process, we can obtain the following decision matrix: 


M = (4; ) 4.6 
A, A, A, A, A; A, 
S, |74+272 84+12 741 6+2! 7 Soe |I- 
=S, | 7+f 7+22 84+2 7+22 8412 7421 
Sas seer 8 7+22 6+22 7+I 64+21 
S, di 9+72 7432 8427 64+2/7 7431 


Assume I € [0,1], then the above neutrosophic number 
decision matrix can be transformed into the following de- 
neutrosophication matrix: 


M= (a, axe 
A, A, A, A, A; A. 
S, |[7,9] [89] [7,8] [68] [7,7] [5,8] 
—=S, |[7,8] [7,9] [89] [7,9] [8,9] [7,9] 
S; |[89] [88] [7,9] [6,8] [7,8] [6,8] 
S, |[7,7] [9,10] [7,10] [8,10] [6,8] [7,10] 


BY a =[a;’ a)" ]=[max(d, +u,1"),max(d, +u,I")] Y 


= |, 2, ..., 6), the ideal solution (ideal neutrosophic 
numbers) can be determined as the following ideal 
alternative: 


S” ={[8, 9], [9, 10], [8, 10], [8, 10], [8, 9], [7, 10]. 


According to Eq. (5), the weighted projection measure 
values between each alternative S; (i = 1, 2, 3, 4) and the 
ideal alternative S’ can be obtained as follows: 


WP3+(S}) _ 0.8554, WP3+(S2) =0.9026, WP3s+(S3) = 
0.8826, and WPsx(S4) = 0.9366. 


Since the values of the projection measure are WP«(S4) 
> WPs+(S2) > WPs(S3) > WPs+(S,), the ranking order of the 
four alternatives is S, > S, > S; > S,. Hence, the alternative 
S4 1s the best choice among all the alternatives. 

Compared with the neutrosophic grey relational analy- 
sis for clay-brick selection [8], the proposed approach 1s 
more convenient and less calculation steps. 


6 Conclusion 


This paper presented a projection measure of neutro- 
sophic numbers and a projection model-based multiple at- 
tribute decision-making method under a _neutrosophic 
number environment. In the decision-making process, 
through the projection measure between each alternative 
and the ideal alternative, the ranking order of all alterna- 
tives can be determined in order to select the best alterna- 
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tive. Finally, an actual example on the selecting problem of 
clay-bricks demonstrated the application of the proposed 
method. However, the main advantage of the proposed ap- 
proach is easy evaluation and calculation in actual applica- 
tions. In the future work, we shall extend the proposed de- 
cision-making method with neutrosophic numbers to the 
decision-making method with refine neutrosophic numbers. 
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